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Organization

= Place: Building 45, Hall 003

m Times: Tuesdays 11 a.m. s.t.
Wednesdays 2 p.m. C.t.

= Rating: 6 Leistungspunkte

= WeDb-Site: http://www.ags.uni-sb.de/
“cp/teaching/hotp/

» Follow-Up: Seminar on Proof Planning In
SS 2004
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Characteristics

m Self-contained

= Dynamic
Read original papers! Discuss difficult
exercises &c. during the lessons!
= Joys of Logic
As naive as possible
Higher-Order Modal Logic is easy
No proof theory

= Modular, focus on ideas, interesting first
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Overview (Plan)

1. Foundations
1. Two-Valued Logics, semantically

2. Calcul for Interactive and Automated
Theorem Proving

2. Mathematical Assistant Systems
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Part 1.1: Two-Valued Logics

= Higher-order logic: Church’s simply-typed
A-calculus

m As a subset: Hilbert’s first-order predicate
calculus

= Hilbert’'s e-operator
= Modal Logic
= Inductive Validity
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Part 1.2: Calculi

= Hilbert

= Natural Deduction
m Sequent

= Tableau

m Matrix
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Part 2: Mathematical Assistant Systems

= Interactive tactic-based theorem proving.
QUODLIBET

= Automated proof planning. MULTI in XMEGA
= Agent-based Theorem Proving: (2ANTS
m User-interfaces: P.rex, TexMacs, Task Interface

= Incorporation of external systems: Computer
Algebra Systems, Automated Theorem Provers,
Constraint Solvers, Theory Formation Systems

» Mathematical Databases
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1 Foundations

1.1 Two-Valued Logics

1.1.1 Basic Notions and Notation
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Basic Notions and Notation

‘N’ denotes the set of natural numbers and ‘<’ the
orderingon N. Let N, :={neN | 0#n }.

‘Z’ denotes the set of integers. We use ‘W’ for the
union of disjoint classes and ‘id’ for the identity
function. For classes R, A, and B we define:

dom(R) :={a| 3b. (a,b) e R} domain
AR =A{(a,b)eR| ac A} restrictionto A
(AR :={b| Jda€ A. (a,b) e R}

image of A, i.e. (A)R =ran(4]R)
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Basic Notions and Notation

And the dual ones:
ran(R) :={b| da. (a,b) € R} range
Rl :=1{(a,b)e R| be B} range-restrictionto B
R(B) :={a| dbeB. (a,b)e R}

reverse-image of B, i.e. R(B) =dom(R][p)
We use ‘()’ to denote the empty set as well as the
empty function. Functions are (right-) unique rela-
tions and the meaning of ‘fog’ is extensionally given

by (fog)(xz) = g(f(x)). The operator ‘o’ has higher
priority than ‘U’ and ‘W’.
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Basic Notions and Notation

The class of total functions from A to B is denoted

as A — B. The class of (possibly) partial functions
from A to B is denoted as A ~~ B. Both — and ~-
associate to the right, i.e. A ~ B — (' reads

A~ (B—C).

Let R be a binary relation. R Is said to be a relation
on A if dom(R)Uran(R) € A. Risirreflexive if
idN R =10. Itis A-reflexive if 41id C R.
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Basic Notions and Notation

Speaking of a reflexive relation we refer to the
largest A that is appropriate in the local context, and

referring to this A we write R or T ambiguously
denote 41id. Moreover, R~ := RU R'.

With R! := R, and R"™! := R"oR forn € N,,

R™ denotes the m-step relation for R. The transitive
closure of Ris R :=J,.n R". The reflexive &
transitive closure of Ris R* := |, .n 2"

The reverse of Ris R~ := { (b,a) | (a,b) ER }.
Moreover. «— = — and «— == «— U —.
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Termination and Wellfoundedness

A sequence (s;),.n IS non-terminating in R if
s; R s;q forall: € N. R Isterminating below « If
there are no non-terminating sequences (s;),.n IN R
with sp=wu. R Is terminating If R IS terminating
below all u. A relation R (on A) is wellfounded if any
non-empty class B (CA) has an R-minimal element,
l.e. Jac B. -3d' € B. d'Ra.
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[Quasi-| Orderings, Reflexive Orderings

A quasi-ordering ‘<’ on a class A is an A-reflexive and
transitive (binary) relation on A, and we define a=b
if b6<a. By an (irreflexive) ordering ‘<’ we mean an
Irreflexive and transitive relation, called “strict partial
ordering” by some authors. A reflexive ordering ‘<’
on A is an A-reflexive, antisymmetric, and transitive
relation on A. The ordering < of a quasi-ordering or
a reflexive ordering < is <\2>, and < is called well-
founded If < iIs wellfounded.
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Wellfoundedness and Termination

Lemma 1.1 For a binary relationR we have the
following equivalence:
R Is wellfounded iff R* is a wellfounded ordering.

Proof: Exercise!

Corollary 1.2
If —— Is wellfounded, ther— Is terminating.

Definition 1.3 (Principle of Wellfoundedness) If < s
an ordering and- is terminating, ther< is wellfounded.

This IS not a lemma, but an axiom!
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Decidability

= Computabillity

= Problem

= [Co-] Semi-Decidability

= Enumerabillity

Theorem 1.4 A problem is decidable iff it is semi-decidable and
co-semi-decidable.

Definition 1.5 The solution set of a problem is the set of those
Inputs for which the answer is “YES”.

Theorem 1.6 A problem is semi-decidable iff its solution set is
enumerable.
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Undecidability

= Halting Problem

= Problem Reduction

= Turing Machine

m Church [Turing] Thesis
m Turing Test

= Alan Turing (1912-1954)

1.1.2 Syntax of Logic
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Syntax of Logic

Choose:
= Kind of Logic: Symbols of the Logic

= Signhature X: Symbols of the Theory

Get:
m Type
Term
m Wif
Formula

Requirement 1.7 The sets of types, terms, and formulas
must be countable. They ought to be decidable.
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How to Read types, terms, and formulas

= Unigue readability, Parentheses, . (square dot)

m Standard operator precedence in logic and
computer science: Postfix, Prefix, Infix

= Infix precedence:
x, H {V,AL{=,<.,D ch{= &}

m Assoclate to the left!
Exception: =, — associate to the right.

= Take minimal scope!

= How to write function applications?
C u rryl n g © Claus-Peter Wirth, January 13, 2007 — p.19



1st Order Predicate Logic, Syntax

= Symbols of the Logic: 7,0, -, A\, V, =, <, =V, 4.

= Types: 2 and o are types.
= Inductive definitions vs. Explicit definitions

m ferms:
tisatermoftypea:. t:a«

= A Formula is a term of type o.
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1st Order Predicate Logic, Syntax, contd.

Terms over >.:
m If x Is a variable symbol of type :, then =z : 1.
m If f € X Is an n-ary function constant symbol and, for
i€ {l,...,n}, we have t; : ¢, then ft,...1, :1.
m If p € X Is an n-ary predicate constant [or variable]
symbol and, for: € {1,...,n}, we have ¢, : 2, then
pty ...t, : 0 1S an atomic formula.
mif A:o, then —A:o.
mif A/B:o, then (ANB), (AVB), (A= B),
(A<= B), (A=B):o.
mIf A:o0 and x a variable symbol of type ¢, then
Va.A, dx.A:o.

© Claus-Peter Wirth, January 13, 2007 — p.21



Orders

A 1st order formula A : o is also a formula of order 0
If all variables it contains are of type o (i.e. 0-ary
predicate variables).

Synonyms for logic of order 0 are propositional logic
and sentential logic.
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Free Variables

Definition 1.8 (Closed Term, Sentence)
A term that contains no free (= unbound) variables is

calledclosed
A closed formula is called sentence

Definition 1.9 (Universal Closure)
A formula is auniversal closuref a formulaA if it has
the formVvz,. ... Vz,,.A wherezq, ..., x, are the free

variables ofA.
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Instantiation of Individual Variables

Let o be a substitution of individual variables.

® Let z be a variable symbol of type .
If x€dom(o), then zo0 = o(x).
If x¢&dom(o), then xo = u.

m If f € X Is an n-ary function constant symbol and, for
i €{1,...,n}, we have t; : 1, then
(ft1...ty)o = f(tio)...(t,o).

m If p € X Is an n-ary predicate constant [or variable]
symbol and, for: € {1,...,n}, we have t; : 2, then

(pt1...th)0 = p(tio)...(t,o).
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Instantiation of Individual Variables, contd.

mlf A:o, then (mA)o = —(Ao).
mlf A,B:o, (ANB)o = (Ao)A (Ao).

mlf A:o0 and x a variable symbol of type ¢, then
(Vx.A)o = Vax.(Ad'),
where o' = dom(g)\{xﬂg.
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Meta-Variables, Through the Looking Glass

Lewis Carroll (alias Charles Lutwidge Dodgson) (1832—-1898)

Knight: The name of the song is called Haddocks’ Eyes.
Alice: Oh, that’s the name of the song, Is it?

K.: No, you don’t understand. That’s what the name is called.
The name really is The Aged Aged Man.

A.. Then | ought to have said That's what the song is called?

K.: No, you oughtn’t: That’s quite another thing! The song Is
called Ways and Means: but that's only what the song is
called, you know!

A.. Well, what is the song, then?

K . (Starts Sl n g | n g) © Claus-Peter Wirth, January 13, 2007 — p.26



Capturing of Variables

Let z,vy, 2 : ¢ be different variables.
In arithmetic the following formula is valid:

dz.(y < x)
If we apply the substitution {y—z} we get the valid
formula:

dz.(2 < x)
If we apply the substitution {y—xz} we get the
iInvalid formula:

Jdz.(x < x)
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Capturing of Variables, contd.

Two ways to overcome:

= Renaming the bound variable: Let z be a variable
of type 1 that and occurs neither in A nor In
(V(A))o:
(Vx.A)o = Vz.(A{x—=z}o).
Example:
(Fz.(y < ) {y—z} = Fz.(x < 2)

= Use disjoint sets of variables V,_,., for bound and

V;- for free (0~ -) variables.

ound
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The lambda binder A

Az.(x * ) is a name of the square function:
(Az.(xxx))5 = 5xb.
Let s, ¢ be terms. Let x, y be variables of the same type as ¢.

Aa-renaming: Ar.s > A\y.(s{x—y})
«
provided that y & V(s).
(Other binders similarly: V. d.¢,...)

AB-reduction: (Az.s)t - s{xr—t}
provided that = has no free occurrence in s in the scope

of a binder on a variable z that occurs freely in ¢.
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The lambda binder ), contd.

AaB-reduction: (Az.s)t v s'{xrt}

provided that s «—— s and ¢’ is a term such that = has
no free occurrence In s’ in the scope of a binder on a

variable z that occurs freely in ¢.

t Is Aa-irreducible if there is no ¢’ such that t —,zt'.
t 1s a Ao normal form of s If tis AaG-irreducible and

%
s — {.

o3

© Claus-Peter Wirth, January 13, 2007 — p.30



1st Order Predicate Logic, Syntax, improved

Terms over ..
m If x° € V, Is a variable symbol of type ¢, then z° : 1.

miIf A:0 and = € V... \ V(A) and y° € V; are a variable
symbols of type 2, then

Ve (A{y " —x}), Jx.(A{y"+—zx}) :o.

And variables from V, ., that occur Iin the terms In
ranges of substitutions must be bound.
Example:

(Fz.(y” < 2)){y’+—zx"} = dz.(2” < x)
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Instantiation, improved

Definition 1.10 A substitutions a partial function
mapping free variables to terms of the same type. For
Hilbert’s first-order predicate calculus this means that
variables of type are mapped to terms of typandn-ary
predicate variables of type— ... — 1 — o are mapped to
formula-valued lambda terms of the form

A1, .. T ( Ay —x, .y, ),
whereyy, ...,y € V, are different freed” -) variables,
T1,..., T, € Viowa \ V(A) are different bound variables,

andA is a formula.
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Instantiation, improved, contd.

Let o be a substitution.

m Let x € V be a variable symbol.
If x€dom(o), then zo0 = o(x).

If x¢&dom(o), then xo = ux.

m If f € X Is an n-ary function constant symbol and, for
i €{1,...,n}, we have t; : 1, then

(ftr...th)o = f(tio)...(t,0).
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Instantiation, improved, contd., contd.

m If X Is an n-ary predicate constant symbol from X or an
n-ary predicate variable symbol
and, for: € {1,...,n}, we have t; : ¢, then
(Xt;...t,)o isthe \af normal form of
(Xo)(ti0)...(tho).
Note that this means that (Xt,...¢,)o is equal to
X (t10)...(t,0), unless X € dom(o).
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Instantiation, improved, contd.

mif A:o0, then (mA)g = —(Ao).
mif AB:o, (ANB)o = (Ao)A (Ao).

mif A:0 and z € V,,..q a variable symbol of type ¢, then
(Vx.A)o = Vz.(Ao).

Note that we do not have to remove z from dom(o)
anymore, because it contains only free variables.
Moreover, no new occurrences of x can be captured
anymore because x must not occur freely in ran(o).
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Instantiation, improved, Example

Let y € V,.... be a variable of type 1. Let X° € V, be
a singulary predicate variable of type : — o.
Seto :={X"— (A\z.3y.(z <))}

<
N
s
|
S
I

(
(Az.qy. (2 <vy))y)) = (Ja-renaming)
( (\G-reduction)

<
<
Z
=S
0
g5
>
N
LI
=
™
N
e
=
1
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Truth Values

Two-Valued (classical). There are exactly 2 values:
TRUE, FALSE. Tertium non datur.

Kleene logic (weak / strong version):
3 values: TRUE, FALSE, 7

Buddha: 4 values: TRUE, FALSE, 2, 3
Gaodel logic: infinitely many

Intuitionistic logic: -

We restrict ourselves to two-valued logics!
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Semantics of Logic

What does it mean for a given formula A to be valid?
Two possible ways to answer:

m Calculus (I.e. a semi-decision procedure)

= A

= [Model] Semantics (via a class of interpretations)

= A

Relation of a calculus to a semantics:

= Sound: |

m Complete: If

~ A, then = A.

— A, then  A.
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Evaluation Function

eval : Interpretations — Formulas ~~ TruthValues

If S € Interpretations, F' € Formulas, and § is defined

at all freely occurring symbols of F,
then eval(S)(F') € TruthValues.

eval : Interpretations — Terms ~~» Objects

eval : Interpretations — Types ~» (Objects)
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Interpretations for 1 st Order Predicate Logic

First-order X-interpretation S

= A non-empty set :°, called universe, carrier,
object domain. We write 0° for {TRUE, FALSE}.

m For each n-ary function constant symbol f € >
.U — - > U, —i°
where U; =1° foric {1,...,n}.
= For each n-ary predicate constant symbol p € >::
p° U — - — U, — o°
SV~ 00

B S:V ... ., ,~U—>--->U,—0°
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First-Order Predicate Logic, Evaluation

= For each type o eval(S)(a) := a®

= For each variable z € V,: eval(S)(z) := 2°

m For each n-ary function constant, predicate
constant, or predicate variable symbol X and
t(),...,tni’& .
eval(S)(Xty...t,) =

XS (eval(S)(t1)) - - - (eval(S)(¢,))
mForA:o : eval(S)(—A) =
{ TRUE if eval(S)(A) = FALSE

FA I_ S E Oth e rWI Se© Claus-Peter Wirth, January 13, 2007 — p.41



First-Order Predicate Logic, Evaluation

For A,B:o
meval(S)(ANB) =
TRUE ifeval(S)(A) = TRUE
and eval(S)(B) = TRUE
FALSE otherwise
meval(S)(A=B) =
TRUE if eval(S)(A) = eval(S)(B)
{ FALSE otherwise
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First-Order Predicate Logic, Evaluation

Truth Table (material implication, ex falso quodlibet):

A|B|C||B=C|AANB|A=B=C | AANB=C
F|F|F T F T T
F|{F | T T = T T
F|T|F F F T T
F{ T | T T F T T
T|F | F T = T T
T|F | T T = T T
T|T|F F T F F
T|T]|T T T T T

The following statements are valid under material implication:
B “J. F Kennedy is alive” = “Great Sphinx is 12000 years old”
B “Great Sphinx is 12000 years old” = “J. F. Kennedy is dead”

Truth functional, no relevance!
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First-Order Predicate Logic, Evaluation

Let g be a function. The g-variant of a function f Is
the function gom(f)\dom(g)1/ ¥ g.

mFor A:0oand z €V, :

eval(S)(Vx.A) =
TRUE ifeval(S")(A) = TRUE
for all b € +° and
{xr—b}-variants &’ of S
FALSE otherwise
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First-Order Predicate Logic, Evaluation

mFor A:0o and z €V, :

eval(S)(dz.A) :=
TRUE if eval(S')(A) = TRUE
for some b € ° and
an {x—b}-variant S’ of S
FALSE otherwise
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Angling for Foundations

Saul Steinberg, The Labyrinth, Harper & Brothers, New York 1954, no permission.

