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Organization

Place: Building 45, Hall 003

Times: Tuesdays 11 a.m. s.t.

Wednesdays 2 p.m. c.t.

Rating: 6 Leistungspunkte

Web-Site: http://www.ags.uni-sb.de/

˜cp/teaching/hotp/

Follow-Up: Seminar on Proof Planning in
SS 2004
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Characteristics

Self-contained

Dynamic

Read original papers! Discuss difficult
exercises &c. during the lessons!

Joys of Logic

As naïve as possible

Higher-Order Modal Logic is easy

No proof theory

Modular, focus on ideas, interesting first
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Overview (Plan)

1. Foundations

1. Two-Valued Logics, semantically

2. Calculi for Interactive and Automated
Theorem Proving

2. Mathematical Assistant Systems
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Part 1.1: Two-Valued Logics

Higher-order logic: Church’s simply-typed
λ-calculus

As a subset: Hilbert’s first-order predicate
calculus

Hilbert’s ε-operator

Modal Logic

Inductive Validity

c© Claus-Peter Wirth, January 13, 2007 – p.5



Part 1.2: Calculi

Hilbert

Natural Deduction

Sequent

Tableau

Matrix
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Part 2: Mathematical Assistant Systems

Interactive tactic-based theorem proving.
QUODL IBET

Automated proof planning. MULTI in ΩMEGA

Agent-based Theorem Proving: ΩANTS

User-interfaces: P.rex , TexMacs, Task Interface

Incorporation of external systems: Computer
Algebra Systems, Automated Theorem Provers,
Constraint Solvers, Theory Formation Systems

Mathematical Databases
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1 Foundations

1.1 Two-Valued Logics

1.1.1 Basic Notions and Notation
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Basic Notions and Notation

‘N’ denotes the set of natural numbers and ‘≺’ the
ordering on N. Let N+ := { n∈N | 0 6= n }.
‘Z’ denotes the set of integers. We use ‘⊎’ for the
union of disjoint classes and ‘id’ for the identity
function. For classes R, A, and B we define:

dom(R) := {a | ∃b. (a, b)∈R} domain

A↿R := {(a, b)∈R | a∈A} restriction to A

〈A〉R := {b | ∃a∈A. (a, b)∈R}

image of A, i.e. 〈A〉R = ran(A↿R)
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Basic Notions and Notation

And the dual ones:
ran(R) := {b | ∃a. (a, b)∈R} range

R↾B := {(a, b)∈R | b∈B } range-restriction to B

R〈B〉 := {a | ∃b∈B. (a, b)∈R}

reverse-image of B, i.e. R〈B〉 = dom(R↾B)

We use ‘∅’ to denote the empty set as well as the

empty function. Functions are (right-) unique rela-

tions and the meaning of ‘f◦g’ is extensionally given

by (f◦g)(x) = g(f(x)). The operator ‘◦’ has higher

priority than ‘∪’ and ‘⊎’.
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Basic Notions and Notation

The class of total functions from A to B is denoted
as A→ B. The class of (possibly) partial functions
from A to B is denoted as A B. Both → and  
associate to the right, i.e. A B → C reads
A (B → C).

Let R be a binary relation. R is said to be a relation

on A if dom(R) ∪ ran(R) ⊆ A. R is irreflexive if

id ∩ R = ∅. It is A-reflexive if A↿id ⊆ R.
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Basic Notions and Notation

Speaking of a reflexive relation we refer to the
largest A that is appropriate in the local context, and

referring to this A we write R0 or
0
−→ to ambiguously

denote A↿id. Moreover, R= := R ∪R0.
With R1 := R, and Rn+1 := Rn◦R for n ∈ N+,
Rm denotes the m-step relation for R. The transitive
closure of R is R+ :=

⋃

n∈N+
Rn. The reflexive &

transitive closure of R is R∗ :=
⋃

n∈N Rn.

The reverse of R is R−1 := { (b, a) | (a, b)∈R }.

Moreover. ←− :=
−1
−→ and ←→ :=←−∪−→.
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Termination and Wellfoundedness

A sequence (si)i∈N is non-terminating in R if

si R si+1 for all i ∈ N. R is terminating below u if

there are no non-terminating sequences (si)i∈N in R

with s0 = u. R is terminating if R is terminating

below all u. A relation R (on A) is wellfounded if any

non-empty class B (⊆A) has an R-minimal element,

i.e. ∃a∈B. ¬∃a′ ∈B. a′R a.
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[Quasi- ] Orderings, Reflexive Orderings

A quasi-ordering ‘.’ on a class A is an A-reflexive and

transitive (binary) relation on A, and we define a&b

if b.a. By an (irreflexive) ordering ‘<’ we mean an

irreflexive and transitive relation, called “strict partial

ordering” by some authors. A reflexive ordering ‘≤’

on A is an A-reflexive, antisymmetric, and transitive

relation on A. The ordering < of a quasi-ordering or

a reflexive ordering . is .\&, and . is called well-

founded if < is wellfounded.
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Wellfoundedness and Termination

Lemma 1.1 For a binary relationR we have the

following equivalence:

R is wellfounded iffR+ is a wellfounded ordering.

Proof: Exercise!

Corollary 1.2
If←− is wellfounded, then−→ is terminating.

Definition 1.3 (Principle of Wellfoundedness) If < is

an ordering and> is terminating, then< is wellfounded.

This is not a lemma, but an axiom!
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Decidability

Computability

Problem

[Co-] Semi-Decidability

Enumerability

Theorem 1.4 A problem is decidable iff it is semi-decidable and

co-semi-decidable.

Definition 1.5 The solution set of a problem is the set of those

inputs for which the answer is “YES”.

Theorem 1.6 A problem is semi-decidable iff its solution set is

enumerable.
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Undecidability

Halting Problem

Problem Reduction

Turing Machine

Church [Turing] Thesis

Turing Test

Alan Turing (1912–1954)

1.1.2 Syntax of Logic
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Syntax of Logic

Choose:

Kind of Logic: Symbols of the Logic

Signature Σ: Symbols of the Theory

Get:

Type

wff







Term

Formula

Requirement 1.7 The sets of types, terms, and formulas

must be countable. They ought to be decidable.
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How to Read types, terms, and formulas

Unique readability, Parentheses, (square dot)

Standard operator precedence in logic and
computer science: Postfix, Prefix, Infix

Infix precedence:
∗, +, {∨,∧}, { ⇒ , ⇐ ,⊃,⊂}, {=, ⇔ }

Associate to the left!
Exception: ⇒ , → associate to the right.

Take minimal scope!

How to write function applications?
Currying c© Claus-Peter Wirth, January 13, 2007 – p.19



1st Order Predicate Logic, Syntax

Symbols of the Logic: ı, o,¬,∧,∨,⇒,⇐,=, ∀,∃.

Types: ı and o are types.

Inductive definitions vs. Explicit definitions

Terms:
t is a term of type α: t : α

A Formula is a term of type o.
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1st Order Predicate Logic, Syntax, contd.

Terms over Σ:
If x is a variable symbol of type ı, then x : ı.
If f ∈ Σ is an n-ary function constant symbol and, for
i ∈ {1, . . . , n}, we have ti : ı, then ft1 . . . tn : ı.
If p ∈ Σ is an n-ary predicate constant [or variable]

symbol and, for i ∈ {1, . . . , n}, we have ti : ı, then
pt1 . . . tn : o is an atomic formula.
If A : o, then ¬A : o.
If A,B : o, then (A ∧ B), (A ∨ B), (A⇒ B),

(A⇐ B), (A = B) : o.
If A : o and x a variable symbol of type ı, then

∀x.A, ∃x.A : o.
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Orders

A 1st order formula A : o is also a formula of order 0

if all variables it contains are of type o (i.e. 0-ary
predicate variables).

Synonyms for logic of order 0 are propositional logic

and sentential logic.
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Free Variables

Definition 1.8 (Closed Term, Sentence)
A term that contains no free (= unbound) variables is

calledclosed.

A closed formula is called asentence.

Definition 1.9 (Universal Closure)
A formula is auniversal closureof a formulaA if it has

the form∀x1. . . . ∀xn.A wherex1, . . . , xn are the free

variables ofA.
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Instantiation of Individual Variables

Let σ be a substitution of individual variables.

Let x be a variable symbol of type ı.

If x∈ dom(σ), then xσ = σ(x).

If x 6∈ dom(σ), then xσ = x.

If f ∈ Σ is an n-ary function constant symbol and, for
i ∈ {1, . . . , n}, we have ti : ı, then
(ft1 . . . tn)σ = f(t1σ) . . . (tnσ).

If p ∈ Σ is an n-ary predicate constant [or variable]

symbol and, for i ∈ {1, . . . , n}, we have ti : ı, then

(pt1 . . . tn)σ = p(t1σ) . . . (tnσ).
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Instantiation of Individual Variables, contd.