The Tao that can be told Is not the real Tao.
Laotze, Tao Te King, 7th—3rd century B.C.
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What Is Logic?

Bad: Science of correct reasoning

Better: Art of designing structures for reasoning

Meta-Logic
Object-Logic 1 xE Object-Logic n
Investigation

Reflection
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Deductive Validity

Let A, B be formulas over ..
In case of eval(S)(A) = TRUE we write =5 A and

call S a model of A.

Definition 1.11 (Validity)
— A if =g A forall X-interpretationsS for which

eval(S) is defined atA.
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Semantic Entaillment

Definition 1.12 (Semantic Entailment, simple case)

Let
B

B’ be a universal closure d@.

_. B

Theorem 1.13 (Deduction Theorem)

Let
B

B’ be a universal closure adb.

= A iff =(B'= A).

— A If =g A forall X-interpretationsS for which
I(S) is defined atA and B’ and

eva.l
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Valuation

Already free ¢~ -variables need special treatment. Also free
0 "- and ~-variables do. Sometimes even bound variables have
to be valuated.

Solution: Split off the part of a X-interpretation S that valuates
variables: S = ]S G v]S

Y-Interpretation = X.-structure + valuation

We denote valuations with small Greek letters. A valuation 7
must respect the types and is therefore always related to a
given Y-structure S: For x € dom(7) being a variable of

type a, we require 7(x) € eval(S)(a).
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Explicitness-Lemma

(Andrews (1972), Lemma2; Andrews (2002),
Proposition 5400; Fitting (2002), Proposition 2)30

The value of the evaluation function on a term or
formula B depends only on the valuation of those
variables that actually occur freely in B; formally:
Let S be a X-structure with valuation 7: V ~~ & . For
X being the set of the variables that occur freely in B,
if X C dom(7), then:

eval(SWT)(B) = eval(S W x]|7)(B).
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Substitution- [Value-]Lemma

(Andrews (1972), Lemma3; Andrews (2002),
Lemma5401(a); Enderton (1973), p. 127;
Fitting (1996), p. 120; Fitting (2002), Proposition 2)31

Let S be a X-structure with valuation 7 : V ~» S§. For
a substitution ¢ and a term or formula B, If the
variables that occur freely in Bo belong to dom(7),
then:

eval(SW7)(Bo) =

eval( S W (0 W yv\dom(elid) o eval(SWr) )( B )
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Logic Calculi in General

Hilbert Style Calculi (Generative Calculi)

From axioms over lemmas to theorems.
Inference means consequence. Lemma is a tool.

m Hilbert's Predicate Calculus (ca. 1920)
m Maslov’s Inverse Method (ca. 1960)
m Resolution (and Paramodulation) Calculi (ca. 1965)

Problematic aspects:

m Not goal-directed (and thus no good for theorem
proving but only for the definition of theories). Except:
Refutational resolution is goal-directed. Goal-directed
versions of Inverse Method (EXPANDER).

® Generate a hell of a lot of formulas
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Logic Calculi in General, contd.

Reductive Calcull
From theorems to lemmas and axioms.
Inference means reduction. Lemma iIs a task.

= Natural Deduction Calculi (1935)

look somehow Hilbert style + assumptions

m Sequent Calculi (1935):

better abstraction (in a mathematical sense) than
Natural Deduction (at least for classical logic)

most human-oriented form of calculi:
sequents are self-contained and convenient
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Logic Calculi in General, contd., contd.

m Tableau Calculi (ca. 1960), popular due to Fitting (1996),
branches share structure:

+: less repetition

—: less self-containedness, less locality, superfluous

®m Matrix Calculi (ca. 1970)

- connections instead of connectors
optimizing (-sequencing and F-downfolding
Immediate focusing on relevant sub-formulas as in
Serge Autexier's CORE system

—: very hard to understand, even for the privileged few
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Logic Calculi in General, contd. °

Combined Calculi
Every open lemma is a task, reductively to be
proved In its proof tree, and can be applied as a
tool in any proof tree. Proof is a forest.

= QUODLIBET (ca. 1995):
first-order clausal logic

http://www-avenhaus.informatik.uni-kl.de/ag-avenhaus/systeme/quodlibet/

m Descente Infinie (ca. 2000) a la Pierre Fermat:
any two valued logic + free variables

http://www.ags.uni-sb.de/"cp/p/d/welcome.htmi

m ()MEGA’s Task Interface (ca. 2005):
Church’s simply typed A-calculus
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Logic Calculi in General, contd. *

Main Properties:

Soundness
A sequent follows from the sequents it is
generated from or reduced to.

Safeness
The sequents a sequent is reduced to, follow
from it. (Soundness backwards)

Completeness
Theoretician’s favorite puzzle.
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Hilbert's Predicate Calculus

Hilbert Style Calculi

David Hilbert, Paul Bernays (1968/70). Grundlagen
der Mathematik. 2 ed., Springer, Vol. Il,

pp. 388—400.
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Hilbert’'s Predicate Calc., Axioms

Requirement 1.14 A set of axioms must be decidable.
1. The tautologies, i.e. the instances of the identically TRUE
formulas of order 0.
2. Vo.A= A{x—t} where Vx.A:0 and t:.
3. A{x—t} = dx.A where dx.A:0 and t:.
4. With Equality: t=t where t : 1.
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Hilbert’'s Predicate Calc., Inference Rules

Requirement 1.15 It must be decidable whether a list of
premises and a conclusion form the application of an
iInference rule.

Let s,t:2 and A, B:o.Letx € V, . and y° € V;.

A= B .
1. where z¢V(B) and y* ¢ V(A).

A = Vo B{y —ux}

A= B _
2. where ¢ V(A) and y* €V(B).
dzr. A{y"—z} = B
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Hilbert’'s Pred. Calc., Infer. Rules, contd.

A A=21HB
3. Modus ponens
B
A -
4. Instantiation
Ao

s=t  A{y s}
Ay =t}

5. With Equality:
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Hilbert Calculi, Proof

Let I be a set of formulas and A a formula. We write
I'= A if thereis a proof of A from I'. A proof of A

from I’ is a list of of formulas B, ..., B,, such that B,,
IS A and for each ; € {0,...,n} we have one of the
following:

1. B; I1s an axiom or an element of /.

2. B, results from a subset of { B; | j=<i }
by application of an inference rule.
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Hil
=

T
H

bert’s Predicate Calculus

neorem 1.16 Hilbert’s predicate calculus is sound for

(deductive) validity In first-order predicate logic.

neorem 1.17 (Kurt Godel (1930))
llbert’s predicate calculus (even without the Instanbat

rule) is complete for (deductive) validity in first-order
predicate logic.

C

orollary 1.18 Deductive validity in first-order predicate

logic Is semi-decidable.

It

IS not co-semi-decidable, as Halting Problem can be

easlly reduced to It.
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Hilbert's Predicate Calculus

1. “A{z—y’} = dz.-A Axiom 3
2. (X =Y)=-Y = X)

{X — A{z—y"}, Vi dx.—A} Taut.
3. ~dz.—A = A{x—y"} Modus p. from 1, 2
4. —dr.—-A = Vz.A Rule 2 from 3
5. (X =Y) =Y = X)

{X — dz.-A, Y — V2. A} Taut.

6. "Vr.A = dzr.-A Modus p. from 4, 5
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Peano’s ¢

- Father(Heinrichlll, HeinrichlV)

“Heinrich Il is father of

Heinrich IV’

_ vx. Father(z, HeinrichlV)
“the father of Heinrich IV”
Heinrichlll = .z. Father(x, HeinrichlV)

Father (.. Father(x, Heinric

V), HeinrichlV)

- Father(cx. Father(x, Ac

am), Adam)

dy. Father(y, Adam)

Oops! Adam and Eve do not have any fathers.
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Peano’s ¢, contd.

- Father(HolyGhost, Jesus)
A Father(Joseph, Jesus)

- HolyGhost = vx. Father(z, Jesus)

A Joseph = vx. Father(x, Jesus)
“*Holy Ghost Is the father of Jesus
and Joseph is the father of Jesus.”

m HolyGhost = Joseph

Gregrory [l anathematized Heinrich IV in the year 1076.
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David Hilbert's ¢

Standard in classical non-modal logics:
Any term uniquely denotes something that exists.
Treat tx. A as an uninterpreted term about which we
only know

lz. A = A{x — 1z. A}
Hilbert’s ¢ is more useful:

dr. A = A{x+— cx. A} (€0)

ex.A ..."Is an object of the universe for which—according to the

semantical translation of the formula (¢y)—the predicate A holds,

provided that A holds for any object of the universe at all.”
(Hilbert & Bernays (1968/70), Vol. I, p. 12, our translation)
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David Hilbert's &, contd.

- Heinrichlll = ex. Father(x, HeinrichlV)
m  Father(ex. Father(z, HeinrichlV), HeinrichlV)

= From the contrapositive of (¢y) and
—Father(ex. Father(x, Adam), Adam),
we now can conclude that
—dy. Father(y, Adam)

m dr. A & A{xw— cx. A} (e1)
_ Ve.A & A{x+— ex.—A} (e2)

Cf. Leisenring (1969).

© Claus-Peter Wirth, January 13, 2007 — p.68



Type Theory 9, Syntax

Symbols of the Logic: 2, 0, — , A, Qoaas Li(o)-
Inductive definitions:
Types:

® ¢ and o are (base) types.

m If o, (0 are types, then a — 5 (alt. G«) Is a (function) type.

Terms: tisatermoftype a. t: «
m If z Is a variable of type «, then =z : «.
m If c € X Is a constant of type «, then ¢ : a.
wilf s:a— g and t: «, then st: (.

® If x Is a variable of type o and s : 3, then Ax.s:a — 0.

A Formula is a term of type o.
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Instantiation, improved, contd.

Let o be a substitution.

m Let x € V be a variable symbol of type .

wIf r€dom(o), then xo = o(x).
wIf rZdom(o), then zo = ux.
m If c € Y Isaconstant, then co = c.
B (sgata)o = (so)(to).

B (A\z.t)o = lx.(to).
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Type Theory 9, Interpretations

A structure for 9, has to provide the fol. additional values:

= For types «, (.
Standard Int.: (a — B)°
General Int.: 0 4 (a—B3)° C o — 3.

||
Q
05
l
XD
05

m wa c(a—a— 0)8 such that for any a,b € a° we
have QS (a)(b) = TRUE iff a=0b.

oo

_ Lim) e ((1 — 0) — 1)° suchthatforany p € (1 — 0)°
for which there is a unique a € »° with p(a) = TRUE we

have Lf(m) (p) = a.

© Claus-Peter Wirth, January 13, 2007 — p.71



Type Theory 9, Evaluation

meval(S)(sgata) = eval(S)(s)(eval(S)(1)).
meval(S)(A\x,.tp) =

(a,b) €a®xB3° | b= eval(S')(t) for
S’ being the
{x+—a}-variant of S

Crucial: eval(S)(\z.t) € (a — B)°.
Makes a general interpretation a General Model.
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Type Theory 9,, Explicit Definitions

Meta-variables for terms:
Meta-var. f. variables:

Definiendum

Definiens

S, t: «;

T,y . A

AZo, ..., Tyt
S=1
true

11P

A

false

AZg. - AL, T
Qoaast

(QOOO — Qooo)
(Az.true = P)

[T(Ax.A)
(Ab.true = A\b.b)

A:o
bt :0; f,q: 000
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Type Theory ©Q,, Explicit Definitions, contd.

Meta-variables for terms: s,t:a; A:o
Meta-var. f. variables: b,b" : o

Definiendum | Definiens

A | Ab, b .(Nf.(f truetrue) = A\g.(gbb"))

D = | Ab, V. (b= (bAD))

~ — | Q pofalse

V| Ab, b .= (=b A b))

dx. A | ~Vzr.-A

s£t|(s=t)

dlz. A | de Vy. (A{x—y} = (x=y)) fory & V(z, A)
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Calculus, 9, Peano’ s iota

dlz. A = A{x — 1z.A}.
Ly Ao = Lyoy)(AT.A).

What is L’Y(O’Y)?
Inductive Definition:

B Ly(m) € D
- LO(OO) — Qo(oo)(oo)(Qoootrue)-

= L(Ba)(o(Ba))
AMo(Ba) AZa-tyg-3fsa-(Rf N (fx=1)).
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Calculus, 9,, Axioms

[1] po,true A pfalse = Vb,.pb
[204: (xoz — ya) — (pooﬂj — py)
[3°°] (fap = gap) = Vap.(fz = gz)

© Claus-Peter Wirth, January 13, 2007 — p.76



Calculus, 9,, Axioms, contd.

[41] (Ax..s)t, = s where s is a primitive constant or

[45,
[O]

variable different from z
(Azo.7)Sq = S
(Aro. (B3, Cy))As = (Az.B)A((Mx.C)A)

(Azo.(A\y.B))As = My.(Ax.B)A) where y is
distinct from 2 and from all variables in A.

(Aro.(A\z.B))Ay = Mz.B

ba(on) (Qozzyz) = Y

© Claus-Peter Wirth, January 13, 2007 — p.77



Calculus, 9,, Inference Rules

Rule R:
From C' and A, = B, infer the result of replacing one

occurrence of A in C' by an occurrence of B, provided
that the occurrence of A in C' Is not an occurrence of
a variable immediately preceeded by .
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Q,, Properties

The following holds:

= Explicitness-Lemma

m Substitution-Lemma

m Consistency: #~ false.

= Sound and somewhat complete: - A iff Ais valid
In every (countable) general X-interpretation.

m Somewhat compact: If every finite subset of set I of
formulas has a general model, then " has a general
model.
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Intension vs. Extension of a Notion

® Intensional equality (=equality of intension) implies
extensional equality.

Intention Extension in | World

Hesperus Venus Material World
Phosphorus | Venus

3+ 9 8 Structure of Arithmetic
9+ 3 8

8 3+ 5 Syntax of Arithmetic

8 2+34+3

= Id NGB class theory
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Intension vs. Extension of a Notion, contd.

= A notion is individual If its extension is a singleton.

m Equality of functions:
Az.z Vs, Az.(z71) 7
Intention = Syntax of function definition modulo
Aa-renaming.

Extention = Denoted function.

m Gottfried Wilhelm Leibniz (1646—-1716)
Extensionality Axiom: Extensionally equal notions can be
exchanged salva veritate.
— Extensional logic, extensional language.
NGB class theory is not extensional: = and id are
extensionally equal. But V =V and (V, V) € id.
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Equalities

® Primitive Equality (=equality in the structure):
to =t.. Or Quaatt. {P— Az,.(t =2)}
More generally: arbitrary equivalence relation satisfying
Leibniz substitutability — factor structure.
Tarski (1986): primitive equality is a logical notion

® Leibniz Equality (=indiscernability):
to =1t.. Or Lygatt'.
L AL, b NP, (Px = Px').

® Functional-Extensional Eq.:  {P +— Afga.Va,.(tx = fz)}

Eo(80)(80)t8at ga-
E = Mfsa, f3a-V2a - (f2 = ['2).

In general: |. In Qq: .
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Functional Extensionalities

(F) Vfﬁomgﬁa-( onz-(fx — g:z:) = [ =g )

) Yfar( Ava-(f2) = f )
(&) Yfsa,980=VT0.(fx =gx) = (Az.(fx) = Ax.(92))

All valid in Q, but not in intensional structures.

Lemma 1.19 If we haveB-equality: () iff (n) and ).

“=": By (-reduction.
= f = A (fr) = \xe(gz) =, ¢.
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n-Reduction

From now on we consider a term to be the equivalence class
of all its a-renamings. A\(G-reduction picks an element of the
class that does not suffer from variable capture and reduces
this. Implementation via Bruijn’s indexes.

= \n-Reduction:
Ao .(Agex) — A if 2z does not occur freely in A.
J

= \pn-Reduction: —pg, = —3U—.

m Each confluent and terminating: — g, —,,, —3, -
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£-Normal Forms

Lemma 1.20 (3-Normality invariant under n-Reduction)
If ¢ Is a term In\3-normal form

(i.e. a—,-irreducible term) andt— ¢/,

thent’ is in AG-normal form, too.

Counterexample 1.21
(n-Normality not invariant under (3-Reduction)
Az.((Ay.c)zx) is in An-normal form, but

A2.((Ay.c)zx)—,Az.(cx)—>, C.
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n-Reduction

Ar-reduction —_ Is the maximal sub-relation of «—
that does not introduce \G-redexes. Thus we have
B (ga)Asa—,BAx,.(Ax) and

ANy Ago——Ay.\v.(Az) for z not free in A.

—_ Is confluent and terminating, and, by definition,
reduces A\3-normal forms only to AG-normal forms.

— = — J—_.
B B 7

The normal forms of —_are called long 5n normal
forms.
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Head Symbol

Corollary 1.22 A higher-order ternt in Ag-normal form
has a unigue constant or variable symlxo|called its
“head symbol”) such that has the form

AT1. .. ATy (Bt .. ty),
for variablesx, ..., z, andtermg;, ..., t,,.
As any type has the form Go; ... o, With base type (3,
a term in long 8n normal form admits a complete
first-order application notation by recursively writing
for each head symbol i : Ba; ... oy,
Axi. ... x,. (h(t1,...,t,)) instead of
ALy, ... AT, (hty.. . t,).
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Higher-Order Pattern, Definition

t Is a [higher-order] pattern if ¢ is a higher-order
term in AG-normal form with head symbol £,
say A\ry. ... Ax,. (hty...t,), and either

m h Is a variable freely occurring in ¢, and the
An-normal forms of ¢; . . . t,, are distinct variables
from z¢,...,x, Or

m h IS a constant or bound variable and, for each
ie{l,...,m}, Axy. ...z, t; isa pattern.
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Higher-Order Patterns

While unifiability of two higher-order terms is not
co-semi-decidable and, for two unifiable terms, a
most general unifier may not exist, patterns are nicer:

Theorem 1.23 It is decidable whether two patterns are
unifiable; and if they are unifiable, a most general unifier
can be computed.
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Axiom of Choice

Why and when do we need this?
Existence of universal choice function for non-empty sets of
type «:

Elfa(ooz)'\v/poa'( 337a-(p$) = p(fp) ) ACH

Existence of Choice Set for set of non-empty sets of type «:
/ VDoo.(Pp = Jx,.(px)) \

VE(0a)- .o Va.(cx = dp.(Pp A px))

\ A Vp.(Pp = Jz.(px A cx)) )

Cf. Rubin & Rubin (1985) and Howard & Rubin (1998).
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Modal Logic, Intro

= Designed to capture modes of speaking by
Aristotle of Stagira (384-322B.C.).

= More recent great logicians such as F. L. Gottlob
Frege (1848-1925) and Willard Van O. Quine
(1908-2000) did not appreciate it;
formal development is ongoing.

= Technical idea: Consider different worlds and
their modal relation to each other in a single
structure.
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Modal Logic, Intro, contd.

m Basic syntactical elements are two quantifiers:

w.
(for all worlds w accessible from the current world)

Ow.

(for some world w accessible from the current world)

The variables they bind are typically not displayed.

mFor A:o0 we have OA = -[1-A.
(Compare dx. A = -=Vr.—A)
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Modal Logic, Intro, contd., contd.

Purpose (irrelevant for formal treatment!):

Temporal:
different times.

Alethic:

Possible worlds.

Worlds (states of a computer!) at
= always; ¢ = sometimes.

= necessarily = “in all

possible worlds”; ¢ = possibly.

Deontic: Permission and obligation.

Doxastic = Epistemic: Knowledge and belief.

Cf. Fitting & Mendelsohn (1998).
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Modal Logic, >-Interpretations

New arguments VWV, R, and Z in the domain of a
>.-Structure S:

= Set of worlds WS = ()
= Current world Z € W?°

= Reachability RS C WS x WS

Multi-Modal: Several reachabilities R; in parallel, e.g.
corresponding to different actions changing the world.

Poly-Modal: By making variables bound by quantifiers [ and
¢ explicit, a formula can name different worlds in parallel.
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Modal Logic, Kinds

Historical

Name Conditions on reachability R° Axioms over P : o

K none true

T reflexive [P = P

K4 transitive P = 0UOP

D serial: Va € W&.3b € WS.(aR®b) | OP = OP

(5) triangle property: Va,b,c € WS. OP = LIOP
((aRSb A aRSc) = bRS¢)

(Sym) symmetric P = LIOP

B reflexive, symmetric T A Sym

S4 reflexive, transitive T AN K4

S5 equivalence T AN Sym A K4

S5 reflexive, symmetric, transitive T A D
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Poly-Modal Type Theory, Syntax

Symbols of the Logic: 2,0, — , A\, L0, O, W, Z, R, ....
Types:

= 7, 0, and WV are types.

m If o« and ( are types, then a — 5 (alt. Ga) Is a type, too.

Terms:
m If x Is a variable of type «, then =z : «.
m If c € X Is a constant of type «, then ¢ : «.
milf s:a— g and t: «, then st: (.
m If x Is a variable of type o and s : 3, then Ax.s:a — 0.

= If w Is a variable of type VW and A : o,
then Lw.A : o.

A Formula is a term of type o.
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Poly-Modal Type Theory, Semantics

TRUE if eval(§')(A) = TRUE
for all
eval(S)(Hw.A) = {w+—b, T—b}-variants &'
of S with Z°R°b
FALSE otherwise

Properties:
= Explicitness Lemma

m Substitution Lemma
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(Mono-) Modal Logic, Intension / Extension

Intension here Is not a syntactical name but a
functional object () whose domain is W*.
Application of an intentional object to a world results
In an extensional object, namely the extension of the
notion in the given world.

Cf. Fitting (2002).
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(Mono-) Modal Type Theory, Syntax

Symbols: 2,0, —, T, LA O O, W, Z, R, ....
Types:

m A type Is a standard type or the non-standard type W.
® A standard type is an extensional or an intensional type.
® ¢, and o are extensional types.

m If o and $ are standard types, then o« — (3 (alt. Sa) IS an
extensional type.

m If 5 I1s an extensional type, then W — ( (alt. T5) Is an
Intensional type.

© Claus-Peter Wirth, January 13, 2007 — p.99



(Mono-) Modal Type Theory, Syntax, contd.

All terms have standard types:

m If x Is a variable of standard type «, then z : .

m If c € X Is a constant of standard type «, then c: «.

mif s:a— g and t: «, then st: (.

mif s: W — g and w is a variable of type W, then sw : (.

m If x Is a variable of standard type o and s : 5, then
Ax.s o — (.

m If w Is a variable of type W, s: (3, and 5 Is an
extensional type then \w.s: W — (.

m If w Is a variable of type YW and A : o,
then Cw.A : o.

A Formula is a term of type o.
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(Mono-) Modal Type Theory, Syntax, contd. 2

Additional restriction:
There Is only one term of type W, namely the variable w.
Moreover, ¥V occurs only as domain type, e.g. WW — §.

Thus, we can abbreviate as follows:
Definiendum | |s | Ts A |10

Definiens sw| A w.s | Hw AW — 3

= No variables (and no terms) of type W nor the type itself
needed anymore. Type W is superfluous.

® The language of mono-modal type theory can be seen as
a sub-language of poly-modal type theory and we can
take the same semantics.
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Hesperus and Phosphorus

Let [1 have the epistemic interpretation “all former highly
developed civilizations knew” For x°,y° ::, the following
valid sentence says “All former highly developed civilizations

knew that two identical things are equal”:
(Shut up, Wittgenstein!)

(" =y") = U@ =y")
For h,p: T: denoting the intention of the morning and evening
star, resp., its instance via o := {z° — |h, y* — |p}, namely
(lh=1p) = 0O(lh = |p)
IS invalid In the structure that sets w and Z to our civilization
because the Babylonians did not know the morning star to be
equal to the evening star. Substitution-Lemma?
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Hesperus and Phosphorus, contd.

(" =y") = Dw.(” =y")
For h,p: )W — ¢ denoting the intention of the morning and
evening star, resp., its instance via o := {z° — hw, y° — pw},
namely
(hw = pw) = Dw'.(hw = pw)
IS valid as the Babylonians knew that two identical things are
equal.
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Intuitionistic Logic as Modal Logic S4

E(A) =0A, for atomic A : o.
E(AN B)=FE(A) N E(B).
E(AV B)=FE(A)V E(B).
E(A= B)=0(F(A) = E(B)).
E(-A) =0-E(A).

E(Vz.A) =0vVz.E(A).

E(dz.A) =dz.E(A).
Theorem 1.24 (Godel (1986 ff.), Fitting (1983))
For first-order formulasA: —, A iff =, E(A).

Why Is this not useful for interactive systems?

© Claus-Peter Wirth, January 13, 2007 — p.104



Intuitionistic Logic as S4, Example

B(——A = A) =

~0A
0-0A

0-0-04
0-0-04 = OA
0(0-0-04 = OA)

FALSE
FALSE
TRUE

> (time)
TRUE
TRUE
FALSE

FALSE
TRUE

FALSE
FALSE

I

TRUE
TRUE

A= 0TA).
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Smullyan’s Classification

a-rules describe the simple and
(B-rules the case-splitting (or branching) propositional proof steps.

~v-rules show existential properties, either by exhibiting a term
witnessing the existence or else by introducing a special kind
of variable, called “dummy” in Prawitz (1960) and
Kanger (1963), “free” in Fitting (1996) and in footnote 11 of
Prawitz (1960), and “meta” in the field of planning and
constraint solving. It may be used to delay the choice of a
witnessing term until the state of the proof search provides
more information. We call such a variable a free y-variable.
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Smullyan’s Classification, contd.

0-rules show universal properties using a new symbol, called a
“parameter” or an “eigenvariable’, about which nothing is
known. We use nullary parameters called free §-variables.
These variables are not free in the sense that the terms to
replace them may be chosen freely, but in the sense that their
occurrences must not be bound by a quantifier or binder. The
free 9-variables subdivide into the ordinary free ¢~ -variables
introduced by standard §-steps and the free §*-variables
Introduced together with a constraint by liberalized §-steps
(0T -steps).

Other rules may be added for an appropriate treatment of frequent
reasoning patterns such as rewriting with equalities or logical
equivalences, unification, or the Cut.
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Free Variables, Syntax

We assume the following four sets of symbols to be disjoint:

V, free ~-variables, I.e. the free variables of Fitting (1996)
V; free d-variables,

l.e. nullary parameters, instead of Skolem functions
V....a bound variables,

l.e. variables to be bound
> constants,

l.e. the function (and predicate) symbols

from the signature
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Free Variables, Syntax

V; =V, WV,
Viee 1= V, 0 Vg
V= Viouna W Vi
Vs := VWUV

Y

We use V(1) to denote the set of variables from V,
occurring in I,
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General Notation

“ A ” denotes the (syntactical) conjugate of A,
l.e. B if A has the form =B and

— A otherwise.
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Tableaus, Sequent, Matrix: Steps

3 basic abstract kinds of proof steps in Tableau,
Sequent, Matrix calculi:

Instantiation: Substitutes rigid variables (such as
free ~v-variables and free 6 -variables)
globally in the whole proof forest.

Hypothesizing: Start a new proof tree for a new
lemma.

Expansion: Expand a proof tree.

© Claus-Peter Wirth, January 13, 2007 — p.111



Tableaus, Basics

m Tableau are refutational by default:
A Hypothesizing step starts with a single-branch
proof tree such that the the new lemma is the sequent of
the conjugates of the formulas labeling the branch
bottom-up.

= The lemma is proved if its tableau tree is closed.

= A tableau tree is closed Iif all its (complete (from
root to leaf)) branches are closed.

= A branch is closed if it has a formula of the form ¢+t

or two complementary formulas A and A as labels.
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Tableaus, Expansion, Unified Notation

a ar a B Bi Bl 7 ()
ANB | A B||-(AANB)| A B || Vx.A | A{x—t}
-(AvB)| A B AVB | A B || -3z.A| A{x—t}
(A= B)|A B|| A=B | A B | 1P Pt
(A< B)|A B|| A<«B |A B
. A 0 01 (%)
A B:o —Vr.A | A{x—2°}
Po— o Jr.A | A{r—a’}
Ve |o@P)| (P

© Claus-Peter Wirth, January 13, 2007 — p.113



Intuitionistic Logic as Sequent Calculus

Sequent: “Antecedent — Succedent”
Antecedent: List of formulas (intention: conjunctive)
Succedent: List of formulas (intention: disjunctive)

Sequent Calculus Proof:
A— A
— —A A (not intuitionistic!)

Intuitionists cannot have more than one formula in the succedent!
Moreover, free ~-variables are not admitted in intuitionistic proofs!
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Seqguents for Two-Valued Logics

Instead of Ay,... . A,, — 51,....,5,
write A;,..., A, .S, ..., S,.

Axiom Schemes:
I'AIl A A
I (t=t) 11

Sequent Calculus Proof:
-A, A
——A = A
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From Tableau Trees to Sequent Trees

Starting at the leaves, replace the label of each node
with the list of the conjugates of the labels of the
branch from the current node to the root node!

© Claus-Peter Wirth, January 13, 2007 — p.116



Sequent Calculus, «-Rules

Let A and B be formulas, I, 11, and /A be sequents (l.e.
disjunctive lists of formulas), let = € V, ... be a bound variable,
and let F be the current proof forest containing all free
variables already used, esp. those from A and I'II:

' ———AIl I (A\/B) 1/ I —I(A/\B) 1/
a-rules:
Al Il ABI Il A B Il
A (A:>B) 1l A (A<:B) 1l
A BILII A B ITII

T Consequence Soundness | Reduction
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Sequent Calculus, (-Rules

In the following rules we may choose to fold down
none or one, but not both of the side-formulas in the
optional brackets [- - -]. E.g., If we choose the first
lower sequent of the first ruletobe A B I' II then
Its second lower sequent must be B I II.

I (AAB) IT
A[F}FU B[Z}Fﬂ

A{B}FH B{A}FU
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Sequent Calculus, (-Rules, contd.

—(A=B) II
A[B}FU ?[?}Fﬂ
I' -(A<=B) I
A {B}Fﬂ B[A}FH
I' (AsB) 11
ABIII AB Il
I' -(AsB) 11

ABTIII A B I'Il
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Sequent Calculus, ~-Rules

_ : V.
v-rules: Lett be any term, —~@-

[’ dx. A II
Alz—t} I' . A 1

' —Vx. A II

A{x—t}y I' Vo, A I

[ —I(HP) 11
—|(Pt) [ —I(HP) 11
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Sequent Calculus, o0 -Rules

0 -rules: (also simply called §-rules)

Let 27 € V. \V(F) be a new free §—-variable. —2

5(a%) R,
I' V. A 11
Alo—z"}y I' II V(A T3 x{z"}
[ —dz. A II

Alx—zs} ' 11 Vsl A, T d) x {2}
[ 11P,, II
Pzt ' I V(P I'1,20) x {2}

I tge=t' II
ta=t'x™ I I  V(t,t',['11,]) x {z"}
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Sequent Calculus, o0 -Rules

Unimportant note:

The 3 (a beth, second letter of Hebrew alphabet) on
the previous slide denotes that part of the context of
the upper sequent which is not relevant for its
semantics but for the soundness of the inferences
rules, such as a weight term in inductive theorem
proving by descente infinie, which will result in an
ordering subgoal after an application of an induction
hypothesis.
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Sequent Calculus, J0"-Rules

0 "-rules: (also called Liberalized §-rules)

Let 2 € V;\V(F) be a new free §*-variable, 525 g:+:
1)

" Ve, A I {(2%, A{lz—z}))}
A{z—z®} T 1T Vo o(A) x {2}

' —dz. A 1II {(2, A{z—2®})}
A{z—zot I T Vee(4) x {27}
r up,, II {(z*, Px*)}
Pr’ T I Vi P) x {2}

(8

I' tgo=t" I {(z", (tz"#t'z"))}
tad=t's" I I Vie(t,t') x {2}
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0~ versus Jot'-rules

= If R;_ is empty, take a 0~ -rule.
Otherwise use the respective " -rule.