If A : o, then (¬A)σ = ¬(Aσ).

If A,B : o, (A ∧ B)σ = (Aσ) ∧ (Aσ).

If A : o and x a variable symbol of type ı, then
(∀x.A)σ = ∀x.(Aσ′),
where σ′ := dom(σ)\{x}↿σ.
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Meta-Variables, Through the Looking Glass

Lewis Carroll (alias Charles Lutwidge Dodgson) (1832–1898)

Knight: The name of the song is called Haddocks’ Eyes.

Alice: Oh, that’s the name of the song, is it?

K.: No, you don’t understand. That’s what the name is called .
The name really is The Aged Aged Man.

A.: Then I ought to have said That’s what the song is called?

K.: No, you oughtn’t: That’s quite another thing! The song is
called Ways and Means: but that’s only what the song is
called , you know!

A.: Well, what is the song, then?

K. (starts singing) c© Claus-Peter Wirth, January 13, 2007 – p.26



Capturing of Variables

Let x, y, z : ı be different variables.
In arithmetic the following formula is valid:

∃x.(y < x)

If we apply the substitution {y 7→z} we get the valid
formula:

∃x.(z < x)

If we apply the substitution {y 7→x} we get the
invalid formula:

∃x.(x < x)
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Capturing of Variables, contd.

Two ways to overcome:

Renaming the bound variable: Let z be a variable
of type ı that and occurs neither in A nor in
〈V(A)〉σ:

(∀x.A)σ = ∀z.(A{x 7→z}σ).
Example:

(∃x.(y < x)){y 7→x} = ∃z.(x < z)

Use disjoint sets of variables Vbound for bound and
Vδ for free (δ−-) variables.
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The lambda binder λ

λx.(x ∗ x) is a name of the square function:
(λx.(x ∗ x))5 = 5 ∗ 5.

Let s, t be terms. Let x, y be variables of the same type as t.

λα-renaming: λx.s ←→
α

λy.(s{x 7→y})

provided that y 6∈ V(s).

(Other binders similarly: ∀,∃, ε, . . .)

λβ-reduction: (λx.s)t −→
β

s{x 7→t}

provided that x has no free occurrence in s in the scope
of a binder on a variable z that occurs freely in t.
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The lambda binder λ, contd.

λαβ-reduction: (λx.s)t −→
αβ

s′{x 7→t}

provided that s
∗
←→

α
s′ and s′ is a term such that x has

no free occurrence in s’ in the scope of a binder on a

variable z that occurs freely in t.

t is λαβ-irreducible if there is no t′ such that t−→αβ t′.
t is a λαβ normal form of s if t is λαβ-irreducible and

s
∗
−→
αβ

t.
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1st Order Predicate Logic, Syntax, improved

Terms over Σ:
If xδ ∈ Vδ is a variable symbol of type ı, then xδ : ı.

...
If A : o and x ∈ Vbound \ V(A) and yδ ∈ Vδ are a variable
symbols of type ı, then

∀x.(A{yδ 7→x}), ∃x.(A{yδ 7→x}) : o.

And variables from Vbound that occur in the terms in
ranges of substitutions must be bound.
Example:

(∃x.(yδ < x)){yδ 7→xδ } = ∃x.(xδ < x)
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Instantiation, improved

Definition 1.10 A substitutionis a partial function

mapping free variables to terms of the same type. For

Hilbert’s first-order predicate calculus this means that

variables of typeı are mapped to terms of typeı andn-ary

predicate variables of typeı→ . . .→ ı→ o are mapped to

formula-valued lambda terms of the form

λx1, . . . , xn.(A{yδ

1 7→x1, . . . , y
δ

n 7→xn}),

whereyδ

1 , . . . , yδ

n ∈ Vδ are different free (δ−-) variables,

x1, . . . , xn ∈ Vbound \ V(A) are different bound variables,

andA is a formula.
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Instantiation, improved, contd.

Let σ be a substitution.

Let x ∈ V be a variable symbol.

If x∈ dom(σ), then xσ = σ(x).

If x 6∈ dom(σ), then xσ = x.

If f ∈ Σ is an n-ary function constant symbol and, for
i ∈ {1, . . . , n}, we have ti : ı, then

(ft1 . . . tn)σ = f(t1σ) . . . (tnσ).
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Instantiation, improved, contd., contd.

If X is an n-ary predicate constant symbol from Σ or an
n-ary predicate variable symbol
and, for i ∈ {1, . . . , n}, we have ti : ı, then
(Xt1 . . . tn)σ is the λαβ normal form of
(Xσ)(t1σ) . . . (tnσ).

Note that this means that (Xt1 . . . tn)σ is equal to

X(t1σ) . . . (tnσ), unless X ∈ dom(σ).

c© Claus-Peter Wirth, January 13, 2007 – p.34



Instantiation, improved, contd.

If A : o, then (¬A)σ = ¬(Aσ).

If A,B : o, (A ∧B)σ = (Aσ) ∧ (Aσ).

If A : o and x ∈ Vbound a variable symbol of type ı, then

(∀x.A)σ = ∀x.(Aσ).

Note that we do not have to remove x from dom(σ)

anymore, because it contains only free variables.

Moreover, no new occurrences of x can be captured

anymore because x must not occur freely in ran(σ).
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Instantiation, improved, Example

Let y ∈ Vbound be a variable of type ı. Let Xδ ∈ Vδ be
a singulary predicate variable of type ı→ o.
Set σ := {Xδ 7→ (λz.∃y.(z < y))}.
(∀y.(Xδ y))σ =
∀y.((Xδ y)σ) =
∀y.(NFαβ((Xδ σ)(yσ))) =
∀y.(NFαβ((λz.∃y.(z < y))y)) = (∃α-renaming)
∀y.(NFαβ((λz.∃x.(z < x))y)) = (λβ-reduction)
∀y.(NFαβ(∃x.(y < x))) =
∀y.∃x.(y < x).
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Truth Values

Two-Valued (classical): There are exactly 2 values:
TRUE, FALSE. Tertium non datur .

Kleene logic (weak / strong version):
3 values: TRUE, FALSE, ?

Buddha: 4 values: TRUE, FALSE, 2, 3

Gödel logic: infinitely many

Intuitionistic logic: -

We restrict ourselves to two-valued logics!
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Semantics of Logic

What does it mean for a given formula A to be valid?
Two possible ways to answer:

Calculus (i.e. a semi-decision procedure)
⊢ A

[Model] Semantics (via a class of interpretations)
|= A

Relation of a calculus to a semantics:

Sound: If ⊢ A, then |= A.

Complete: If |= A, then ⊢ A.
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Evaluation Function

eval : Interpretations→ Formulas TruthValues

If S ∈ Interpretations, F ∈ Formulas, and S is defined
at all freely occurring symbols of F ,
then eval(S)(F ) ∈ TruthValues.

eval : Interpretations→ Terms Objects

eval : Interpretations→ Types P(Objects)
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Interpretations for 1 st Order Predicate Logic

First-order Σ-interpretation S:

A non-empty set ıS , called universe, carrier ,
object domain. We write oS for {TRUE,FALSE}.

For each n-ary function constant symbol f ∈ Σ:
fS : U1 → · · · → Un → iS

where Ui = ıS for i ∈ {1, . . . , n}.

For each n-ary predicate constant symbol p ∈ Σ:
pS : U1 → · · · → Un → oS

S : Vı  ıS

S : Vı → ··· → ı → o  U1 → · · · → Un → oS
c© Claus-Peter Wirth, January 13, 2007 – p.40



First-Order Predicate Logic, Evaluation

For each type α: eval(S)(α) := αS

For each variable x ∈ Vı: eval(S)(x) := xS

For each n-ary function constant, predicate
constant, or predicate variable symbol X and
t0, . . . , tn : ı :
eval(S)(Xt1 . . . tn) :=

XS(eval(S)(t1)) · · · (eval(S)(tn))

For A : o : eval(S)(¬A) :=






TRUE if eval(S)(A) = FALSE

FALSE otherwise c© Claus-Peter Wirth, January 13, 2007 – p.41



First-Order Predicate Logic, Evaluation

For A,B : o :

eval(S)(A ∧B) :=














TRUE if eval(S)(A) = TRUE

and eval(S)(B) = TRUE

FALSE otherwise

eval(S)(A = B) :=






TRUE if eval(S)(A) = eval(S)(B)

FALSE otherwise
...
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First-Order Predicate Logic, Evaluation

Truth Table (material implication, ex falso quodlibet):
A B C B ⇒ C A ∧ B A ⇒ B ⇒ C A ∧ B ⇒ C A ⇒ B ⇒ C = A ∧ B ⇒ C

F F F T F T T T

F F T T F T T T

F T F F F T T T

F T T T F T T T

T F F T F T T T

T F T T F T T T

T T F F T F F T

T T T T T T T T

identically T: Valid!