= Even better: Use the free o~ -variables to state
your lemmas without the outermost universal
guantifiers, like mathematicians do. The free
0~ -variables can then be locally and arbitrarily

Instantiated when applying the lemma as a tool
In an application step.
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Seqguent Calculus, Rewrite-Rules

Let Alt| denote the formula A|s| with some
occurrences of s replaced with ¢.

m Let t be the A\Gn-normal-form of s:
I Als| 11
Alt] I' 11

m Let s and ¢t be terms (of the same type).
Let B be one of the formulas (s#t) or (t#£s):

I Als] T B A ' B IT Als] A
Alt) I IT B A Alt) ' B IT A
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Sequent Calculus, Cut-Rule

I

Cut: AT
A T

Application of the Lemma A ... A,:

I
A Ay T
A A, T

where m < n, for all j withm < j < n, (4;) occursin I,
and A; ;= A;,_1... Ap
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Sequent Calculus, Decomposition

—-Decompose:
I tlug, ..., u,|=tvg, ..., v, 11
Up=—" /10 I t[ug, c . ,un]:t[’(}o, - ,”Un] 11

U=V, N T tlug, ..., uy]|=tlvy, ..., v, II
where m < n, for all j with m < j < n, (u;7#v;) occurs in I'1l,
and Az = (ui_l#vi_l) .. (uO#Uo)

Example: higher-order pre-unification for h € 3:
hUQuvaZhvovluo

uo=v9 huguivo=hvoviug
U1=—01 (UQ#UQ) hUQuva hvovﬂm
vo=ug (u17#v1) (up#vg) huguivo=hvoviug
Exercise: =-Decomposition is Lemma-Application of which lemma?
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Sequent Calculus, Extensional Rules

I
Substitution Addition: I'og
l'o,
where oy, ..., o, is a cover set of substitutions for ", 2.

E.g., {b0—_L}, {b2—T} is a cover set of
substitutions. Proves Vb.(b= 1 vV b=TT) after a

0 -step.

E.g., {z,.—0}, {z7+—s(x”)} is a cover set of substitu-

nat

tions for I"if V..([,3) C R {z" }).
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Sequent Calculus, Simplification

I' A Il A A
r A Il A

Multiple Literal:

I tlug, ..., us]#tlvg, ... v, 11

I 1l
where, for all j with j < n, (u;7#v,) occurs in I'II.

#-Removal:

I 1 I
1 -Removal:
I I
I' A=T 1II
T-Removal:
' A I
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Sequent Calculus, Example

The formula Jr.Vy. Q(x,y) V Ju.Vv. —Q(v, u)
IS not generally valid (to wit, let Q be the identity relation on a
non-trivial universe).

Consider the following proof attempt: One a-, two ~-, and two
liberalized §-steps result in

(1) Q(z7,y°), —-Q(v,u), dx.Vy. Q(z,y), Fu.Vv.-Qv,u)
with variable-condition

(2) R = {(z",y"), (W,v")}

Notice that the non-liberalized ¢-rule would have produced In
addition (x7,v°") or (u”,y°") or both, depending on the order of the
proof steps. When we now instantiate x> with v°", we relate the
previously unrelated variables «” and y°".
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Sequent Calculus, Example, contd.

Q(v°,y’), —-Q(°,u), Tz. Vy. Qx,y), Ju.Vv. Q(v,u)
must be equipped with the new variable-condition (u”, y°").
Otherwise we could instantiate «” with ¢°", resulting in the tautology

Q(v”,y"), —Qv”,y"),

When we instantiate the variables x” and «” in the sequence (1) in
parallel via

(3) o= {x"—0v’", u—y°},

we have to check whether the newly imposed variable-conditions
are consistent with the substitution itself. In particular, a cycle as

o

(for the R of (2)) has to be disallowed by definition.
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R-Substitutions

Several binary relations on free variables will be introduced in this
and the following sections. The overall idea is that when (x, y)
occurs in such a relation this means something like

“r Is necessarily older than y” or “the value of y depends on or is
described in terms of z’.

Definition 1.25 (Variable-Condition)
A variable-conditionis a subset ofV;,... x V...

Definition 1.26 (¢c-Update) Let R be a variable-condition ang

be a substitution. The-update ofR is
R U {(z"z)| xe€dom(o) A 2" € V.(o(x)) }.

Definition 1.27 (R-Substitution) Let R be a variable-condition.
o IS anR-substitutionif ¢ Is a substitution and the-update ofR is
wellfounded.
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R-Substitutions, contd.

Note that, regarding syntax, (x,y™°)€ R is intended to mean
that an R-substitution ¢ must not replace x with a term In
which y" could ever occur. This is guaranteed when the o-
updates R’ of R are always required to be wellfounded. Indeed,
for 2« ¢ V...(o(z)), we get zt< R x R’ y*=, blocking 2™
against terms containing y"°. Note that in practice a oc-update
of R can always be chosen to be finite. In this case, it is well-

founded iff it is acyclic.
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R-Substitutions, contd. °

Example: For the variable-condition R of (2) and the ¢ of (3),

o must not be an R-substitution because the cycle

R/

R’ +
Y 16)
u Y

contradicts the wellfoundedness of R U R'.
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R-Substitutions: Characteristics

m For efficiency, we never compute transitive closures, but
simply keep adding new edges to a graph. The relevant
wellfoundedness-checks can then be performed as
acyclicity-checks in time which is linear in the number of
edges (i.e. optimal time complexity).

® The alternative approaches to variable-conditions
Kanger (1963), Bibel (1987), Wallen (1990),
Kohlhase (1995), Kohlhase (1998) are more complicated
and restrict the construction of proofs either too much, or
not enough to guarantee soundness.
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R-Substitutions: Characteristics, contd.

m To simplify the implementation, we do not permit re-use
and permutation of free ~-variables like {x"—u, u—x"}.
Indeed, these substitutions have a cyclic I'-relation and
thus are no R-substitutions according to the above
definition. Re-use and permutation of free ~-variables are
problematic in practice, because we would need an
additional time reference to retrieve their solutions.
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Skolemization, Example

Jw. Vz. Jy. Vz. I'(w,y, x, 2)
(Outer) validity-invariant Skolemization:
Jw. Jy. I'(w,y, z’(w), 2°(w, y)),
where 2° and z° are the new Skolem functions for x
and z, respectively. Alternatively:
Vo' V2. Jw. Jy. I'(w,y, 2" (w), 2 (w,y)).
If w, y are first-order, 2’ and z’ are second-order vari-
ables.
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Skolemization, Definition

Skolemization is the operation that moves the
guantifiers of all o-variables to the very left and gives
them some ~-variables as arguments. Thus,
Skolemization results in the following simplified
guantificational structure:

For all Skolem functions u there are
solutions to the ~-variables e such that the
quantifier-free theorem I'(e, ) is valid (i.e.
Yu. de. I'(e,u)).
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Skolemization, Problems

Skolemization ...

® may change the notions of Herbrand and Henkin models
and of inductive validity (cf. Wirth & Gramlich (1994b)).

= may imply the Axiom of Choice even if it is not part of the
original theory.

mIf By, ..., B, denote the branches of a proof tree
for I'(e,u), then
Vu.de. (Bg A ... AN B, )
IS strictly stronger than
Vu. (de. By A ... A de. B, )
= Inductive theorem proving in the form of descente
Infinie impossible!
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Raising

Raising is an unproblematic dual of Skolemization, cf.
Miller (1992).
Jw. Vx. Jy. Vz. ['(w,y, z, 2)
(Outer) validity-invariant Raising
Ve. Vz. I'(w,y(z), x, 2),
where w” and y” are the new raising functions for w
and y, respectively. Alternatively:
Jw'. dy'. Vo. Vz. I'(w',y' (), x, 2).
If z Is first-order, ¢/ is a second-order variable.
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Raising, Advantages

= The newly introduced free ~-variables do not
Introduce new objects to Herbrand and Henkin
universes and cannot work as choice functions
due to their existential character.

mIf By, ..., B, denote the branches of a proof tree
for I'(e,u), then
de. Vu. (Bg N\ ... N By )
IS logically equivalent to
de. (Yu. By A ... N Yu. B,,)
= Inductive theorem proving in the form of
descente infinie possible! (© Class Peter With,Januaty 13, 2007 p1dd



R-Validity, Definition

Let R be a variable-condition. Let S be a > -structure
with valuation 0 : V ~~ §. Let G be a set of sequents.

G is R-valid in S if thereis an (S, R)-valuation e

such that G is (e, S)-valid.

G is (e,S)-valid if Gis (d',e,S)-valid forall ¢’ : V, — S.
G is (0,e,S)-valid if GisvalidinS We(e)(d) W 9.

G isvalid in SWo if I'isvalidin Swo forall I' € G.

A sequent ['is valid in SWo If there is some formula
listed in /" that is valid in SWo.
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K

Validity in a class of X:-structures is understood as
validity in each of the X-structures of that class.

If we omit the reference to a special > -structure we
mean validity in some fixed class K of X.-structures,
e.g. the class of all >-structures or the class of
Herbrand >-structures.

Cf. Wirth & Gramlich (1994b) for more Interesting

classes for establishing inductive validity.
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CARYEITEUE

Let S be some X-structure. We now define semantical
counterparts of our R-substitutions on V,, which we will call
“(S, R)-valuations”
As an (S, R)-valuation plays the role of a raising function,
It does not simply map each free ~v-variable directly to an
object of S, but may additionally read the values of some free
o-variables under an S-valuation ¢ : V; — S. More precisely,
an (S, R)-valuation e takes some restriction of 4 as a second
argument, say o’ : V; ~~ S with ¢’ C 4. In short:

e:V,— (V;~§) ~S.
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CARYEITEUE

For each free ~-variable x, we require that the set dom(¢’) of
free d-variables read by e¢(x”) is identical for all 9.
This identical set will be denoted with S.{z"}) below.
Technically, we require that there is some “semantical relation”
Se C V;x'V, such that for all 7 € V.;
e(27) : (Seqa)) = S) — S.

Note that, for each e¢:V, — (V;~ §) ~ S, at most one
semantical relation exists, namely

Se = { (¥, 2) | eV, A y’edom(|J(dom(e(z")))) }-

In the following definitions we are slightly more general because we want to apply the
terminology not only to free ~-variables but also to free 5™ -variables.
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CARYEITEUE

Definition 1.28 (Semantical Relation §.))
Thesemantical relation foe is
Se = { (y,z) | x€dom(e) A y € dom(| J(dom(e(x)))) }.
e Issemanticalif e Is a partial function orV such that for all
z € dom(e):
e(z) : (Seftz)) — 8) = S.

Definition 1.29 (S, R)-Valuation)

Let R be a variable-condition and létbe a>:-structure.
e Isan(S, R)-valuationif e:V, — (V;~ S) ~ S,

e IS semantical, an® U S, 1s wellfounded.
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CARYEITEUE

Finally, we need the technical means to turn an
(S, R)-valuation e together with a valuation ¢ of the free
o-variables into a valuation ¢(e)(9) of the free ~-variables:

Definition 1.30 (¢)
We define the function

e: (V> (Vs §S)w»S) - (VasS) - Vo~ S
for eV~ (VeSS §: VS, zeV

by €(e)(0)(z) := e(z)(s.qap19)-
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R-Validity, Examples

For 27 € V,, 4’ € V,, the sequent z"=y° is (-valid in any S
because we can choose S, := V;xV, and e(z")(d) := d(y°) for
0 : Vs — S, resulting in

€(e)(9)(27) = e(27)(s.arp10) = e(27)(v;19) = 0(y°).
This means that (-validity of 2"=¢° is the same as the validity
of Vy. dx. x=y. Moreover, note that ¢(e)(d) has access to the
0-value of y° just as a raising function f for x in the raised (i.e.

dually Skolemized) version f(y°)=y° of Vy. dz. x=y.
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R-Validity, Examples

Contrary to this, for R := V_xV;, the same formula z"=y° is not
R-valid in general because then the required wellfoundedness
of RUS, implies S. =0, and the value of 2 cannot depend on
6(y°) anymore, due to e(x)(s,qan10) = e(x7)(p1d) = e(z”)(0).
This means that (V,xVj)-validity of 2"=y° is the same as the
validity of dz. Vy. x=y. Moreover, note that ¢(e)(d) has no
access to the ¢-value of ¢° just as a raising function ¢ for z In

the raised version c=y° of dz. Vy. x=y.
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R-Validity, Examples

For a more general example let
G={Aog...An1]i€l}
where for ¢« € I and j <n; the A, ; are formulas with free
~v-variables from e and free j-variables from . Then
(V,x V;)-validity of G means
de. Vu. Viec . 35 <n;. A;
whereas (-validity of G means

Vu. de. Voel. 35 <n;. A
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Preservation of Solutions

All substitutions of free ~-variables that close a proof
attempt for a proposition are also solutions of the
original proposition.

Advantages:

= Query variables in original proposition are solved
during the proof as in PROLOG.

= Inductive theorem proving in the form of
descente infinie becomes possible.
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No Preservation of Solutions for 6™?

A liberalized 9-step reduces

Vy. =P(y), P(x7), ...
to -P(y”), P(x7), ...
with the empty variable-condition R := (). The lower
sequent is (e, S)-valid for the (S, R)-valuation e given
by e(x")(6) := (). The upper sequent, however,
is not (e, S)-valid when P°(a) is true and P°(b) is false
for some a, b from the universe of S. To see this, take
some valuation ¢ with 6(y°) := b.

© Claus-Peter Wirth, January 13, 2007 — p.152



Choice-Conditions, Definition

C'Is an R-choice-condition If R is a wellfounded vari-
able-condition, C'is a partial function from V;, into the
set of formulas, and z R* y* for all y* € dom(C') and
2 € Vi (C(y7))-
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Extended o-Update

After global application of an R-substitution & we now have to update both R and C:

Definition 1.31 (Extendedo-Update) LetC be an

R-choice-condition and let be a substitution.

Theextendedr-update (C’, R') of (C, R) is given by:
C'" .= {(z,Bo)| (x,B)eC ANx¢gdom(o) },
R’ is theo-update ofR, cf. Definition 1.26.

Lemma 1.32 If C'Is an R-choice-condition,oc an
R-substitution, and ifC’, R') is the extended-update
of (C, R), thenC" is an R’-choice-condition.
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Compatibility

We now split our valuation ¢ : V;, — S;
while 7 : V. — S valuates the free 0~ -variables,
7 valuates the remaining free " -variables.

As the choices of # may depend on T, the technical
realization is similar to that of the dependency of the
(S, R)-valuations on the free J-variables.
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Compatibility, Definition

Let C' be an R-choice-condition, S a Y.-structure, and e an
(S, R)-valuation.
IS (e, S)-compatible with (C, R) if

1. 7:V;. — (Vs ~ S) ~» S is semantical (cf. Definition 1.28)
and RU S, U S, I1s wellfounded.

2. Forall y* € dom(C) with C(y*) =B, forall 7:V, — S,
and for all  : {°'} — S,
setting ¢ := ¢(7)(7) W7, and ¢’ to be the n-variant of :
If Bis (¢, e,S)-valid, then B is also (4, e, S)-valid.
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Compatibility, Definition

Item 1 of this definition says that the flow of information
between variables expressed in R, ¢, and « is acyclic.

To understand Item 2 let us consider an

R-choice-condition C' := {(y°, B)}, which restricts the value of
the single variable y°* with the formula B. Then C simply
requires that a different choice for the ¢(7)(7)-value of 3
cannot give rise to the validity of the formula B in

S We(e)d) Wd. Or—in other words—that e(7)(7)(y°") is
chosen such that B becomes valid, whenever such a choice is
possible. This is closely related to Hilbert's e-operator in the
sense that y°" is given the value of

ey. (B{y" —y})
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Compatibility, No Problem

Note that the empty function () is an R-choice-condition for any
wellfounded variable-condition k. Furthermore, any 7 with

7: Vs — {0} — S is (e, S)-compatible with ((), R)

dueto S, =0.

Indeed, a compatible = always exists:

Lemma 1.33 If C'is an R-choice-condition,$ a >:-structure, and
e an (S, R)-valuation, then there is somethat is
(e, S)-compatible with C, R).
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Choice-Condition, Extension

Just like the variable-condition R, the R-choice-condition C
grows during proofs. This kind of extension together with a
simple soundness condition plays an important role:

Definition 1.34 (Extension)
(C’", R") is anextension of C, R) if C'is anR-choice-condition(”
IS an R'-choice-condition,C'CC’, and RCR'.

Lemma 1.35 Let(C, R) be an extension glC’, R'). If eis an
(S, R')-valuation andr is (e, S)-compatible with C’, R'), thene is
also an(S, R)-valuation andr is also(e, S)-compatible with C, R).
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(C, R)-Validity

Definition 1.36 (C, R)-Validity)

Let C' be anR-choice-condition, leS be aX:-structure,
and letG be a set of sequents.

Gis(C,R)-validinS if Gis(m, e,S)-valid for some
(S, R)-valuation e and somer that is(e, S)-compatible
with (C, R).

Gis (7, ¢, S)-valid if Gis ( e(n)(T)WT, e, S )-valid
foreachr : V. — S.
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Reduction

Definition 1.37 (Reduction)

Let C' be anR-choice-conditionS a:-structure, and let
G and(G; be sets of sequents.

Go (C, R)-reduces ta7; in S if for

each(S, R)-valuatione and

eachr that is(e, §)-compatible with(C', R):

if G, is(m,e,S)-valid, thenGy is (m, e, S)-valid.
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Reduction, Properties

Let C' be an R-choice-condition; & a Y-structure;
Go, G1, G2, and G5 sets of sequents.

(Validity)
If Gy (C, R)-reduces to G; in S and G is (C, R)-valid in S,
then Gy is (C, R)-valid in S, too.

(Reflexivity)
In case of GoCG1: Gy (C, R)-reducesto G;in S.
(Transitivity)
If Gy (C, R)-reduces to G; in S and G; (C, R)-reduces to G,
In S,

then Gy (C, R)-reduces to G, in S.
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Reduction, Properties

(Additivity)
If Gy (C, R)-reduces to G, in S and G; (C, R)-reduces to G3
In S,
then GouUG, (C, R)-reduces to GoUGS3 in S.
(Monotonicity)
For (C’, R") being an extension of (C, R):
1. If Gpis (C', R)-valid in S, then Gy is (C, R)-valid in S.
2. If Gy (C, R)-reduces to GG; in S, then G (C’, R')-reduces
to G;In S.
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Reduction, Properties

(Instantiation)
For an R-substitution 0 on V, and the extended
o-update (C’, R) of (C, R):
1. If Goois (C’', R')-valid in S, then Gq is (C, R)-valid in S.
2. If Gy (C, R)-reduces to GG in S, then Ggo (C', R')-reduces
to Gio InS.
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Sequent Calculus Example Proof: lim +

lim +: Limes theorem on sums in R
By standard mathematical abuse of notation:

lim_(f(x) + ¢ (2)) = Tim_f"(x) + lim_g" ()

a:—>a:8_ $—>$8_ =i
To be expanded into a better notation:
(1):

: 6 0
lim f*(x) = y;

| = lim (f7(z) + 9" (2)) = yf +y,
. a — 90 r—xd J
A lim_g"(z) =y, 0
0]
Warning: “=" is still no real equality symbol!

What Is it, then?
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Sequent Calculus Example Proof

: . 1
Something like lim (2°sin —) = 0, formally say limt, = ¢,

x—0 €T Tr—z

actually denotes the formula
V€>O.35>O.V:U7éz.( t,—t| <e < |z—z| < 9§ )

Note that Ve>0.A4 and 36>0.B abbreviate Ve.(0<e = A) and
49.(0<6 N B), resp., &c.. Moreover:
—30.(0<d A B) = v5.-(0<6 A B) = V5.(0¢5 v -B) = V0.(0<d = —B)

so that -36>0.B = Vé>0.-B
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Sequent Calculus Example Proof

Initialize variable-condition R := () and
R-choice-condition C := 0.
Two a-steps and expansion of lim:
(1.1):
Ve>0.40>0.Vr#zx] .
(17 @)+ () = i+95)| < = |a—af] <3 ).
lim_f*(z) #yy, lm g¢"(z) #y,

Expansion of V, then ¢~- and «-step:
(1.1.1):
0Le?,

36205025 [(f7(2)+g" (@) — (f+i)l <& < |o—ag] <6 ).
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Early 5!

Expansion of 4, then ~- and (-step,
folding down 0<4~ to the right:

(1.1.1.1):

0<0”, 0Le”,

35>0-Vw#$8_-( (f7(2)+9" (2) — (yrtyg)| <e” < |z—af]| <o )
lim_f*(z) #yy, lim g¢"(z) #y,

(1.1.1.2):
Vadka: (|7 (@)+e (@) = ()| < =7 <« fo—af] <57 ),

0457, 0™, ...
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0 !

Expansion of V, then 6~ - and 2 a-steps:

(1.1.1.2.1):
=g, o =] £ 5 (£l V4o (o) — o)) <"
0£6, 0L, ..., hm 7 (x) # ys, hm 9 (z) #y,

where (07, z{) is added to the variable-condition £.
Note that a 6"-step would add {f*, g™, v,y , 07} X {27}

Instead.
Keep R small!
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Sequent Calculus Example Proof
Expansion of lim twice:

(1.1.1.2.1.1):
Ve r>0.30,>0.Vz A1) ( 7 (zp) —yi | <ep <= |zp—ap] < oy ),
—Ve,>0.40,>0.Vr ,#x) ( :L‘g — yg\ <g; & |xy—ad| < 4y )7

1 =%y, |r]—xo| £ 07 |[(f7(27)+g" (7)) — (y;+y, )| <&,
07<5”, 0Ze”,

E|6>O.V:1:7éa:8_.< (f(x)+9" (z) — (Y +y; )| <& <= |z—z| <o )
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Sequent Calculus Example Proof
Expansion of ¥V and a -step, each twice:

(1.1.1.2.1.1.1):
ﬂ( 0<e} = E|5f>O.fo7éx8_.( [ (zy) —yi| <e} < |zp—axj]| <oy )

ﬁ< 0<e) = 35g>O.Vx97éa:8_.( 9° (zg) —yy | <€) <= |zvg—xf| < Iy )
ﬂV6f>O.E|5f>O.Va:f7éa:8_.( [ (xy) —yi| <ep &= |wp—xp| < o5 ),

ﬂV5g>O.35g>O.ng7éx8_.( 9 (xg) =y | <&y & |Tg—mg]| < dy )7

ef=af, o] —af] £ 6, [(F () +e" (@) — (v +ug)| <
0£57, 0fe",

E|5>O.V:1:7éx8_.( (o (2)+g° (2)) — (¥ tyy )| <& <= |z—wg] <0 )
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Sequent Calculus Example Proof

Two (-steps and some sorting:
(1.1.1.2.1.1.1.1):

ST - -

(1.1.1.2.1.1.1.2):

.

(1.1.1.2.1.1.1.3):

—IE|5f>O.V$f7é£I?8_.( |f5_($'f) — yjc_‘ < 5} <~ |$‘f—$‘8_‘ < 5f )7

ﬂ5|59>0.V:1:g7£a:8_.< 9% (x,) — yg‘\ <g, = Ty =g | < 0y )7

sf=af, o —af| £ &% |(F @)+ (D) - +u)] < e,
0ge:, 0Ley, 0L07, Oge™, ...
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Sequent Calculus Example Proof

Expansion of 3 and a 6"- and a-step, each twice, and some
sorting:
(1.1.1.2.1.1.1.3.1):
Vel (| (@) —yfl < < lap—afl <67 ),
Vg el (197 (x)) — vl < 5 < |og—a] <65 ),
wi=ag, o7 —ag £ 0% |(F7(2])+9" (2])) — (v +y))| <&
005, 0oy, 0Ler, 0Ley, 0£07, OgLe™, ...
where R is extended by {z, f*,y},e7} x {03} and
175,9° .y, ,€,} X 16, }, and the choice-condition C' by:
(07, 0<0y AVastal (17 (ag) —vfl <} = lag—ag| <07 ) )

( 0y, 0<dy A V:I:g#a:g_.( 9" (x,) — yg_\ <g) = lz,—x)| < Oy ) )
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Sequent Calculus Example Proof

Expansion of V and a v- and 2 3-steps, each twice, and some
sorting:

(1.1.12.1.1.1.3.1.1): alaf, ..., af=af,
(1.1.1.2.1.1.1.3.0.2): aj#ad, ..., ai=a,
(1.1.1.2.1.1.1.3.1.3): [zj—zp | < 6%, ..., |7 —x5| £ 07,
(1.1.1.2.1.1.1.3.1.4): |z)—xp| <oy, ..., |27 —x3| £ 07,

(1.1.1.2.1.1.1.3.1.5);

1fo(xF) —vil £ e g7 (x)) — 5| £ &),

xi =g, |7 —x5| £ 67, |(f(21)+g"(27)) — (yy+yy )| < e,
ry=xy, r)=xfy, 0£07, 0£0;, 0£Le}, 0«Le), 046, 0«Le”,

And NOW?

© Claus-Peter Wirth, January 13, 2007 — p.174



|deal!

Apply {z}—a7, x)—xy, 0"— min(d}, 7 )}

Adds (x7, %), (27, 27), (0%,07), (9, ,07) to variable-condition.

-
g

ﬂf}<—x‘i_—>a:
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Luck! & . ..

(1.1.1.2.1.1.1.3.1.1) and (1.1.1.2.1.1.1.3.1.2) become logical
axioms.

From (1.1.1.2.1.1.1.3.1.3) after applying the lemma

(2): min(y™, =) <y~

instantiated via {y”—d}, 2"+—0; } we get:
(1.1.1.2.1.1.1.3.1.3.1):

min(d}, 07) y 4 Py lxl—wg <0F, ..,

27 —af| £ min(6%,57),

which Is an instance of lemma

(B): z2f <2y, 2i &2, 284z

(1.1.1.2.1.1.1.3.1.4) can be closed analogously.

© Claus-Peter Wirth, January 13, 2007 — p.176



But (1.1.1.1) becomes 0< min( jﬁ, g*), I 14
and we have no good chance to prove this
because there is no information on ¢} and o,
In this sequent at all.
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F...! contd.

0< min(d},

o, 02307, 007
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F...! contd., contd.

Morals:
m 3-steps are sinful.

= And even If we have to commit a Sin sometimes,
we have to pick the proper (3-step!

So we undo the proof up to (1.1.1)!
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F...! contd., contd., contd.

To be honest:

®m There is still the possibility to prove (1.1.1.1) by repeating
a large part of proof of the branch (1.1.1.2) below
(1.1.1.1) and substituting the new free §*-variables with
the old ones by a very sophisticated argumentation on
their choice-conditions, respectively applying the 6" -rule
of Beckert &al. (1993).

¥ In a sequent calculus that does not delete the principle
g-formulas, we could restart the whole proof below (1.1.1.1).

But each of this is more work than backtracking!
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Backtrack! Read selectively!

Expanding lim and V, plus a ~-step, each twice, and expanding 4,
plus a ~-step (but not the evil 5-step now!) we get as before:
(1.1.1.1):

0<0" A Yoo (1(F ()7 (@) - (5 +u)| <& < o—ai] <& )
ﬂ( 0<e} = E|5f>O.fo§éx8_.<]f5_(xf) —yr| <€} <& |zp—zp| < 5f))
ﬁ( O<e] = 359>0.ng#azg_.(|g5_(a:g) —y | <) & |zg—x)]| < 5g> ),

0Le”,
E|5>O.V:137éx8_.< (o (2)+g° (2)) — (¥ ty; )| <& <= |z—wg] <0 ),

ﬂV5f>O.EI5f>O.fo7éx8_.( [ (xy) —yf| <ep <= |rp—a5] < 5 ),
ﬂV6g>O.359>O.Va:g;éa:6_.( 9 (zg) — 4 | <&y = |zg—m5| < 4y )
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Path of Virtue is Narrow

A (-step, expansion of 4, a §7- and an «-step, expansion of V,
and a v-step, each twice, and some sorting yield as before
and with the same extensions of R and C:

(1.1.1.1.1): O<el, ..., O0ge”,
(1.1.1.1.2): O<gy, ..., 0Le”,
(1.1.1.1.3):

~(ajter = (7@~ <o < |og-agl <07 ) ).

ﬁ( TIFT) = ( 97 (2)) —y, | <&} <= |z)—xp] <o ) ),

0<d™ A v;p#:pg‘.( (7 (@) +g"(2) — (r+y, )l <e” < |a—xg| < 5”),
0£0%, 067, 0ge), Oge, Oge™,
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Prayer of the Lonely Seeker

Now we have to commit a sin, namely to expand one of the
three (-formulas of (1.1.1.1.3):

ﬂ< x'};éxg_ = ( f5_(:1:}) — yj.?| <gp = \x}—x%ﬂ < 5}? ) ),
~(agtal = (1o —upl <oy < |eg—a§l <0y ) ).
0<o” A

Vazeg ( (f7(2)+e™ (@) — @ito)| < & lo—ag] <5 )

Oh Lord! What about the first?
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Vision in Prayer

F1.1.1.1.3
)
x'}#xf{, F1.1.1.1.3 |f5_($}) — yj"_l < 8} — |$‘f—$0‘ < 55+,
/ IBQi
0<9” vx#g‘.( ),
:E?Zl‘g_,
[(f7(@9)+9" () — (v} +y, )| <e,
|2 —x4 | £ 07,
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O~ or 4" now?

A (3-step to the third (Amen!) formula of (1.1.1.1.3), and
expansion of V yield as before:

(1.1.1.1.3.1): 0<0”, ..., 0Ld%, 0Lo,, ...
(1.1.1.1.3.2):

o aras = (1 @)+ (@) - W5+ < & < la—af] <07 )
ﬂ( TiFTy = ( fo(x) —yil <ep < |ri—xp| <of ) ),

ﬁ( TIFT) = ( 95‘(3;;) — yf]—] <g) <= ]x;—:zjg_] <0, ) ),

007, 0L0;, 0£L0,, 0Le}, 0Ley, OLe™, ...
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Sequent Calculus Example Proof

The ¢~ -step of the previous proof attempt would block the later
Instantiation of x; and z; with the newly introduced o-variable.
So we take a §*-step instead. Moreover, we do two «a-steps:

(1.1.1.1.3.2.1):

vy =ag, |(f7(27)+97(27)) — (W5 +y, )| <& [z —a5] £ 07,

ﬂ( TrFTy = (
ﬂ( :C;#a:g_ = (

fr(@p) —yfl <ef < laj—agl <oy ) ),

o (z}) — sl <y < log—agl <oy ) ),

0407, 0£05, 0£0y, 0Le}, OLey, 0Le”,

whereby R is extended with {zf, 7, ¢", y5, y2 e, 0"} x {zf'},

C’With( 9" ﬂ( D = ( |(f (x)+g° (x)) — (yic_‘|‘y§_)| <e® & |z—zi| < ) ) )
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Sequent Calculus Example Proof

As before, two (-steps, each twice, sorting:
(1.1.1.1.3.2.1.1): z}#x;, ..., 27 =g,
(1.1.1.1.3.2.1.2): x)#xy, ..., x7=x3, ...
(1.1.1.1.3.2.1.3): |xp—x4| < 0%, ..., |27 —x5| £ 97,
(1.1.1.1.3.2.1.4): |x)—xy| <0, ..., |27 —x3] £ 07,
(1.1.1.1.3.2.1.5):

(@) —yr| £k |9 (2)) —yy | £ &,

(f7 (21 )+97 (7)) — (W5 +y, )| <e”,

rp—ag | £ 0f, |rg—ag| £ 0y, |og —x5] £ 07,

Y 0 Y 0 ot __ .6
Te=Tg, T;=Ty, T1 =g,

0407 0%£05, 0£0y, 0Le}, OLey, 0Le”,
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Luck! & Luck!

As before, application of {z}—x7, z}—z{, 6" min(5},0))}
adds (z1',z}), (z7,2}), (0%,07), (65 ,0”) to R and admits the
closure of (1.1.1.1.3.2.1.[1-4]). But now (1.1.1.1.3.1)
becomes 0< min(d%,0, ), ..., 0£0%, 0£d;, ..., whichis an
Instance of a valid lemma, say

(4): 25 <min(zjg, 211), 25 £210; 29 %211

5+ 5+
5f SN S 5g
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A Mathematician’s Immediate Focus!

After application of the substitution and removing duplicates,
(1.1.1.1.3.2.1.5) has the form

1f7 (@) —yil £ef |97 (20) =y | £ €,
[(f (2] )+g° (27)) — (Wi +y, )| <&, ...
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The Essential Ideal!

Applying the lemma
(5): (20 +27) — (25 +23 )| <z — 25| +]2] — 23
via {zy — f7(27), 21 — g"(21), 25 — yF, 25 — y, ; We get:

(1.1.1.1.3.2.1.5.1):
(f(zf)+g" (=])) — yf+yg )£ 17 @) —yi |+ 19" (=) — v,
(@) — vy \ﬁef, 9% (27) — glféeg,
(f*( )+9‘5‘( ) — Wity )l < e,

2| £ 0%, |at —ag| £ 0y, |2f —xy| £ min(6§,6;), =7,
O;é min(d3,0, ), 005, 0£d;, 0Ley, 0Le), 0Le”,
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Lemma Application in general!