The following statements are valid under material implication:
“J. F. Kennedy is alive”⇒ “Great Sphinx is 12000 years old”

“Great Sphinx is 12000 years old”⇒ “J. F. Kennedy is dead”

Truth functional, no relevance!
c© Claus-Peter Wirth, January 13, 2007 – p.43



First-Order Predicate Logic, Evaluation

Let g be a function. The g-variant of a function f is
the function dom(f)\dom(g)↿f ⊎ g.

For A : o and x ∈ Vı :

eval(S)(∀x.A) :=


























TRUE if eval(S ′)(A) = TRUE

for all b ∈ ıS and

{x 7→b}-variants S ′ of S

FALSE otherwise
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First-Order Predicate Logic, Evaluation

For A : o and x ∈ Vı :

eval(S)(∃x.A) :=


























TRUE if eval(S ′)(A) = TRUE

for some b ∈ ıS and

an {x 7→b}-variant S ′ of S

FALSE otherwise
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Angling for Foundations

Saul Steinberg, The Labyrinth, Harper & Brothers, New York 1954, no permission.

The Tao that can be told is not the real Tao.
Laotze, Tao Te King, 7th–3rd century B.C.
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What is Logic?

Bad: Science of correct reasoning

Better: Art of designing structures for reasoning

Meta-Logic
55

uullllllllllllll ii

))RRRRRRRRRRRRRR

Object-Logic 1 . . . Object-Logic n

↓ Investigation

↑ Reflection
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Deductive Validity

Let A, B be formulas over Σ.
In case of eval(S)(A) = TRUE we write |=S A and
call S a model of A.

Definition 1.11 (Validity)
|= A if |=S A for all Σ-interpretationsS for which

eval(S) is defined atA.
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Semantic Entailment

Definition 1.12 (Semantic Entailment, simple case)
Let B′ be a universal closure ofB.

B |= A if |=S A for all Σ-interpretationsS for which

eval(S) is defined atA andB′ and |=S B′.

Theorem 1.13 (Deduction Theorem)
LetB′ be a universal closure ofB.

B |= A iff |= (B′⇒ A).
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Valuation

Already free δ−-variables need special treatment. Also free
δ+- and γ-variables do. Sometimes even bound variables have
to be valuated.

Solution: Split off the part of a Σ-interpretation S that valuates

variables: S = Σ↿S ⊎ V↿S

Σ-interpretation = Σ-structure + valuation

We denote valuations with small Greek letters. A valuation τ

must respect the types and is therefore always related to a
given Σ-structure S: For x ∈ dom(τ) being a variable of
type α, we require τ(x)∈ eval(S)(α).
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Explicitness-Lemma

(Andrews (1972), Lemma 2; Andrews (2002),

Proposition 5400; Fitting (2002), Proposition 2.30)

The value of the evaluation function on a term or
formula B depends only on the valuation of those
variables that actually occur freely in B; formally:
Let S be a Σ-structure with valuation τ : V S . For
X being the set of the variables that occur freely in B,
if X ⊆ dom(τ), then:

eval(S⊎τ)(B) = eval(S ⊎ X↿τ)(B).
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Substitution- [Value- ]Lemma

(Andrews (1972), Lemma 3; Andrews (2002),

Lemma 5401(a); Enderton (1973), p. 127;

Fitting (1996), p. 120; Fitting (2002), Proposition 2.31)

Let S be a Σ-structure with valuation τ : V S . For
a substitution σ and a term or formula B, if the
variables that occur freely in Bσ belong to dom(τ),
then:
eval(S⊎τ)(Bσ) =

eval
(

S ⊎ ( σ ⊎ V\dom(σ)↿id ) ◦ eval(S⊎τ)
)(

B
)
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Logic Calculi in General

Hilbert Style Calculi (Generative Calculi)
From axioms over lemmas to theorems.
Inference means consequence. Lemma is a tool .

Hilbert’s Predicate Calculus (ca. 1920)

Maslov’s Inverse Method (ca. 1960)

Resolution (and Paramodulation) Calculi (ca. 1965)

Problematic aspects:

Not goal-directed (and thus no good for theorem
proving but only for the definition of theories). Except:
Refutational resolution is goal-directed. Goal-directed
versions of Inverse Method (EXPANDER).

Generate a hell of a lot of formulas
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Logic Calculi in General, contd.

Reductive Calculi
From theorems to lemmas and axioms.
Inference means reduction. Lemma is a task .

Natural Deduction Calculi (1935)

look somehow Hilbert style + assumptions

Sequent Calculi (1935):

better abstraction (in a mathematical sense) than
Natural Deduction (at least for classical logic)

most human-oriented form of calculi:
sequents are self-contained and convenient
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Logic Calculi in General, contd., contd.

Tableau Calculi (ca. 1960), popular due to Fitting (1996),
branches share structure:

+: less repetition

−: less self-containedness, less locality, superfluous

Matrix Calculi (ca. 1970)

+: • connections instead of connectors
• optimizing β-sequencing and β-downfolding
• immediate focusing on relevant sub-formulas as in

Serge Autexier’s CORE system

−: very hard to understand, even for the privileged few
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Logic Calculi in General, contd. 3

Combined Calculi
Every open lemma is a task , reductively to be
proved in its proof tree, and can be applied as a
tool in any proof tree. Proof is a forest.

QUODL IBET (ca. 1995):
first-order clausal logic

http://www-avenhaus.informatik.uni-kl.de/ag-avenhaus/systeme/quodlibet/

Descente Infinie (ca. 2000) à la Pierre Fermat:
any two valued logic + free variables

http://www.ags.uni-sb.de/˜cp/p/d/welcome.html

ΩMEGA’s Task Interface (ca. 2005):
Church’s simply typed λ-calculus
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Logic Calculi in General, contd. 4

Main Properties:

Soundness
A sequent follows from the sequents it is
generated from or reduced to.

Safeness
The sequents a sequent is reduced to, follow
from it. (Soundness backwards)

Completeness
Theoretician’s favorite puzzle.
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Hilbert’s Predicate Calculus

Hilbert Style Calculi
David Hilbert, Paul Bernays (1968/70). Grundlagen
der Mathematik. 2nd ed., Springer, Vol. II,
pp. 388–406.
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Hilbert’s Predicate Calc., Axioms

Requirement 1.14 A set of axioms must be decidable.

1. The tautologies, i.e. the instances of the identically TRUE

formulas of order 0.

2. ∀x.A⇒ A{x 7→t} where ∀x.A : o and t : ı.

3. A{x 7→t} ⇒ ∃x.A where ∃x.A : o and t : ı.

4. With Equality: t=t where t : ı.
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Hilbert’s Predicate Calc., Inference Rules

Requirement 1.15 It must be decidable whether a list of

premises and a conclusion form the application of an

inference rule.

Let s, t : ı and A,B : o . Let x ∈ Vbound and yδ ∈ Vδ .

1.
A⇒ B

A⇒ ∀x.B{yδ 7→x}
where x 6∈ V(B) and yδ 6∈ V(A).

2.
A⇒ B

∃x.A{yδ 7→x} ⇒ B
where x 6∈ V(A) and yδ 6∈ V(B).
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Hilbert’s Pred. Calc., Infer. Rules, contd.

3.
A A⇒ B

B
Modus ponens

4.
A

Aσ
Instantiation

5. With Equality:
s=t A{yδ 7→s}

A{yδ 7→t}

c© Claus-Peter Wirth, January 13, 2007 – p.61



Hilbert Calculi, Proof

Let Γ be a set of formulas and A a formula. We write
Γ ⊢ A if there is a proof of A from Γ . A proof of A

from Γ is a list of of formulas B0, . . . , Bn such that Bn

is A and for each i ∈ {0, . . . , n} we have one of the
following:

1. Bi is an axiom or an element of Γ .

2. Bi results from a subset of { Bj | j≺i }

by application of an inference rule.
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Hilbert’s Predicate Calculus

Theorem 1.16 Hilbert’s predicate calculus is sound for

(deductive) validity in first-order predicate logic.

Theorem 1.17 (Kurt Gödel (1930))
Hilbert’s predicate calculus (even without the Instantiation

rule) is complete for (deductive) validity in first-order

predicate logic.

Corollary 1.18 Deductive validity in first-order predicate

logic is semi-decidable.

It is not co-semi-decidable, as Halting Problem can be

easily reduced to it.
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Hilbert’s Predicate Calculus

1. ¬A{x 7→yδ } ⇒ ∃x.¬A Axiom 3

2. ((¬X ⇒ Y )⇒ ¬Y ⇒ X)

{X 7→ A{x 7→yδ }, Y 7→ ∃x.¬A} Taut.

3. ¬∃x.¬A⇒ A{x 7→yδ } Modus p. from 1, 2

4. ¬∃x.¬A⇒ ∀x.A Rule 2 from 3

5. ((¬X ⇒ Y )⇒ ¬Y ⇒ X)

{X 7→ ∃x.¬A, Y 7→ ∀x.A} Taut.