Applying the lemma
(6): H<an, Bwal, A
via {zg — |(f"(z7)+g" (27)) — (yf+yg)\a

zg = |f(x]) —yi| + |97 (2

yields:

(1.1.1.1.3.2.1.5.1.1):

o)) —yi | +1g° (27) —yg | <&,
(fo(2)+9° (2])) — yf+yg )| £ [f7 (23
fo(xy) — f’%gfv 97 (27) — g|¢5ga
(f* (@) +97 (27)) — (y5+yg )| <&,

1)

—Ygls 25 ="}

—y5l 19" (=7) —y5 |,

ZEg_l { 65+7 ‘gj?—gjg_l { 5 |Z‘1 _xO‘ { mln(éjja 56+)7 ZI??:ZUS_?

0L min(05,9;"), 0£d%, 0£dy, 0Ler, 0Ley, 0Le,
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Sequent Calculus Example Proof

Applying the lemma
(7): 2p + 213<214 + 215, 2127214, Z13% 415

In the obvious way, we get:

(1.1.1.1.3.2.1.5.1.1.1):

fo(@y) =yl + 19 (27) —y, | £ &7+ ¢,

fo(y) —yil + 19" (27) —yy | <€,

(f(29)+9" (7)) — (p+yg )| £ 1f7 (@) =y |+ 19 (29) — yg |,
fo(2y) =yl £}, g (27) —y, | £ &7,

(f (2] )+9" (27)) — (yjty, )| <e”,

2y —xy | £ 0%, |ry —zg| £ 6, |7 —xy| £ min(d§, 9, ), x7=xp,

O£ min(0%,0,), 0407, 040y, 0Le}, 0Ley, 0Le”,
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Sequent Calculus Example Proof
o 85_

-, €, =} closes all
remaining open sequents (1.1.1.1.1), (1.1.1.1.2), and
(1.1.1.3.2.1.5.1.1.1) with some basic lemmas. The

final variable-condition Is:
5}? S S L 5'} g’

The R-substitution {7 — -

© Claus-Peter Wirth, January 13, 2007 — p.193



Conclusion

= )" -rules are not only theoretically necessary to
shorten proof size non-elementary (this is more
than exponentially!), but also practically

necessary to find a proof at all, especially a
human-oriented one.
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Conclusion, contd.

= The choice-condition C' was only written, but
never use for anything. It is important as it
semantically guarantees the preservation of
solutions, but it can be omitted in an
Implementation. If it is implemented, however, it
can be used to globally substitute § " -variables by
terms that satisfy a lemma that is similar to the
corresponding (gy) formula of Hilbert’s ¢.
Be careful: This lemma is applied globally!
Cf. Wirth (2002), Wirth (2004)
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Conclusion, contd., contd.

= A lot of lemmas are used. Lemma application is
Indeed a fundamental proof step and should be
optimally supported by any calculus.

= The ( of 5-rules stands not only for branching
but also for Beelzebub or Belial: We have to pick
the right order of expansion and there is no easy
way at all to know in advance which one will be
successful in the end.
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Conclusion, contd., contd., contd.

= Although much more useful for proof search than
Hilbert and (for classical logic at least)
Natural Deduction calculi,
seqguent and tableau calculi are still not adequate
for optimal human interaction and automatic
proof search.
Let us hope that matrix calculi can do better!
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Conclusion, contd., contd., contd., contd.

= The early instantiation of the z%, =7, and 0~
reduces the search space and
IS useful for proof search.

Note that this goes beyond
mathematical practice!
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Matrix Calcull

According to Wallen (1990), the structure of the
search space of sequent calculi suffers from three
forms of redundancy:

1. Notational Redundancy
2. Irrelevance

3. Non-Permutability
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Notational Redundancy

m Sequents repeat the formulas of their parent
seqguents again and again. This seems to be
overcome In tableau proofs.

= Even tableau proofs repeat the subformulas of
their principle formulas as side formulas again
and again.

m Structure sharing implementations of tableau
calculi hardly differ from that of sequent calculi.
Why?
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Notational Redundancy, Conclusion

When implementing calculi, do not copy repeated
formulas and do not display the whole sequent to the
human user.

Instead: Use pointers into formula trees and present
more context only on the user’'s demand.

Problem: For representation of multiple v-rule appli-
cations (multiplicity bigger than 1), we need a pointer

Into a formula tree plus a substitution for the bound
variable!
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Increase Multiplicity on Demand?

It would be nice to have the possibility to increase multiplicity
on demand.

E.g. In a sequent tree with only the two open leaves

(....1):  Loves(Romeo, Juliet), —Loves(Romeo, 1),

(....2):  Loves(Romeo, Paris), —Loves(Romeo, y]),

where the —Loves(Romeo, 3}) results from a ~-rule application
to —=Vy.(Human(y) = Loves(Romeo, y)), it would be nice to
Increase the multiplicity a posteriori referring to yj and (. .. .2),
resulting in something like the following open leaves:
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Increase Multiplicity on Demand?

(....1):  Loves(Romeo, Juliet), —Loves(Romeo, ),
(....2.1):

—Loves(Romeo, y7), Loves(Romeo, Paris), —Loves(Romeo, 37),
(....2.2):

IUELI(

Loves(Romeo, 37), Loves(Romeo, Paris), —Loves(Romeo, y]),
Now application of {yJ—Juliet, yj—Paris} leaves us with the
goal to show Human(Paris).
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Increase Multiplicity on Demand?

Sequent and tableau do not provide sufficient means
for increase of multiplicity a posteriori on demand,
except for the poor case of so-called “universal”
variables (i.e. free ~-variables that occur only on a
single branch in a single proof tree) which play some
role in the minds of the tableau community.
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Irrelevance

When proving

A, (B A Loves(Romeo, 1])), Loves(Romeo, Juliet)
with A being some big invalid formula, we may try to prove A
for a long time, although this is not relevant.

A connection is a pair of unifiable formulas of different polarity
In the same path, such as the pair of Loves(Romeo, yJ) and
Loves(Romeo, Juliet)”. A connection is crucial for the chance of
success of a proof attempt, unless we apply a lemma or an
Induction hypothesis. Expansion of connectionless parts is in
practice, however, necessary for lemma speculation.
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Non-Permutabllity

1. Wallen (1990) exemplifies that the order of v- and
0~ -steps Is crucial for the success of a proof.
This dependence, however, disappears when we
use liberalized §*-rules instead.

2. We have to be very careful with order of the
(-steps because otherwise we get very huge
proof trees where human orientation becomes
Impossible and human interaction prohibitively
repetitive.
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Non-Permutability, contd.

3. The additional proofs enabled by the §"-rules as
compared to the /— ones admit the free §"-variables to
jump into branches, which do not have the generating
0 T-step as an ancestor. This may result from a free
~v-variable ¢” being instantiated with a term such as
min(d%, 0, ).

Cf. Slide 175 and Slide 178 of the lim +-example.

If we use the the 5" -rules of Beckert &al. (1993) instead
of the 6 "-rules or use our choice-conditions to replace
free 6 "-variables with different free §™-variables
generated by the same principal formulas, this problem
reduces to the standard difficulty with the 3-steps of
ltem 2.
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Non-Permutability, contd., contd.

The sequencing of the §-rules over the 6" -rules as described
In Item 3 can result in the failure of the proof. Suppose we
want to show the valid sequent:

(A): 0ge™, lim f*(z) #yp, lim ¢"(z) #y,,

0<o”

A Vorag. (7 (@)+e7 (@) = (g5 +y5)l <& < |o—aj| < )
Note that this is an expansion of (1.1.1) of the lim +-example
on Slide 167 with one ~-formula removed. If we continue the
proof as before, the left child of the 5-step becomes invalid
without the definition of 4%, and o} from the choice-condition:

(A1) 0£c™, lim f7(z) # ¢, lim g"(z) # yj,0< min(6}, ;)
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Indexed Formula Trees

Semantically, the signed formula A" stands for the
formula A, and A~ stands for —A.

On top level, an input sequent A4, ..., A, with label p
IS encoded by p.1,...,p.n plus a function [ given by
[ .= {(p.1,A)),...,(pn,A")}, where an element of
(p,S) of [ consists of a position p and a signed for-
mula S.
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Indexed Formula Trees, contd.

Instead of decomposing formulas in expansion steps
(as in sequent and tableau calculi), the partial
function [ Is recursively extended to subformula
positions as follows by a case analysis on primary
types «, (5, v, 0 corresponding to the principal
formulas of sequent calculi.

The secondary type of a position p may be

ay, as, 51, B2, 71,97, 07, or 7 (undefined, for the case
of the input sequent), corresponding the side
formulas of sequent calculi.
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Indexed Formula Trees, contd. °

primary type of p | secondary type of p.1 secondary type of p.2
(p, (AAB)” ) (p.1, A ) (p.z, B~ )

<p, (Av B)* ) (p.1, At ) (p.z, B )

(p, (A= B)* ) (p.1, A ) (p.z, B )

(p, (A<:B)+) (p.l A+) (p.z, B—)

(p, (~A)* ) (p.l A~ )

(2. )7 ) | (p1 A7)
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Indexed Formula Trees, contd. *

primary type of p | secondary type of p.1 secondary type of p.2
b b1 5,

(p, (AAB)* ) (p.1, At ) (p.z, B )

<p, (AV B)~ ) (p.1, A~ ) (p.z, B )

(p, (A= B)" ) (p.1, At ) (p.z, B )

(p, (A< B) ) (p.1, A ) (p.z, B+ )




Indexed Formula Trees, contd. °

primary type of p | secondary type of p.m
Y Yo

(p. (vwa) ) (pm, A{zmay,) )

(p. Gea) ) | (pm, At{aoa,) )

(p, P ) | (pm. (Pap,) )

where 1 < m < u(p) for a function p from the

positions of primary type ~ to natural numbers,
called the multiplicity .

If we fix m := 1, one speaks of a formula tree.
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Indexed Formula Trees, contd. °

Historical remarks:

m The name “Indexed” formula tree results from the
notation of p.m as p.1" In Wallen (1990).
l.e., Indexed = variable multiplicity.

= As Increasing the multiplicity expands the
positions and the formulas they have as [-values,
one also speaks of “expansion trees”.
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Indexed Formula Trees, contd.

primary type of p | secondary type of p.m
) 0o
( p.l, A{z—z,,} )
( p.1, A‘{azr—xzzf;l} )
( p-1, (Pxfo_.l,a)+ )
p.1, (tz?

-\t
( p.l,a:t,xfml) )

where the variable-condition is extended with

- . pp" =p
o) ()
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Indexed Formula Trees, contd. °

primary t. of p | secondary type of p.m | choice-condition is
0 Oa extended with
(p ey )| (p1, A{ooap) ) | (25, Aooa) )
(Fz.A) 1, A™{z—ay,} p1 Alr—ag, )
o o) (o ) o =
(p ( o=t') ) (p°17 (mma =t' f;l)_'_) (37;17 p1a7ét’

where the variable-condition is extended with

{ (y :Upl) ‘yEere(l( ) }
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Indexed Formula Trees, contd. *

(1):
Ve>0.30>0.Va#zy .

(17 @+g7 @) = 5+ < e < la—ag] <0 ),
ﬂV5f>O.EI5f>O.fo7éx8_.( [ (xy) —yf| <ep <= |rp—ap] < o ),

ﬂV5Q>O.35g>O.Vx97£x8_.( 97 (2g) — vy | < &g & |xg—20]| < Jy )

= Blackboard!
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Complete Set of Paths

A path in an indexed formula tree of a sequent represents
a sequent of one of its sequent trees.

A complete set of paths (csp) represents

the set of all leaf sequents of such a tree.

A csp of an indexed formula tree of a sequent
(p) Al,...,An
IS Inductively defined as follows:
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Complete Set of Paths

m{(p.1,...,p.n)}is acsp.

mifPuy {(po, e Pi—15Pj5s Pj+1y - - - 7pn)} IS a CSPp, then P 4 P’
IS a csp, too, where P’ is given by a case analysis on the
primary type of [(p;) as follows:

aord: { (po,.--,pj-1, Pj-1, [Pj-2,] Pjs1,---yPn) }

g { (po,---.pj—1,  pi-l,  Djt1s---Dn),s
(Pos - - > Pj—1, p;-2, Dj+1,-+-Pn) }

0 { Po,---,Pj-1, DPj, Pj-M, Dj+1,---,Pn) }

for each m with 1 < m < u(p)
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Matrix, Theorem

A sequent [’ Is valid if there Is a csp P of its indexed
formula tree and an R-substitution ¢ on V, such that
each path p € P contains either a position p; such
that (/(p,))o is of the form ¢ = ¢, or two positions p;
and p, such that (I(p;))oc and (I(p;))o are the same
formula with complementary sign.
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Example: lim + again

0<8" A+ Vartah. ( [(F () 49" (@) - 5+)] <& = la—cf| <6
0<e} =~ 35f>0.vxf7éxg‘.(| foxy) —yil < e} <= |zp—af| < 5f)>
O<e] =~ 359>0.V:1397éx8_.<\g5_(:1:g) — yg_\ <eg] = |z, —z)| < 59)7
0<™ e,

55505 ((1(F ()19 (2)) — (i +u5)| < = < Ja—af] <3 )
V_6f>0.35f>O.fo§é:1:8_.( | (xf) — y}_l <egf & |Tp—xf| < ¢ )>

V_59>O.35g>O.ng7éx8_.< 97 (2g) — v, | <&y & |zg—T0]| < dy )
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lim + again

_O <t 9

vrateg (107 (@)+0" (@) - Wi+u)| <" < la—ap] <
3_5f>O.V:1:f7é:1:g_.(|f5_(:1:f) —y;| <&} & |rp—xy| < 5f)} ,

3_6g>O.V:I:g7£:U8_.<\gé_(:1:g) —yy| <&} & |rg—xp| < 59)} ;

[ -
_O< £

0 < £y
0 <~ e’ ,
300 2o |(F7 ()9 (@) — 5+l < & < o—ai| <6 ).
V_6f>0.35f>O.fo;é:1:8_.( [ (xy) —yf| <ep &= |zp—a5] <y ),

V_59>O.35g>O.ng7éx8_.< 97 (2g) — v, | <&y & |zg—T0]| < dy )
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lim + again

CE? = :I?g_,
0 <0 | |(f (@) 49" (=) — (Wi+yi)| <t e, |,

|z —xd | <~ &

- e _
0 <t e ) ) I N ,
| vites = (If7@)) — vl <<} « laj—afl <3F )
0 <t 0 <™ 5;*,
i = (| (x)) —yl | <el <« |el—x]| < 5‘”) |
i g 0 g g Yg g g 0 g ).
0<™ e,
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lim + again

:I?? = 5138_,
0 <0 | |(f (@) 49" (=) — (Wi+yi)| <t e, |,

|z —xd | <~ &

- . _
0 <t e} - ,
i [aj} ) |f5_(:1:'}) — yf[| <" & \x}—x8_| < 5?}_
0<t el <0
g {1137 —— SC(S_ | 5—(337) _ 5—’ < &7 | v __ 5—| < 55+} 7
L g — Yo |19 Ly Yq g | g™ %0 g9 ||
0 <™ e,

Apply {z}—x7, xy—z], §"—min(d},d7 )} !
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lim + again

="
0 <™ min(6,0,) | |(f7(2])+g" («])) — (Wi+yl)| <t e”, |,

[z{" =) | <= min( ?,55)

0 <t ¢ 0<%
s (f) - Foay] <* 07|
0 <t ()<—5§,
| B (o) —yf < e | let—af] < 63|
0 <™ e,
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lim + again

Abstractly seen:
71| 2.).
7 |
1] 6]

-
1—17

¢, can only be closed together with ¥,, ©, by lemma (4).
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lim + again

Thus, we must close the branches

P,

D
o, | Wy W |
6, 6,|0,| 6,

This corresponds to a scheduling of the G-rule of the first line
to the rightmost branch after the two other §-rules with a

downfolding to the right.
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Matrix, Conclusion

Why matrix calculi?

= Organizing sequent proofs from the perspective
of connections instead of the connectors.

= Optimizing #-sequencing and (-downfolding.

= Enable human-oriented theorem proving by
Immediate focusing on relevant sub-formulas:
Serge Autexier's CORE system!

= Increasing multiplicity a posteriori on demand.
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Definition: Commutation and Confluence

Two relations —, and —, are commuting |f

\V/S,t(),tl. (t0< - oS - >1t1 = ?f()L>1 O Lotl

— and —, are locally commuting If

— strongly commutes over — If

Vs, to, t1. (to%os—ﬁtl = to;l O Lotl

\V/S,t(),tl. ( to* 0S >1t1 = ?f()i>1 O Lotl )
> 11
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Definition: Joinablility and Confluence

v and w are called joinable w.r.t. —

(denoted as v|w) if v— o «——w.

A single relation — Is called [locally] confluent if
— and — are [locally] commuting.

It Is called strongly confluent if — strongly
commutes over —.

—— Is called confluent below u If

—u—w = vlw).

Yo, w. (v«
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Church-Rosser

Lemma 1.38
Assume that— is confluent. Now:«—— C |.
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Local implies ...

Lemma 1.39 (Generalized Newman Lemma)

If —, and—, are commuting, then they are locally
commuting, too.

Furthermore, if —, U —, is terminating or if—_ or
— IS transitive, then also the converse is true, e-,
and— are commuting Iff they are locally commuting.
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Strong implies . ..

Lemma 1.40
The following three properties are logically equivalent:
1. —, strongly commutes over—..
2. — strongly commutes over— .
3. — strongly commutes over— .
Moreover, each of them implies that-, and—, are
commuting.

Proof: Exercise!

Corollary 1.41
Strong confluence implies confluence.
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First-Order Term Rewriting

Consider a classical first-order sequent where all
formulas are literals. By choosing one equality literal
to be the head and calling the conjugates of the other
literals condition literals, we get a
[positive/negative-conditional] rewrite rule.

Note that each of

l=r If u#v, w=u'

r=Il If u#v, w=u'

u=v if l#r, w=w" differ as rewrite rules although
the all represent the sequent

_ _ /
[=r, u=v, wFw
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Weaker Admissibility Conditions than EIP

Specification with partial + non-terminating function
definitions incl. mutual + destructor recursion

" —0 = 2°

s(z”) —s(y”) = 27 —y"
[y~ = 0 if ¢y #0, 2°<y®
v [y o= os((@t —yt) JyT) Iyt A0, 2t Ly

()
()
(2

0-s(y”) =

[y = 599 F =0

@)
(@]

Se m antl CS? © Claus-Peter Wirth, January 13, 2007 — p.235



Signature with Constructor Sub-Signature

S = {nat, bool, list},
C = {0, s, false, true, nil, cons}, N = {—, mbp}

a(0)
s

o (false

nat

nat list
nat nat

nat list

l

l

l

nat
nat
bool
bool
list
list
nat

bool
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Rewrite System

A rewrite system is a set of rewrite rules where each
left-hand side contains a non-constructor function
symbol, i.e. a function symbol from N.

It defines a rewrite relation —. How? (Blackboard)
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Positive-Conditional Rewrite System

f(s(s(z”))) = s(0) if f(z")=0
f(s(s(x”))) = O if f(z")=s(0)
f(s(0)) = s(0)

10 — 0
Assume 0 and s(0) to be irreducible.
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Analyzing Divergence

Cases for the peak of a divergence:
1. Parallel redex positions (simple)

2. One redex position is above the other
(a) Variable Overlap
(b) Critical peak

Cf. Blackboard!
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Critical Peaks

If the left-hand side of a rule [y=ry If C; and the subterm at
non-variable (i.e. I, /p ¢ V,) position p € POS(l,) of the
left-hand side of arule [;=r; If C}

(assuming V;-(ly, r9, Co) N Vi(ly,71,C1) =0 w.l.o.g.) are
unifiable by

0 — mgu( {(107 Zl/p)}7 V(S—(l()a To, OO? ll? 1, Cl))a
and If the resulting critical pair is non-trivial
(i.e. li|p < ro|o # r10), then

(((lp = 7o), Co), (r1, C1), by 0, )
IS a (non-trivial) critical peak consisting of the conditional
critical pair, its peak term [, the most general unifier o, and
the overlap position p.
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Critical Peaks, contd.

For convenience we usually identify this critical peak with its
Instantiated version

( (ll[pH T0]0-7 000-)7 (T10-7 010-)7 l10-7 p )

which should not lead to confusion because the tuple is
shorter.

mbp(x, nil) = false

mbp(x°, cons(y*, 1)) = true if  x7=
mbp(z°, cons(y*,1°)) = mbp(x,1") if x"Fy”
How many critical peaks?
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Two Critical Peaks

( (true, (z=y)), (mbp(z,1), (z#y)), mbp(z,cons(y, 1)), ) and

0
((mbp(.1). (w7y)). (true, (z=y)), mbp(x,cons(y, 1)), 0 )
which we would (partially) display as

mbp(x, cons(y,)) —>mbp(z, ) mbp(x, cons(y, [)) —— true

; y

true mbp(z, 1)

Note that we omit the position at the arrow to the right
because it is always (). Furthermore, note that the two critical
peaks are different although they look similar. Namely, the one
IS the symmetric overlay of the other.
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Theorem 9.6 of Wirth (1997) (simplified)

Let R be a rewrite system. Let XCV,.
Assume that R is X-compatible with a

termination-pair (>, >).
The following two are logically equiva

1. Each critical peak of R is >-weak
w.r.t. R, X.

2. —. Is confluent.

ent:

y Joinable
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Relations on Terms

Let XCV. LetT C 7. Arelation R on 7 Is called:
m sort-invariant if V(¢,t")e R. ds€S. (t',t" €Ty)

m X-stable (w.r.t. substitution) if
V(t',t"Ye R. Yo : Vs — T(X). ((t'o,t"0) € R)

= monotonic If
V(t't"Ye R.VteT. VpePOS(t).

dseS. t/p, t',t" €T
= (tlp—t'],tlp—1t']) eR
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Reduction Ordering, Termination-Pair

® A reduction ordering is a monotonic, V,-stable, and
wellfounded ordering on 7.

® The subterm ordering <. on 7 is the V,-stable and
wellfounded ordering defined by:
t<. " if IpePOS(t). t=t"/p.

m A simplification ordering on 7 is a monotonic, V;-stable
ordering on 7 with >_. C >. Itis always wellfounded by
Joseph B. Kruskal’'s Theorem, and thus a reduction
ordering.

® A termination-pair is a pair (>, >) where > is a reduction
ordering with and > Is a Vi-stable ordering with >, C >
and > C p.
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Compatibility with a Termination-Pair

A rewrite system R is X-compatible with a
termination-pair (>, >) if
V(l=rif C')eR. V7 : Vy — T(X).

[ O fulfilled wort. —, )

T > rT

\ A Yutopleveltermsin C. 7> ur )
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Weak Joinabillity of Critical Peaks

The critical peak

((t0700)7 (tlvcl)v tAa g, p)

IS >-weakly joinable w.r.t. R, X If
Vi : Vi — T(X).

(

(

(CoCh)oyp fulfilled w.rt. — |

N Vu. ( u<top = —,  is confluent below u )

AN Vr € Ve xpgdom(—y )

\ A (p#@ = Vz eV, (t). zop & dom(—,, ;) ) /
\:> If()O'gOlR,th()'gO

)
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Example Huet (1980)

No Critical Peaks C = {0,s,c,d}
Not Left-Linear N = {+4,00}
Unconditional 00 =s(00)
Not Terminating X"+ X" =c
X7 4s(X7) =d

There are no critical peaks!

Left-linear means that the left-hand sides of all rules are linear
terms, i.e. no free § —-variable occurs twice in a term.
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Example Huet (1980), contd.

Nevertheless, not confluent:

C < o0 4 OO
J
00 +5(00) > 0
\
C < s(00) 4+ s(o0)
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Ex. Jean-Jacques Léevy (Huet(1980))

Left-Linear C = {cd}

Not Right-Linear N := {a,b,+,-}

Unconditional a=_c

Not Terminating b=d
at+a=b—b

c+ X" =X"4+ X"
X +c=X"+X"
b—b=a+a
d—X =X - X"
X" —d=X" - X"

© Claus-Peter Wirth, January 13, 2007 — p.250




Ex. Jean-Jacques Lévy (Huet (1980)),contd.

There are only four critical peaks. Using the symmetry of + in
Its arguments as well the symmetry of a, c, + with b, d, —, all
other critical peaks are symmetric to the following one, which
can be closed in the following two different ways:

a-+a

I

C+a

a—+a

I

C+a

Confluent?

a-+a

b—b

i@

a—+a

b—Db

b—b
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Ex. Jean-Jacques Lévy (Huet (1980)),contd.

ata U b—b
oo
c+a d—b

| < |
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Example of Bergstra & Klop (1986)

No Critical Peaks C := {d}

Left- & Right-Linear N = {oo,g}

Not [Weakly] Normal 00 =g(o0)

Not Terminating g(X")=d if g(X°)=X"

Arule is normal If atleast one side of each equation
In the condition is an irreducible ground term.
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Example of Bergstra & Klop (1986), contd.

0
g(o0) ; d
g(d) 1 g(g(c0)) i d

© Claus-Peter Wirth, January 13, 2007 — p.254



Example 62 of Wirth (1995)

Left-Linear C = {cd}
Right-Linear N := {a,b,+}
[Weakly] Normal a=c If b=d
Terminating b=d
Not X-compatible at+a=¢a
with any c+X=dif X+4+X=d
termination-pair X+c=diIf X+X=d
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Example 62 of Wirth (1995), contd.

There are only two critical peaks. Using the
symmetry of + In its arguments, the other critical

peak Is symmetric to the following one.

d

C

Vv

d

= (C

d

© Claus-Peter Wirth, January 13, 2007 — p.256



Example 62 of Wirth (1995), contd., contd.

C+C c+cC
/\1
d-—+ C = (
A 0 ‘
d T+ d 0 = (
v ‘
C+4d 0 = (
v
C+C cC+cC
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Theorem 9.15(11) of Wirth (1997)

Let R be a left-linear, weakly normal rewrite system.
Let X be a set of non-constructor free o -variables.

If each critical peak of R Is complementary,
then — , Is confluent.
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Weak Normality

= A rewrite system iIs weakly normal if all its rules
are weakly normal.

m Arule [=rif C'Is weakly normal if for all
equalities (up=u4) occurring in C' there is an
1 < 2 such that

u; consists of constructor function and
variable symbols only, or

(Def u;) occurs in C.
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Complementarity of Critical Peaks

The critical peak

((t0700)7 (tlvcl)v tAa op p)
IS complementary w.r.t. R, X If
( | (u=v) or (v=u) occurs in C;o \
Ju,veT. di < 2.
A (u#v) occurs in C_;o
V' dp e 7. dtrue, false constructor ground terms. di < 2.
( (p=true) or (true=p) occurs in C;o \

A (p=false) or (false=p) occurs in C;_;o

\ \ A\ true # false ) )
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Inductive Validity

Deductive Validity = Validity in the class of all
structures (over a given signature >.)

Inductive Validity = Validity in a special sub-class of
the class of X:-structures.

Note:

= The name “inductive” is due to the universes
being typically defined by induction.

= Inductive definitions require inductive theorem
proving, but not vice versa.
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Inductive Validity, Arithmetic
Peano’s Axioms, due to J. W. Richard Dedekind.
GEIY) Va. s(x)#0
(nat3)  Va,y. (s(z)=s(y) = z=y)

(S) P(0) A Vy. ( Ply) = P(s(y)) )
= Vz. P(x)

“The natural numbers are 0, s(0), s(s(0)), .. ..
All of them are different (nat2), (nat3),
and this list is complete (S).”
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Inductive Theorem Proving

Induction over arbitrary wellfounded relations <,
often called NGtherian induction after A. Emmy
Nother (1882-1935), Is essential, both for search and

communication of proofs:
(N) Wellf(<) A V. (Vu. (u<v = P(u)) = P(v) )
= Vz. P(x)

Note: (N) is a theorem, not an axiom!
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Inductive Validity, Arithmetic

Equivalent to Peano’s Axioms:
(natl) V. ( r=0V Jy. x=s(y) )

(Wellf(s)) VB. ( B#£0 = JyeB. Ywe B. s(w)#y )
Using all of Peanao’s axioms, (Wellf(s)) can be shown

by setting P in (S) to be
A\T. ( dz€ B. s(z)=x = Jdye B. Ywe B. s(w)#y )
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Inductive Theorem Proving

Peano’s Axioms specify the naturals uniquely (up to
Isomorphism) but they a not very useful for inductive
theorem proving, because the instantiations of the
predicate variable P are too hard to find.

It IS much easier to use the theorem of Notherian
Induction instead, together with the following working
mathematician’s lazy method to find the proper
Instance of the predicate variable <.
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Method of Descente Infinie

A proposition ' can be proved by descente infinie as follows:

Find a wellfounded ordering < and show that for
each assumed counterexample of ' there is another
counterexample of I' that is smaller in <.

®m Used by Hippasus of Metapontum (Italy) (ca. 550 B.C.),
Euclid of Alexandria (ca. 300 B.C.).

®m Rediscovered, properly described, and named by Pierre
Fermat (16077-1665).

= Why Is it sound?
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Working Mathematician Style

He starts with the conjecture and simplifies it by case
analysis. When he realizes that the current goal
becomes similar to an instance of the conjecture, he
applies the instantiated conjecture just like a lemma,
but keeps in mind that he has actually applied an
Induction hypothesis. Finally, he searches for some
wellfounded ordering in which all the instances of the
conjecture he has applied as an induction hypothesis
are smaller than the original conjecture itself.
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Partial Functions

The value given to a function symbol f: A— B by
a structure S has to be a function f° : A5 — B® that
is total on A°.

How can we model partial functions like multiplicative
inverse +?

3 Alternatives:
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Partial Functions

Straightforward:
Admit partial functions f° : A ~ B°.
Partial Structure, Partial Algebras.
Cf. Reichel (1987).
Already the theory Is too complicated for
Interaction with our intended users.
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Partial Functions

Function as Predicate:
Model the partial function f° : A° ~» B® as the
characteristic function P°® : A — BS — 0% given

TRUE if fS(a) = b
FALSE otherwise
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Partial Functions

Function as Predicate (contd.):
Impractical for automation and human beings.

mE.g. (z+y) =2+ 2zy + y° reads
+xyz N\ * zzu A xxxw N\ *yyv A *x2zr N *xrys N
+ wst N + tvg N\ u=q

®m Uniqueness must be expressed explicitly:
( +xyz N\ * zzu \

/ /
Va,y, 2,2, u,u'. A dzyz A ok 22

\ = u=u’ )
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Partial Functions

All possible Extensions:
Aim: More Structures =- Totality becomes invisible.
Instead of a single structure with a partial function, we
could take all structures of all possible extensions, say
one for 2 =0, one for =1, &c..
This is still not enough! Example Specification:
a = s(a).
In LISP: (defun a nil (1+ (a)))
a cannot be any natural number n because of

Vn e N. n#s(n).
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Partial Functions

All possible Extensions (contd.): We need the
possibility to include an arbitrary number of error
elements. E.g., we can take the term % as a new
element in the universe and let it be the value of

itself.
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QuUODLIBET, Constructors

Declare Constructor Function Symbols for all sorts.

0 : nat; S : nat — nat;

nil : list; cons : nat — list — list

This defines the possible universes: Constructor
sub-universes are monomorphic images of the constructor
ground term algebra. l.e. unigue up to isomorphism.

Algebra := Structure in purely equational language, i.e. a
language that has no predicate symbols that are open to
Interpretation. Only derived predicates, such as primitive
equality ‘=" and possibly others, such as Definedness ‘def’
(= element of constructor sub-universe).
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QuoDL IBET, Constructors (contd.)

m Constructor variable symbols valuate over the
constructor sub-universe.

m General variable symbols valuate over the whole
universe, which may be quite different for
different algebras.
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QuoDL IBET, Constructors (contd.)

A substitution ¢ Is classified by its values on constructor
variables:

Constructor Substitutions: If x € dom(o) is a constructor
variable, then o(z) is a constructor term, i.e. all symbols
In o(z) are constructor function and variable symbols.

Inductive Substitution: o IS a constructor substitution, o IS
total on the constructor variables, and, for 2 € V,
o(x) does not contain constructor variable symbols.
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QuUODLIBET, Non-Constructors

Define non-constructor function symbols by
positive/negative-conditional equations.

plus(z,0) == times(x,0) =0

plus(z,s(y)) = s(plus(x,y)) times(z,s(y)) = plus(times(z,y), x)
less(x, 0 — false

minus(z, 0) — IessEO s()y)) = true

minus(s(x),s(y)) = minus(x, y) ess(s(2). s(y)) = less(z. 1)

div(z,y) =0 — y#0 A less(zx,y) = true
div(z,y) = s(div(minus(z,y),y)) «— y #0 A less(x,y) = false
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Defining rules [=r it LiN...NL,

No constructor rules anymore! All left-hand sides [ of a rule
l=r If L;A...A\ L, mustcontain a non-constructor

function symbol.