6. ¬∀x.A⇒ ∃x.¬A Modus p. from 4, 5

c© Claus-Peter Wirth, January 13, 2007 – p.64



Peano’s ι

Father(HeinrichIII,HeinrichIV)

“Heinrich III is father of Heinrich IV”.

ιx.Father(x, HeinrichIV)

“the father of Heinrich IV”
HeinrichIII = ιx.Father(x, HeinrichIV)

Father(ιx.Father(x, HeinrichIV),HeinrichIV)

Father(ιx.Father(x, Adam),Adam)

∃y.Father(y, Adam)

Oops! Adam and Eve do not have any fathers.
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Peano’s ι, contd.

Father(HolyGhost, Jesus)

∧ Father(Joseph, Jesus)

HolyGhost = ιx.Father(x, Jesus)

∧ Joseph = ιx.Father(x, Jesus)

“Holy Ghost is the father of Jesus
and Joseph is the father of Jesus.”

HolyGhost = Joseph

Gregrory II anathematized Heinrich IV in the year 1076.
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David Hilbert’s ε

Standard in classical non-modal logics:
Any term uniquely denotes something that exists.
Treat ιx.A as an uninterpreted term about which we
only know

∃!x.A ⇒ A{x 7→ ιx.A}

Hilbert’s ε is more useful:
∃x.A ⇒ A{x 7→ εx.A} (ε0)

εx.A . . . “is an object of the universe for which—according to the
semantical translation of the formula (ε0)—the predicate A holds,
provided that A holds for any object of the universe at all.”

(Hilbert & Bernays (1968/70), Vol. II, p. 12, our translation)
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David Hilbert’s ε, contd.

HeinrichIII = εx.Father(x, HeinrichIV)

Father(εx.Father(x,HeinrichIV), HeinrichIV)

From the contrapositive of (ε0) and
¬Father(εx.Father(x, Adam),Adam),

we now can conclude that
¬∃y.Father(y, Adam)

∃x.A ⇔ A{x 7→ εx.A} (ε1)

∀x.A ⇔ A{x 7→ εx.¬A} (ε2)

Cf. Leisenring (1969).
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Type Theory Q0, Syntax

Symbols of the Logic: ı, o, → , λ, Qoαα, ιı(oı).
Inductive definitions:

Types:
ı and o are (base) types.

If α, β are types, then α→ β (alt. βα) is a (function) type.

Terms: t is a term of type α: t : α
If x is a variable of type α, then x : α.
If c ∈ Σ is a constant of type α, then c : α.
If s : α→ β and t : α, then st : β.

If x is a variable of type α and s : β, then λx.s : α→ β.

A Formula is a term of type o.
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Instantiation, improved, contd.

Let σ be a substitution.

Let x ∈ V be a variable symbol of type ı.

If x∈ dom(σ), then xσ = σ(x).

If x 6∈ dom(σ), then xσ = x.

If c ∈ Σ is a constant, then cσ = c.

(sβαtα)σ = (sσ)(tσ).

(λx.t)σ = λx.(tσ).
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Type Theory Q0, Interpretations

A structure for Q0 has to provide the fol. additional values:

For types α, β:

Standard Int.: (α→ β)S = αS → βS .

General Int.: ∅ 6= (α→ β)S ⊆ αS → βS .

QSoαα ∈ (α→ α→ o)S such that for any a, b ∈ αS we

have QS
oαα(a)(b) = TRUE iff a = b.

ιSı(oı) ∈ ((ı→ o)→ ı)S such that for any p ∈ (ı→ o)S

for which there is a unique a ∈ ıS with p(a) = TRUE we

have ιSı(oı)(p) = a.
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Type Theory Q0, Evaluation

eval(S)(sβαtα) = eval(S)(s)(eval(S)(t)).

eval(S)(λxα.tβ) =














(a, b)∈αS×βS b = eval(S ′)(t) for

S ′ being the

{x 7→a}-variant of S















.

Crucial: eval(S)(λx.t) ∈ (α→ β)S .
Makes a general interpretation a General Model .
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Type Theory Q0, Explicit Definitions

Meta-variables for terms: s, t : α; A : o

Meta-var. f. variables: x, y : α; b, b′ : o; f, g : ooo

Definiendum Definiens

λx0, . . . , xn.t λx0. · · · λxn.t

s= t Qoααst

true (Qooo = Qooo)

ΠP (λx.true = P )

∀x.A Π(λx.A)

false (λb.true = λb.b)
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Type Theory Q0, Explicit Definitions, contd.

Meta-variables for terms: s, t : α; A : o

Meta-var. f. variables: b, b′ : o

Definiendum Definiens

∧ λb, b′.(λf.(f true true) = λg.(gbb′))

⊃ ⇒ λb, b′.(b = (b ∧ b′))

∼ ¬ Qooofalse

∨ λb, b′.¬(¬b ∧ ¬b′)

∃x.A ¬∀x.¬A

s 6= t ¬(s = t)

∃!x.A ∃x.∀y.(A{x 7→y} = (x=y)) for y 6∈ V(x,A)
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Calculus, Q0, Peano’ s iota

∃!x.A ⇒ A{x 7→ ιx.A}.

ιxγ.Ao = ιγ(oγ)(λx.A).

What is ιγ(oγ)?
Inductive Definition:

ιı(oı) ∈ Σ.

ιo(oo) = Qo(oo)(oo)(Qoootrue).

ι(βα)(o(βα)) =

λho(βα).λxα.ιyβ.∃fβα.(hf ∧ (fx = y)).
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Calculus, Q0, Axioms

[1] poo true ∧ p false = ∀bo pb

[2α] (xα = yα)⇒ (poαx = py)

[3αβ] (fαβ = gαβ) = ∀xβ.(fx = gx)
...
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Calculus, Q0, Axioms, contd.

[41] (λxα.s)tα = s where s is a primitive constant or
variable different from x

[42] (λxα.x)sα = s

[43] (λxα.(BβγCγ))Aα = (λx.B)A((λx.C)A)

[44] (λxα.(λy.B))Aα = λy.((λx.B)A) where y is
distinct from x and from all variables in A.

[45] (λxα.(λx.B))Aα = λx.B

[5] ιı(oı)(Qoııyı) = y
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Calculus, Q0, Inference Rules

Rule R:

From C and Aα = Bα infer the result of replacing one

occurrence of A in C by an occurrence of B, provided

that the occurrence of A in C is not an occurrence of

a variable immediately preceeded by λ.
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Q0, Properties

The following holds:

Explicitness-Lemma

Substitution-Lemma

Consistency: 0 false.

Sound and somewhat complete: ⊢ A iff A is valid
in every (countable) general Σ-interpretation.

Somewhat compact: If every finite subset of set Γ of
formulas has a general model, then Γ has a general
model.
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Intension vs. Extension of a Notion

Intensional equality (=equality of intension) implies
extensional equality.

Intention Extension in World

Hesperus Venus Material World

Phosphorus Venus

3 + 5 8 Structure of Arithmetic

5 + 3 8

8 3 + 5 Syntax of Arithmetic

8 2 + 3 + 3

= id NGB class theory
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Intension vs. Extension of a Notion, contd.

A notion is individual if its extension is a singleton.

Equality of functions:
λx.x vs. λx.(x−1)

−1.
Intention = Syntax of function definition modulo

λα-renaming.
Extention = Denoted function.

Gottfried Wilhelm Leibniz (1646–1716)
Extensionality Axiom: Extensionally equal notions can be
exchanged salva veritate.
→ Extensional logic, extensional language.
NGB class theory is not extensional: = and id are
extensionally equal. But V = V and (V ,V) 6∈ id.
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Equalities

Primitive Equality (=equality in the structure):
tα = t′α. Or Qoααtt′. {P 7→ λxα.(t = x)}

More generally: arbitrary equivalence relation satisfying
Leibniz substitutability→ factor structure.
Tarski (1986): primitive equality is a logical notion

Leibniz Equality (=indiscernability):
tα

.
= t′α. Or Loααtt′.

L = λxα, x′
α.∀Poα.(Px⇒ Px′).

Functional-Extensional Eq.: {P 7→ λfβα.∀xα.(tx = fx)}

Eo(βα)(βα)tβαt′βα.
E = λfβα, f ′

βα.∀zα.(fz = f ′z).

In general: ⇓. In Q0: m.
c© Claus-Peter Wirth, January 13, 2007 – p.82



Functional Extensionalities

(f) ∀fβα, gβα.
(

∀xα.(fx = gx)⇒ f = g
)

(η) ∀fβα.
(

λxα.(fx) = f
)

(ξ) ∀fβα, gβα ∀xα.(fx = gx)⇒ (λx.(fx) = λx.(gx))

All valid in Q0 but not in intensional structures.

Lemma 1.19 If we haveβ-equality: (f) iff (η) and (ξ).

“⇒”: By β-reduction.

“⇐”: f =η λx.(fx) =ξ λx.(gx) =η g.
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η-Reduction

From now on we consider a term to be the equivalence class
of all its α-renamings. λβ-reduction picks an element of the
class that does not suffer from variable capture and reduces
this. Implementation via Bruijn’s indexes.

λη-Reduction:
λxα.(Aβαx) −→

η
A if x does not occur freely in A.

λβη-Reduction: −→βη := −→β ∪−→η.

Each confluent and terminating: −→β,−→η,−→βη .
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β-Normal Forms

Lemma 1.20 (β-Normality invariant under η-Reduction)
If t is a term inλβ-normal form

(i.e. a−→
β
-irreducible term) andt

∗
−→

η
t′,

thent′ is in λβ-normal form, too.

Counterexample 1.21
(η-Normality not invariant under β-Reduction)
λx.((λy.c)xx) is in λη-normal form, but

λx.((λy.c)xx)−→
β
λx.(cx)−→

η
c.
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η̄-Reduction

λη̄-reduction −→
η̄

is the maximal sub-relation of←−
η

that does not introduce λβ-redexes. Thus we have
Bγ(βα)Aβα−→η̄

Bλxα.(Ax) and
λy.Aβα−→η̄

λy.λxα.(Ax) for x not free in A.
−→

η̄
is confluent and terminating, and, by definition,

reduces λβ-normal forms only to λβ-normal forms.
−→

βη̄
:= −→

β
∪ −→

η̄
.

The normal forms of −→
βη̄

are called long βη normal

forms.
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Head Symbol

Corollary 1.22 A higher-order termt in λβ-normal form

has a unique constant or variable symbolh (called its

“head symbol”) such thatt has the form

λx1. . . . λxn. (ht1 . . . tm),

for variablesx1, . . . , xn and termst1, . . . , tm.

As any type has the form βα1 . . . αm with base type β,
a term in long βη normal form admits a complete
first-order application notation by recursively writing
for each head symbol h : βα1 . . . αm,
λx1. . . . λxn. (h(t1, . . . , tm)) instead of

λx1. . . . λxn. (ht1 . . . tm).
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Higher-Order Pattern, Definition

t is a [higher-order ] pattern if t is a higher-order
term in λβ-normal form with head symbol h,
say λx1. . . . λxn. (ht1 . . . tm), and either

h is a variable freely occurring in t, and the
λη-normal forms of t1 . . . tm are distinct variables
from x1, . . . , xn or

h is a constant or bound variable and, for each
i ∈ {1, . . . ,m}, λx1. . . . λxn. ti is a pattern.
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Higher-Order Patterns

While unifiability of two higher-order terms is not
co-semi-decidable and, for two unifiable terms, a
most general unifier may not exist, patterns are nicer:

Theorem 1.23 It is decidable whether two patterns are

unifiable; and if they are unifiable, a most general unifier

can be computed.
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Axiom of Choice

Why and when do we need this?
Existence of universal choice function for non-empty sets of
type α:

∃fα(oα).∀poα.
(

∃xα.(px)⇒ p(fp)
)

ACα

Existence of Choice Set for set of non-empty sets of type α:

∀Po(oα).











∀poα.(Pp⇒ ∃xα.(px))

⇒ ∃coα.





∀x.(cx⇒ ∃p.(Pp ∧ px))

∧ ∀p.(Pp⇒ ∃x.(px ∧ cx))















Cf. Rubin & Rubin (1985) and Howard & Rubin (1998).
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Modal Logic, Intro

Designed to capture modes of speaking by
Aristotle of Stagira (384–322 B.C.).

More recent great logicians such as F. L. Gottlob
Frege (1848–1925) and Willard Van O. Quine
(1908–2000) did not appreciate it;
formal development is ongoing.

Technical idea: Consider different worlds and
their modal relation to each other in a single
structure.
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Modal Logic, Intro, contd.

Basic syntactical elements are two quantifiers:
�w.
(for all worlds w accessible from the current world)

♦w.
(for some world w accessible from the current world)

The variables they bind are typically not displayed.

For A : o we have ♦A = ¬�¬A.
(Compare ∃x.A = ¬∀x.¬A)
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Modal Logic, Intro, contd., contd.

Purpose (irrelevant for formal treatment!):

Temporal: Worlds (states of a computer!) at
different times. � = always; ♦ = sometimes.

Alethic: Possible worlds. � = necessarily = “in all
possible worlds”; ♦ = possibly.

Deontic: Permission and obligation.

Doxastic = Epistemic: Knowledge and belief.

Cf. Fitting & Mendelsohn (1998).
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Modal Logic, Σ-Interpretations

New argumentsW, R, and I in the domain of a
Σ-structure S:

Set of worldsWS 6= ∅

Current world IS ∈ WS

Reachability RS ⊆ WS×WS

Multi-Modal: Several reachabilities Ri in parallel, e.g.
corresponding to different actions changing the world.

Poly-Modal: By making variables bound by quantifiers � and
♦ explicit, a formula can name different worlds in parallel.
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Modal Logic, Kinds

Historical

Name Conditions on reachability RS Axioms over P : o

K none true

T reflexive �P ⇒ P

K4 transitive �P ⇒ ��P

D serial: ∀a ∈ WS .∃b ∈ WS .(aRSb) �P ⇒ ♦P

(5) triangle property: ∀a, b, c ∈ WS . ♦P ⇒ �♦P

((aRSb ∧ aRSc) ⇒ bRSc)

(Sym) symmetric P ⇒ �♦P

B reflexive, symmetric T ∧ Sym

S4 reflexive, transitive T ∧ K4

S5 equivalence T ∧ Sym ∧ K4

S5 reflexive, symmetric, transitive T ∧ 5
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Poly-Modal Type Theory, Syntax

Symbols of the Logic: ı, o, → , λ, �, ♦,W, I, R, . . . .
Types:

ı, o, andW are types.
If α and β are types, then α→ β (alt. βα) is a type, too.

Terms:
If x is a variable of type α, then x : α.
If c ∈ Σ is a constant of type α, then c : α.
If s : α→ β and t : α, then st : β.
If x is a variable of type α and s : β, then λx.s : α→ β.

If w is a variable of typeW and A : o,
then �w.A : o.

A Formula is a term of type o.
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Poly-Modal Type Theory, Semantics

eval(S)(�w.A) =







































TRUE if eval(S ′)(A) = TRUE

for all

{w 7→b, I7→b}-variants S ′

of S with ISRSb

FALSE otherwise

Properties:

Explicitness Lemma

Substitution Lemma
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(Mono-) Modal Logic, Intension / Extension

Intension here is not a syntactical name but a
functional object (!) whose domain isWS .
Application of an intentional object to a world results
in an extensional object, namely the extension of the
notion in the given world.

Cf. Fitting (2002).
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(Mono-) Modal Type Theory, Syntax

Symbols: ı, o, → , ↑, ↓, λ, �, ♦,W, I, R, . . . .
Types:

A type is a standard type or the non-standard typeW.

A standard type is an extensional or an intensional type.

ı and o are extensional types.

If α and β are standard types, then α→ β (alt. βα) is an
extensional type.

If β is an extensional type, thenW → β (alt. ↑β) is an
intensional type.
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(Mono-) Modal Type Theory, Syntax, contd.

All terms have standard types:
If x is a variable of standard type α, then x : α.
If c ∈ Σ is a constant of standard type α, then c : α.
If s : α→ β and t : α, then st : β.
If s :W → β and w is a variable of typeW, then sw : β.
If x is a variable of standard type α and s : β, then
λx.s : α→ β.
If w is a variable of typeW, s : β, and β is an
extensional type then λw.s :W → β.
If w is a variable of typeW and A : o,
then �w.A : o.

A Formula is a term of type o.
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(Mono-) Modal Type Theory, Syntax, contd. 2

Additional restriction:
There is only one term of typeW, namely the variable w.
Moreover,W occurs only as domain type, e.g.W → β.

Thus, we can abbreviate as follows:

Definiendum ↓s ↑s �A ↑β

Definiens sw λw.s �w.A W → β

No variables (and no terms) of typeW nor the type itself
needed anymore. TypeW is superfluous.

The language of mono-modal type theory can be seen as
a sub-language of poly-modal type theory and we can
take the same semantics.
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Hesperus and Phosphorus

Let � have the epistemic interpretation “all former highly
developed civilizations knew”. For xδ , yδ : ı, the following
valid sentence says “All former highly developed civilizations
knew that two identical things are equal”:
(Shut up, Wittgenstein!)

(xδ = yδ )⇒ �(xδ = yδ )

For h, p : ↑ı denoting the intention of the morning and evening
star, resp., its instance via σ := {xδ 7→ ↓h, yδ 7→ ↓p}, namely

(↓h = ↓p)⇒ �(↓h = ↓p)

is invalid in the structure that sets w and I to our civilization
because the Babylonians did not know the morning star to be
equal to the evening star. Substitution-Lemma?
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Hesperus and Phosphorus, contd.

(xδ = yδ )⇒ �w.(xδ = yδ )

For h, p :W → ı denoting the intention of the morning and
evening star, resp., its instance via σ := {xδ 7→ hw, yδ 7→ pw},
namely

(hw = pw)⇒ �w′.(hw = pw)

is valid as the Babylonians knew that two identical things are
equal.
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Intuitionistic Logic as Modal Logic S4

E(A) = �A, for atomic A : o.
E(A ∧ B) = E(A) ∧ E(B).
E(A ∨ B) = E(A) ∨ E(B).
E(A⇒ B) = �(E(A)⇒ E(B)).
E(¬A) = �¬E(A).
E(∀x.A) = �∀x.E(A).
E(∃x.A) = ∃x.E(A).

Theorem 1.24 (Gödel (1986 ff.), Fitting (1983))
For first-order formulasA: ⊢

J
A iff |=

S4
E(A).

Why is this not useful for interactive systems?
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Intuitionistic Logic as S4, Example

E(¬¬A⇒ A) = �(�¬�¬�A⇒ �A).

————> (time)

A FALSE TRUE

�A FALSE TRUE

¬�A TRUE FALSE

�¬�A FALSE

�¬�¬�A TRUE

�¬�¬�A⇒ �A FALSE TRUE

�(�¬�¬�A⇒ �A) FALSE TRUE

↑
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Smullyan’s Classification

α-rules describe the simple and

β-rules the case-splitting (or branching) propositional proof steps.

γ-rules show existential properties, either by exhibiting a term

witnessing the existence or else by introducing a special kind

of variable, called “dummy” in Prawitz (1960) and

Kanger (1963), “free” in Fitting (1996) and in footnote 11 of

Prawitz (1960), and “meta” in the field of planning and

constraint solving. It may be used to delay the choice of a

witnessing term until the state of the proof search provides

more information. We call such a variable a free γ-variable.
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Smullyan’s Classification, contd.

δ-rules show universal properties using a new symbol, called a

“parameter” or an “eigenvariable”, about which nothing is

known. We use nullary parameters called free δ-variables.

These variables are not free in the sense that the terms to

replace them may be chosen freely, but in the sense that their

occurrences must not be bound by a quantifier or binder. The

free δ-variables subdivide into the ordinary free δ−-variables

introduced by standard δ-steps and the free δ+-variables

introduced together with a constraint by liberalized δ-steps

(δ+-steps).

Other rules may be added for an appropriate treatment of frequent

reasoning patterns such as rewriting with equalities or logical

equivalences, unification, or the Cut.
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Free Variables, Syntax

We assume the following four sets of symbols to be disjoint:

Vγ free γ-variables, i.e. the free variables of Fitting (1996)

Vδ free δ-variables,

i.e. nullary parameters, instead of Skolem functions

Vbound bound variables,

i.e. variables to be bound

Σ constants,

i.e. the function (and predicate) symbols

from the signature
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Free Variables, Syntax

Vδ = Vδ ⊎ Vδ+

Vfree := Vγ ⊎ Vδ

V := Vbound ⊎ Vfree

Vγδ+ := Vγ ⊎ Vδ+

We use ‘Vk(Γ )’ to denote the set of variables from Vk

occurring in Γ .
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General Notation

“ A ” denotes the (syntactical) conjugate of A,
i.e. B if A has the form ¬B and

¬A otherwise.
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Tableaus, Sequent, Matrix: Steps

3 basic abstract kinds of proof steps in Tableau,
Sequent, Matrix calculi:

Instantiation: Substitutes rigid variables (such as
free γ-variables and free δ+-variables)
globally in the whole proof forest.

Hypothesizing: Start a new proof tree for a new
lemma.

Expansion: Expand a proof tree.
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Tableaus, Basics

Tableau are refutational by default:
A Hypothesizing step starts with a single-branch
proof tree such that the the new lemma is the sequent of
the conjugates of the formulas labeling the branch
bottom-up.

The lemma is proved if its tableau tree is closed.

A tableau tree is closed if all its (complete (from
root to leaf)) branches are closed.

A branch is closed if it has a formula of the form t6=t

or two complementary formulas A and A as labels.
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Tableaus, Expansion, Unified Notation

α α1 α2

A ∧ B A B

¬(A ∨ B) A B

¬(A⇒ B) A B

¬(A⇐ B) A B

¬¬A A

β β1 β2

¬(A ∧ B) A B

A ∨ B A B

A⇒ B A B

A⇐ B A B

A,B : o

P : α→ o

t : α

γ γ1(t)

∀x.A A{x 7→t}

¬∃x.A A {x 7→t}

ΠP P t

δ δ1(x
δ)

¬∀x.A A {x 7→xδ}

∃x.A A{x 7→xδ}

¬(ΠP ) ¬(Pxδ)
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Intuitionistic Logic as Sequent Calculus

Sequent: “Antecedent −→ Succedent”
Antecedent: List of formulas (intention: conjunctive)
Succedent: List of formulas (intention: disjunctive)

Sequent Calculus Proof:
A −→ A

−→ ¬A, A (not intuitionistic!)
¬¬A −→ A
−→ ¬¬A⇒ A

Intuitionists cannot have more than one formula in the succedent!

Moreover, free γ-variables are not admitted in intuitionistic proofs!
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Sequents for Two-Valued Logics

Instead of A1, . . . , Am −→ S1, . . . , Sn

write A1 , . . . , Am , S1, . . . , Sn.

Axiom Schemes:
Γ A Π A ∆

Γ (t=t) Π

Sequent Calculus Proof:
¬A, A

¬¬A⇒ A
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From Tableau Trees to Sequent Trees

Starting at the leaves, replace the label of each node

with the list of the conjugates of the labels of the

branch from the current node to the root node!
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Sequent Calculus, α-Rules

Let A and B be formulas, Γ , Π, and Λ be sequents (i.e.
disjunctive lists of formulas), let x ∈ Vbound be a bound variable,
and let F be the current proof forest containing all free
variables already used, esp. those from A and ΓΠ:

α-rules:
Γ ¬¬A Π

A Γ Π

Γ (A∨B) Π

A B Γ Π

Γ ¬(A∧B) Π

A B Γ Π

Γ (A⇒B) Π

A B Γ Π

Γ (A⇐B) Π

A B Γ Π

↑ Consequence Soundness ↓ Reduction
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Sequent Calculus, β-Rules

In the following rules we may choose to fold down
none or one, but not both of the side-formulas in the
optional brackets [· · ·]. E.g., if we choose the first
lower sequent of the first rule to be A B Γ Π then
its second lower sequent must be B Γ Π.

Γ (A∧B) Π

A
[

B
]

Γ Π B
[

A
]

Γ Π

Γ ¬(A∨B) Π

A
[

B
]

Γ Π B
[

A
]

Γ Π
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Sequent Calculus, β-Rules, contd.

Γ ¬(A⇒B) Π

A
[

B
]

Γ Π B
[

A
]

Γ Π

Γ ¬(A⇐B) Π

A
[

B
]

Γ Π B
[

A
]

Γ Π

Γ (A⇔B) Π

A B Γ Π A B Γ Π

Γ ¬(A⇔B) Π

A B Γ Π A B Γ Π
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Sequent Calculus, γ-Rules

γ-rules: Let t be any term, γ
γ1(t)

:

Γ ∃x.A Π

A{x 7→t} Γ ∃x.A Π

Γ ¬∀x.A Π

A{x 7→t} Γ ¬∀x.A Π

Γ ¬(ΠP ) Π

¬(Pt) Γ ¬(ΠP ) Π
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Sequent Calculus, δ−-Rules

δ−-rules: (also simply called δ-rules)

Let xδ ∈ Vδ \V(F) be a new free δ−-variable. δ
δ1(xδ ) R′

δ−
:

Γ ∀x.A Π

A{x 7→xδ } Γ Π Vγδ+(A,ΓΠ, i)× {xδ }

Γ ¬∃x.A Π

A{x 7→xδ } Γ Π Vγδ+(A,ΓΠ, i)× {xδ }

Γ ΠPoα Π

Pxδ

α Γ Π Vγδ+(P, ΓΠ, i)× {xδ }

Γ tβα=t′ Π

txδ

α=t′xδ Γ Π Vγδ+(t, t′, ΓΠ, i)× {xδ }
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Sequent Calculus, δ−-Rules

Unimportant note:
The i (a beth, second letter of Hebrew alphabet) on
the previous slide denotes that part of the context of
the upper sequent which is not relevant for its
semantics but for the soundness of the inferences
rules, such as a weight term in inductive theorem
proving by descente infinie, which will result in an
ordering subgoal after an application of an induction
hypothesis.
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Sequent Calculus, δ+-Rules

δ+-rules: (also called Liberalized δ-rules)
Let xδ+ ∈ Vδ+\V(F) be a new free δ+-variable, δ

δ1(xδ+)
C′

R′

δ+
:

Γ ∀x.A Π

A{x 7→xδ+} Γ Π

{(xδ+, A{x 7→xδ+} )}

Vfree(A)× {xδ+}

Γ ¬∃x.A Π

A{x 7→xδ+} Γ Π

{(xδ+, A{x 7→xδ+})}

Vfree(A)× {xδ+}

Γ ΠPoα Π

Pxδ+

α Γ Π

{(xδ+, Pxδ+ )}

Vfree(P )× {xδ+}

Γ tβα=t′ Π

txδ+

α=t′xδ+ Γ Π

{(xδ+, (txδ+ 6=t′xδ+))}

Vfree(t, t
′)× {xδ+}
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δ− versus δ+-rules

If R′δ− is empty, take a δ−-rule.
Otherwise use the respective δ+-rule.

Even better: Use the free δ−-variables to state
your lemmas without the outermost universal
quantifiers, like mathematicians do. The free
δ−-variables can then be locally and arbitrarily
instantiated when applying the lemma as a tool
in an application step.
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Sequent Calculus, Rewrite-Rules

Let A[t] denote the formula A[s] with some
occurrences of s replaced with t.

Let t be the λβη-normal-form of s:

Γ A[s] Π

A[t] Γ Π

Let s and t be terms (of the same type).
Let B be one of the formulas (s6=t) or (t 6=s):

Γ A[s] Π B Λ

A[t] Γ Π B Λ

Γ B Π A[s] Λ

A[t] Γ B Π Λ
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Sequent Calculus, Cut-Rule

Cut:

Γ

A Γ

A Γ

Application of the Lemma A0 . . . An:

Γ

A0 Λ0 Γ
...

Am Λm Γ
where m � n, for all j with m ≺ j � n, (Aj) occurs in Γ ,

and Λi := Ai−1 . . . A0
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Sequent Calculus, Decomposition

=-Decompose:

Γ t[u0, . . . , un]=t[v0, . . . , vn] Π

u0=v0 Λ0 Γ t[u0, . . . , un]=t[v0, . . . , vn] Π
...

um=vm Λm Γ t[u0, . . . , un]=t[v0, . . . , vn] Π
where m � n, for all j with m ≺ j � n, (uj 6=vj) occurs in ΓΠ,

and Λi := (ui−1 6=vi−1) . . . (u0 6=v0)

Example: higher-order pre-unification for h ∈ Σ:
hu0u1v0=hv0v1u0

u0=v0 hu0u1v0=hv0v1u0

u1=v1 (u0 6=v0) hu0u1v0=hv0v1u0

v0=u0 (u1 6=v1) (u0 6=v0) hu0u1v0=hv0v1u0

Exercise: =-Decomposition is Lemma-Application of which lemma?
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Sequent Calculus, Extensional Rules

Substitution Addition:

Γ

Γσ0...
Γσn

where σ0, . . . , σn is a cover set of substitutions for Γ, i.

E.g., {bδ

o 7→⊥}, {b
δ

o 7→⊤} is a cover set of
substitutions. Proves ∀b.(b =⊥ ∨ b =⊤) after a
δ−-step.

E.g., {xδ

nat 7→0}, {xδ 7→s(xδ )} is a cover set of substitu-

tions for Γ if Vγδ+(Γ, i) ⊆ R+〈{xδ }〉.
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Sequent Calculus, Simplification

Multiple Literal:
Γ A Π A ∆

Γ A Π ∆

6=-Removal:
Γ t[u0, . . . , un]6=t[v0, . . . , vn] Π

Γ Π

where, for all j with j � n, (uj 6=vj) occurs in ΓΠ.

⊥-Removal:
Γ ⊥ Π

Γ Π

⊤-Removal:
Γ Ao=⊤ Π

Γ A Π
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Sequent Calculus, Example

The formula ∃x.∀y.Q(x, y) ∨ ∃u.∀v.¬Q(v, u)

is not generally valid (to wit, let Q be the identity relation on a

non-trivial universe).

Consider the following proof attempt: One α-, two γ-, and two

liberalized δ-steps result in

(1) Q(xγ, yδ+
), ¬Q(vδ+

, uγ), ∃x. ∀y. Q(x, y), ∃u. ∀v. ¬Q(v, u)

with variable-condition

(2) R := {(xγ, yδ+
), (uγ, vδ+

)}

Notice that the non-liberalized δ-rule would have produced in

addition (xγ, vδ+
) or (uγ, yδ+

) or both, depending on the order of the

proof steps. When we now instantiate xγ with vδ+, we relate the

previously unrelated variables uγ and yδ+.
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Sequent Calculus, Example, contd.

Q(vδ+
, yδ+

), ¬Q(vδ+
, uγ), ∃x. ∀y. Q(x, y), ∃u. ∀v. ¬Q(v, u)

must be equipped with the new variable-condition (uγ, yδ+
).

Otherwise we could instantiate uγ with yδ+, resulting in the tautology

Q(vδ+
, yδ+

), ¬Q(vδ+
, yδ+

), . . .

When we instantiate the variables xγ and uγ in the sequence (1) in

parallel via

(3) σ := {xγ 7→vδ+
, uγ 7→yδ+},

we have to check whether the newly imposed variable-conditions

are consistent with the substitution itself. In particular, a cycle as

xγ

R

((RRRRRRRRRRRRRRRRRRR vδ+σ−1
oo

uγ

R

66lllllllllllllllllll
yδ+σ−1

oo

(for the R of (2)) has to be disallowed by definition.
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R-Substitutions

Several binary relations on free variables will be introduced in this

and the following sections. The overall idea is that when (x, y)

occurs in such a relation this means something like

“x is necessarily older than y” or “the value of y depends on or is

described in terms of x”.

Definition 1.25 (Variable-Condition)
A variable-conditionis a subset ofVfree ×Vfree.

Definition 1.26 (σ-Update) Let R be a variable-condition andσ

be a substitution. Theσ-update ofR is
R ∪ { (zfree, x) | x ∈ dom(σ) ∧ zfree ∈Vfree(σ(x)) }.

Definition 1.27 (R-Substitution) Let R be a variable-condition.
σ is anR-substitution if σ is a substitution and theσ-update ofR is
wellfounded.
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R-Substitutions, contd.

Note that, regarding syntax, (x, yfree)∈R is intended to mean

that an R-substitution σ must not replace x with a term in

which yfree could ever occur. This is guaranteed when the σ-

updates R′ of R are always required to be wellfounded. Indeed,

for zfree ∈ Vfree(σ(x)), we get zfree R′ x R′ yfree, blocking zfree

against terms containing yfree. Note that in practice a σ-update

of R can always be chosen to be finite. In this case, it is well-

founded iff it is acyclic.
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R-Substitutions, contd. 2

Example: For the variable-condition R of (2) and the σ of (3),
σ must not be an R-substitution because the cycle

xγ

R

((RRRRRRRRRRRRRRRRRRR vδ+R′

oo

uγ

R

66lllllllllllllllllll
yδ+R′

oo

contradicts the wellfoundedness of R ∪R′.
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R-Substitutions: Characteristics

For efficiency, we never compute transitive closures, but
simply keep adding new edges to a graph. The relevant
wellfoundedness-checks can then be performed as
acyclicity-checks in time which is linear in the number of
edges (i.e. optimal time complexity).

The alternative approaches to variable-conditions
Kanger (1963), Bibel (1987), Wallen (1990),
Kohlhase (1995), Kohlhase (1998) are more complicated
and restrict the construction of proofs either too much, or
not enough to guarantee soundness.
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R-Substitutions: Characteristics, contd.

To simplify the implementation, we do not permit re-use
and permutation of free γ-variables like {xγ 7→uγ, uγ 7→xγ}.
Indeed, these substitutions have a cyclic Γ-relation and
thus are no R-substitutions according to the above
definition. Re-use and permutation of free γ-variables are
problematic in practice, because we would need an
additional time reference to retrieve their solutions.
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Skolemization, Example

∃w. ∀x. ∃y. ∀z. Γ (w, y, x, z)

(Outer) validity-invariant Skolemization:
∃w. ∃y. Γ (w, y, xδ(w), zδ(w, y)),

where xδ and zδ are the new Skolem functions for x

and z, respectively. Alternatively:
∀x′. ∀z′. ∃w. ∃y. Γ (w, y, x′(w), z′(w, y)).

If w, y are first-order, x′ and z′ are second-order vari-

ables.
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Skolemization, Definition

Skolemization is the operation that moves the
quantifiers of all δ-variables to the very left and gives
them some γ-variables as arguments. Thus,
Skolemization results in the following simplified
quantificational structure:

For all Skolem functions u there are
solutions to the γ-variables e such that the
quantifier-free theorem Γ (e,u) is valid (i.e.
∀u. ∃e. Γ (e,u)).
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Skolemization, Problems

Skolemization . . .

may change the notions of Herbrand and Henkin models
and of inductive validity (cf. Wirth & Gramlich (1994b)).

may imply the Axiom of Choice even if it is not part of the
original theory.

If B0, . . . , Bn denote the branches of a proof tree
for Γ (e,u), then

∀u. ∃e. ( B0 ∧ . . . ∧ Bn )

is strictly stronger than
∀u. ( ∃e. B0 ∧ . . . ∧ ∃e. Bn )

⇒ Inductive theorem proving in the form of descente
infinie impossible!
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Raising

Raising is an unproblematic dual of Skolemization, cf.
Miller (1992).

∃w. ∀x. ∃y. ∀z. Γ (w, y, x, z)

(Outer) validity-invariant Raising
∀x. ∀z. Γ (wγ, yγ(x), x, z),

where wγ and yγ are the new raising functions for w

and y, respectively. Alternatively:
∃w′. ∃y′. ∀x. ∀z. Γ (w′, y′(x), x, z).

If x is first-order, y′ is a second-order variable.
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Raising, Advantages

The newly introduced free γ-variables do not
introduce new objects to Herbrand and Henkin
universes and cannot work as choice functions
due to their existential character.

If B0, . . . , Bn denote the branches of a proof tree
for Γ (e,u), then

∃e. ∀u. ( B0 ∧ . . . ∧ Bn )

is logically equivalent to
∃e. ( ∀u. B0 ∧ . . . ∧ ∀u. Bn )

⇒ Inductive theorem proving in the form of
descente infinie possible! c© Claus-Peter Wirth, January 13, 2007 – p.141



R-Validity, Definition

Let R be a variable-condition. Let S be a Σ-structure
with valuation δ : V S. Let G be a set of sequents.
G is R-valid in S if there is an (S, R)-valuation e

such that G is (e,S)-valid.
G is (e,S)-valid if G is (δ′, e,S)-valid for all δ′ : Vδ→ S .
G is (δ, e,S)-valid if G is valid in S ⊎ ǫ(e)(δ) ⊎ δ.
G is valid in S⊎δ if Γ is valid in S⊎δ for all Γ ∈ G.

A sequent Γ is valid in S⊎δ if there is some formula

listed in Γ that is valid in S⊎δ.
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K

Validity in a class of Σ-structures is understood as
validity in each of the Σ-structures of that class.
If we omit the reference to a special Σ-structure we
mean validity in some fixed class K of Σ-structures,
e.g. the class of all Σ-structures or the class of
Herbrand Σ-structures.

Cf. Wirth & Gramlich (1994b) for more interesting

classes for establishing inductive validity.
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(S, R)-Valuations

Let S be some Σ-structure. We now define semantical
counterparts of our R-substitutions on Vγ, which we will call
“(S, R)-valuations”.
As an (S, R)-valuation plays the role of a raising function,
it does not simply map each free γ-variable directly to an
object of S, but may additionally read the values of some free
δ-variables under an S-valuation δ : Vδ→ S. More precisely,
an (S, R)-valuation e takes some restriction of δ as a second
argument, say δ′ : Vδ S with δ′ ⊆ δ. In short:

e : Vγ→ (Vδ S) S.
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(S, R)-Valuations

For each free γ-variable xγ, we require that the set dom(δ′) of
free δ-variables read by e(xγ) is identical for all δ.
This identical set will be denoted with Se〈{xγ}〉 below.
Technically, we require that there is some “semantical relation”
Se ⊆ Vδ×Vγ such that for all xγ ∈ Vγ:

e(xγ) : (Se〈{xγ}〉 → S)→ S.

Note that, for each e : Vγ→ (Vδ S) S, at most one
semantical relation exists, namely

Se := { (yδ, xγ) | xγ∈Vγ ∧ yδ∈ dom(
⋃

(dom(e(xγ)))) }.

In the following definitions we are slightly more general because we want to apply the
terminology not only to free γ-variables but also to free δ+-variables.
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(S, R)-Valuations

Definition 1.28 (Semantical Relation (Se))
Thesemantical relation fore is

Se := { (y, x) | x∈ dom(e) ∧ y ∈ dom(
⋃

(dom(e(x)))) }.

e is semanticalif e is a partial function onV such that for all

x ∈ dom(e):

e(x) : (Se〈{x}〉 → S)→ S.

Definition 1.29 ((S, R)-Valuation)
Let R be a variable-condition and letS be aΣ-structure.

e is an(S, R)-valuation if e : Vγ→ (Vδ S) S,

e is semantical, andR ∪ Se is wellfounded.
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(S, R)-Valuations

Finally, we need the technical means to turn an
(S, R)-valuation e together with a valuation δ of the free
δ-variables into a valuation ǫ(e)(δ) of the free γ-variables:

Definition 1.30 (ǫ)
We define the function

ǫ : (V (V S) S) → (V S) → V  S

for e : V (V S) S, δ : V S, x ∈ V

by ǫ(e)(δ)(x) := e(x)(Se〈{x}〉↿δ).
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R-Validity, Examples

For xγ ∈ Vγ, yδ ∈ Vδ, the sequent xγ=yδ is ∅-valid in any S
because we can choose Se := Vδ×Vγ and e(xγ)(δ) := δ(yδ) for
δ : Vδ→ S, resulting in

ǫ(e)(δ)(xγ) = e(xγ)(Se〈{xγ}〉↿δ) = e(xγ)(Vδ
↿δ) = δ(yδ).

This means that ∅-validity of xγ=yδ is the same as the validity

of ∀y. ∃x. x=y. Moreover, note that ǫ(e)(δ) has access to the

δ-value of yδ just as a raising function f for x in the raised (i.e.

dually Skolemized) version f(yδ)=yδ of ∀y. ∃x. x=y.
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R-Validity, Examples

Contrary to this, for R := Vγ×Vδ, the same formula xγ=yδ is not

R-valid in general because then the required wellfoundedness

of R∪Se implies Se = ∅, and the value of xγ cannot depend on

δ(yδ) anymore, due to e(xγ)(Se〈{xγ}〉↿δ) = e(xγ)(∅↿δ) = e(xγ)(∅).

This means that (Vγ×Vδ)-validity of xγ=yδ is the same as the

validity of ∃x. ∀y. x=y. Moreover, note that ǫ(e)(δ) has no

access to the δ-value of yδ just as a raising function c for x in

the raised version c=yδ of ∃x.∀y. x=y.
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R-Validity, Examples

For a more general example let
G = { Ai,0 . . . Ai,ni−1 | i∈ I },

where for i ∈ I and j≺ni the Ai,j are formulas with free
γ-variables from e and free δ-variables from u. Then
(Vγ×Vδ)-validity of G means

∃e. ∀u. ∀i∈ I. ∃j≺ni. Ai,j

whereas ∅-validity of G means

∀u. ∃e. ∀i∈ I. ∃j≺ni. Ai,j
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Preservation of Solutions

All substitutions of free γ-variables that close a proof
attempt for a proposition are also solutions of the
original proposition.

Advantages:

Query variables in original proposition are solved
during the proof as in PROLOG.

Inductive theorem proving in the form of
descente infinie becomes possible.
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No Preservation of Solutions for δ+?

A liberalized δ-step reduces
∀y. ¬P(y), P(xγ), . . .

to ¬P(yδ+), P(xγ), . . .

with the empty variable-condition R := ∅. The lower

sequent is (e,S)-valid for the (S, R)-valuation e given

by e(xγ)(δ) := δ(yδ+). The upper sequent, however,

is not (e,S)-valid when PS(a) is true and PS(b) is false

for some a, b from the universe of S. To see this, take

some valuation δ with δ(yδ+) := b.
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Choice-Conditions, Definition

C is an R-choice-condition if R is a wellfounded vari-

able-condition, C is a partial function from Vδ+ into the

set of formulas, and z R∗ yδ+ for all yδ+ ∈ dom(C) and

z ∈ Vfree(C(yδ+)).
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Extended σ-Update

After global application of an R-substitution σ we now have to update both R and C:

Definition 1.31 (Extendedσ-Update) Let C be an

R-choice-condition and letσ be a substitution.

Theextendedσ-update (C ′, R′) of (C,R) is given by:

C ′ := { (x,Bσ) | (x,B)∈C ∧ x 6∈ dom(σ) },

R′ is theσ-update ofR, cf. Definition 1.26.

Lemma 1.32 If C is anR-choice-condition,σ an

R-substitution, and if(C ′, R′) is the extendedσ-update

of (C,R), thenC ′ is anR′-choice-condition.
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Compatibility

We now split our valuation δ : Vδ→