Left-Linear: [ must be linear, i.e. no variable symbol has
multiple occurrences in .

Positive/Negative-Conditional: All L; are literals of one of the
three forms t=t', t#£t/, def(t).

def-moderate: If L; has the form ty#t,, then, for each i < 2,
t; Is a constructor term or there is a j such that L; is def(¢;).

Weakly Normal: If L, has the form t=t’, then ¢’ is a
constructor term or there is a 5 such that L; is def(t').

© Claus-Peter Wirth, January 13, 2007 — p.278



References

Peter B. Andrews (1972). General Models, Descriptions, and Choice
In Type Theory. J. Symbolic Logic 37, pp. 385—-394.

Peter B. Andrews (2002). An Introduction to Mathematical Logic and
Type Theory: To Truth Through Proof. 2nd ed., Academic Press.

Bernhard Beckert, Reiner Hahnle, Peter H. Schmitt (1993). The
Even More Liberalized 0-Rule in Free-Variable Semantic
Tableaus. Kurt Godel Colloguium, LNCS 713, pp. 108-119,
Springer.

Jan A. Bergstra, Jan Willem Klop (1986). Conditional Rewrite Rules:
Confluence and Termination. J. Computer and System Sci. 32,
pp. 323—-362, Academic Press.

© Claus-Peter Wirth, January 13, 2007 — p.279



References, contd.

Wolfgang Bibel (1987). Automated Theorem Proving. 2" rev. ed.,
Vieweg, Braunschweig.

Wolfgang Bibel, Peter H. Schmitt (eds.) (1998). Automated
Deduction — A Basis for Applications. Kluwer.

Herbert B. Enderton (1973). A Mathematical Introduction to Logic.
2nd printing, Academic Press.

© Claus-Peter Wirth, January 13, 2007 — p.280



References, contd.

Melvin C. Fitting (1983). Proof Methods for Modal and Intuitionistic
Logics. D. Reidel, Dordrecht.

Melvin C. Fitting (1996). First-Order Logic and Automated Theorem
Proving. 2"d extd. ed., Springer.

Melvin C. Fitting (2002). Types, Tableaus, and Gddel’s God. Kluwer.

Melvin C. Fitting, Richard L. Mendelsohn (1998). First-Order Modal
Logic. Kluwer.

© Claus-Peter Wirth, January 13, 2007 — p.281



References, contd.

Gerhard Gentzen (1935). Untersuchungen Uber das logische
Schlielen. Mathematische Zeitschrift 39, pp. 176-210, 405-431.

Kurt Godel (1986 ff.). Collected Works. Solomon Feferman (ed.),
Oxford Univ. Press.

David Hilbert, Paul Bernays (1968/70). Grundlagen der Mathematik.
2nd ed., Springer.

Paul Howard, Jean E. Rubin (1998). Consequences of the Axiom of
Choice. Math. Surv. and Monographs, Vol. 58, American Math.
Society.
http://www.math.purdue.edu/~jer/Papers/conseq.html |
(Oct. 15 2002).

Gérard Huet (1980). Confluent Reductions: Abstract Properties and
Applications to Term Rewriting Systems. J. ACM 27(4),
pp. /97-821, ACM Press.

© Claus-Peter Wirth, January 13, 2007 — p.282


http://www.math.purdue.edu/~jer/Papers/conseq.html

References, contd.

Stig Kanger (1963). A Simplified Proof Method for Elementary Logic.
In: Siekmann & Wrightson (1983), Vol. 1, pp. 364-371.

Michaél Kohlhase (1995). Higher-Order Tableaus.
4th TABLEAUX 1995, LNAI 918, pp. 294-309, Springer. Revised
version is: Kohlhase (1998).

Michaél Kohlhase (1998). Higher-Order Automated Theorem
Proving. In: Bibel & Schmitt (1998), Vol. 1, pp. 431-462.

Al(bert) C. Leisenring (1969). Mathematical Logic and Hilbert’s
e-Symbol. Gordon and Breach, New York.

Dale Miller (1992). Unification under a Mixed Prefix. J. Symbolic
Computation 14, pp. 321-358, Academic Press.

© Claus-Peter Wirth, January 13, 2007 — p.283



References, contd.

Dag Prawitz (1960). An Improved Proof Procedure. In:
Siekmann & Wrightson (1983), Vol. 1, pp. 159-199.

Horst Reichel (1987). Initial Computability, Algebraic Specifications,
and Partial Algebras. Clarendon Press.

Herman Rubin, Jean E. Rubin (1985). Equivalents of the Axiom of
Choice. Elsevier.

Jorg H. Siekmann, Graham Wrightson (eds.) (1983). Automation of
Reasoning. Springer.

Alfred Tarski (1986). What are logical notions?. In: John Corocoran
(ed.). History and Philosophy of Logic. Vol. 7, pp. 143-154,
London.

© Claus-Peter Wirth, January 13, 2007 — p.284



References, contd.

Lincoln A. Wallen (1990). Automated Proof Search in Non-Classical
Logics. MIT Press. Cf., however,
http://www.ags.uni-sb.de/ cp/wallen/all.txt for
some obsolete aspects of this fascinating book.

Claus-Peter Wirth (1995). Syntactic Confluence Ciriteria for
Positive/Negative-Conditional Term Rewriting Systems.
SEKI-Report SR-95-09 (SFB), FB Informatik, Univ.
Kaiserslautern.

Claus-Peter Wirth (1997). Positive/Negative-Conditional Equations:
A Constructor-Based Framework for Specification and Inductive
Theorem Proving. Ph.D. thesis, Verlag Dr. Kovac, Hamburg.

© Claus-Peter Wirth, January 13, 2007 — p.285



References, contd.

Claus-Peter Wirth (2002). A New Indefinite Semantics for Hilbert’s
epsilon. 11" TABLEAUX 2002, LNAI 2381, pp. 298-314,
Springer.
http://www.ags.uni-sb.de/~cp/epsi/welcome.html |
(Feb. 04, 2002)

Claus-Peter Wirth (2004). Descente Infinie + Deduction. Logic J. of
the IGPL 12, pp. 1-96, Oxford Univ. Press.
nttp://www.ags.uni-sb.de/~cp/d/welcome.ntmi

(Sept. 12 2003).

Claus-Peter Wirth, Bernhard Gramlich (1994b). On Notions of
Inductive Validity for First-Order Equational Clauses.
12t CADE 1994, LNAI 814, pp. 162-176, Springer.
http://www.ags.uni-sb.de/~cp/cade94/welcome.html
(Aug. 05, 2001).

© Claus-Peter Wirth, January 13, 2007 — p.286


http://www.ags.uni-sb.de/~cp/epsi/welcome.html
http://www.ags.uni-sb.de/~cp/d/welcome.html
http://www.ags.uni-sb.de/~cp/cade94/welcome.html

	Foundations
	Two-Valued Logics
	Basic Notions and Notation
	Syntax of Logic


	Organization
	Characteristics
	Overview (Plan)
	Part 1.1: Two-Valued Logics
	Part 1.2: Calculi
	Part 2: Mathematical Assistant Systems
	
	Basic Notions and Notation
	Basic Notions and Notation
	Basic Notions and Notation
	Basic Notions and Notation
	Termination and Wellfoundedness
	opt {Quasi-} Orderings, Reflexive Orderings
	Wellfoundedness and Termination
	Decidability
	Undecidability
	Syntax of Logic
	How to Read types, terms, and formulas
	
th 1 Order Predicate Logic, Syntax
	
th 1 Order Predicate Logic, Syntax, contd 
	Orders
	Free Variables
	Instantiation of Individual Variables
	Instantiation of Individual Variables, contd 
	Meta-Variables, Through the Looking Glass
	Capturing of Variables
	Capturing of Variables, contd 
	The lambda binder math {lambda }
	The lambda binder math {lambda }, contd 
	
th 1 Order Predicate Logic, Syntax, improved
	Instantiation, improved
	Instantiation, improved, contd 
	Instantiation, improved, contd , contd 
	Instantiation, improved, contd 
	Instantiation, improved, Example
	Truth Values
	Semantics of Logic
	Evaluation Function
	Interpretations for 
th 1 Order Predicate Logic
	First-Order Predicate Logic, Evaluation
	First-Order Predicate Logic, Evaluation
	First-Order Predicate Logic, Evaluation
	First-Order Predicate Logic, Evaluation
	First-Order Predicate Logic, Evaluation
	Angling for Foundations
	What is Logic?
	Deductive Validity
	Semantic Entailment
	Valuation
	Explicitness-Lemma
	Substitution-opt {Value-}Lemma
	Logic Calculi in General
	Logic Calculi in General, contd 
	Logic Calculi in General, contd , contd 
	Logic Calculi in General, contd math {^3}
	Logic Calculi in General, contd math {^4}
	hilbert 's Predicate Calculus
	hilbert 's Predicate Calc., Axioms
	hilbert 's Predicate Calc., Inference Rules
	hilbert 's Pred. Calc., Infer. Rules, contd 
	hilbert  Calculi, Proof
	hilbert 's Predicate Calculus
	hilbert 's Predicate Calculus
	peano 's math iota 
	peano 's math iota , contd 
	hilbertname 's math varepsilon 
	hilbertname 's math varepsilon , contd 
	Type Theory Qzero , Syntax
	Instantiation, improved, contd 
	Type Theory Qzero , Interpretations
	Type Theory Qzero , Evaluation
	Type Theory Qzero , Explicit Definitions
	Type Theory Qzero , Explicit Definitions, contd 
	Calculus, Qzero , peano ' s iota
	Calculus, Qzero , Axioms
	Calculus, Qzero , Axioms, contd 
	Calculus, Qzero , Inference Rules
	Qzero , Properties
	Intension vs  Extension of a Notion
	Intension vs  Extension of a Notion, contd 
	Equalities
	Functional Extensionalities
	math {eta }-Reduction
	math �eta -Normal Forms
	math {�ar eta }-Reduction
	Head Symbol
	Higher-Order Pattern, Definition
	Higher-Order Patterns
	Axiom of Choice
	Modal Logic, Intro
	Modal Logic, Intro, contd 
	Modal Logic, Intro, contd , contd 
	Modal Logic, math Sigmaoffont -Interpretations
	Modal Logic, Kinds
	Poly-Modal Type Theory, Syntax
	Poly-Modal Type Theory, Semantics
	(Mono-)
Modal Logic, Intension / Extension
	(Mono-)
Modal Type Theory, Syntax
	(Mono-)
Modal Type Theory, Syntax, contd 
	(Mono-)
Modal Type Theory, Syntax, contd math {^2}
	Hesperus and Phosphorus
	Hesperus and Phosphorus, contd 
	Intuitionistic Logic as Modal Logic S4
	Intuitionistic Logic as S4, Example
	smullyan 's Classification
	smullyan 's Classification, contd 
	Free Variables, Syntax
	Free Variables, Syntax
	General Notation
	Tableaus, Sequent, Matrix: Steps
	Tableaus, Basics
	Tableaus, Expansion, Unified Notation
	Intuitionistic Logic as Sequent Calculus
	Sequents for Two-Valued Logics
	From Tableau Trees to Sequent Trees
	Sequent Calculus, math alpha -Rules
	Sequent Calculus, math �eta -Rules
	Sequent Calculus, math �eta -Rules, contd 
	Sequent Calculus, math gamma -Rules
	Sequent Calculus, math {delta ^-}-Rules
	Sequent Calculus, math {delta ^-}-Rules
	Sequent Calculus, math {delta ^+}-Rules
	math {delta ^-} versus math {delta ^+}-rules
	Sequent Calculus, Rewrite-Rules
	Sequent Calculus, Cut-Rule
	Sequent Calculus, Decomposition
	Sequent Calculus, Extensional Rules
	Sequent Calculus, Simplification
	Sequent Calculus, Example
	Sequent Calculus, Example, contd 
	math R-Substitutions
	math R-Substitutions, contd 
	math R-Substitutions, contd math {^2}
	math R-Substitutions: Characteristics
	math R-Substitutions: Characteristics, contd 
	Skolemization, Example
	Skolemization, Definition
	Skolemization, Problems
	Raising
	Raising, Advantages
	math R-Validity, Definition
	K 
	StrongexRVals 
	StrongexRVals 
	StrongexRVals 
	StrongexRVals 
	math R-Validity, Examples
	math R-Validity, Examples
	math R-Validity, Examples
	Preservation of Solutions
	No Preservation of Solutions for math {delta ^+}?
	CC s, Definition
	Extended math sigma -Update
	Compatibility
	Compatibility, Definition
	Compatibility, Definition
	Compatibility, No Problem
	CC , Extension
	Validity C R
	Reduction
	Reduction, Properties
	Reduction, Properties
	Reduction, Properties
	Sequent Calculus Example Proof: math {lim +}
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Early math �eta  !
	math {delta ^-} !
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Idea!
	Luck! & ldots 
	Fldots !
	Fldots ! contd 
	Fldots ! contd , contd 
	Fldots ! contd , contd , contd 
	Backtrack! Read selectively!
	Path of Virtue is Narrow
	Prayer of the Lonely Seeker
	Vision in Prayer
	math {delta ^-} or math {delta ^+} now?
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Luck! & Luck!
	A Mathematician's Immediate Focus!
	The Essential Idea!
	Lemma Application in general!
	Sequent Calculus Example Proof
	Sequent Calculus Example Proof
	Conclusion
	Conclusion, contd 
	Conclusion, contd , contd 
	Conclusion, contd , contd , contd 
	Conclusion, contd , contd , contd , contd 
	Matrix Calculi
	Notational Redundancy
	Notational Redundancy, Conclusion
	Increase Multiplicity on Demand?
	Increase Multiplicity on Demand?
	Increase Multiplicity on Demand?
	Irrelevance
	Non-Permutability
	Non-Permutability, contd 
	Non-Permutability, contd , contd 
	Indexed Formula Trees
	Indexed Formula Trees, contd 
	Indexed Formula Trees, contd math {^3}
	Indexed Formula Trees, contd math {^4}
	Indexed Formula Trees, contd math {^5}
	Indexed Formula Trees, contd math {^6}
	Indexed Formula Trees, contd math {^7}
	Indexed Formula Trees, contd math {^8}
	Indexed Formula Trees, contd math {^9}
	Complete Set of Paths
	Complete Set of Paths
	Matrix, Theorem
	Example: math {lim +}  again
	math {lim +}  again
	math {lim +}  again
	math {lim +}  again
	math {lim +}  again
	math {lim +}  again
	math {lim +}  again
	Matrix, Conclusion
	Definition: Commutation and Confluence
	Definition: Joinability and Confluence
	church -
osser 
	Local implies ldots 
	Strong implies ldots 
	First-Order Term Rewriting
	Weaker Admissibility Conditions than EIP
	Signature with Constructor Sub-Signature
	Rewrite System
	Positive-Conditional Rewrite System
	Analyzing Divergence
	Critical Peaks
	Critical Peaks, contd 
	Two Critical Peaks
	littheoref {9.6} of cite {wirthdiss} (simplified)
	Relations on Terms
	Reduction Ordering, Termination-Pair
	Compatibility with a TerminationPair 
	Weak Joinability of Critical Peaks
	Example cite {huet}
	Example cite {huet}, contd 
	Ex. levyname  (cite {huet})
	Ex. levyname  (cite {huet}),contd

	Ex. levyname  (cite {huet}),contd

	Example of cite {bergstraklop}
	Example of cite {bergstraklop}, contd 
	litexamref {62} of cite {wirthconfluence}
	litexamref {62} of cite {wirthconfluence}, contd 
	litexamref {62} of cite {wirthconfluence}, contd , contd 
	littheoref {9.15(II)}
of cite {wirthdiss}
	Weak Normality
	Complementarity of Critical Peaks
	Inductive Validity
	Inductive Validity, Arithmetic
	Inductive Theorem Proving
	Inductive Validity, Arithmetic
	Inductive Theorem Proving
	Method of DescenteInfinie 
	Working Mathematician Style
	Partial Functions
	Partial Functions
	Partial Functions
	Partial Functions
	Partial Functions
	Partial Functions
	QUODLIBET , Constructors
	QUODLIBET , Constructors (contd )
	QUODLIBET , Constructors (contd )
	QUODLIBET , Non-Constructors
	Defining rules hfil math {l�oldequal r
s L_1wedge ldots wedge L_n}
	References
	References, contd 
	References, contd 
	References, contd 
	References, contd 
	References, contd 
	References, contd 
	References, contd 

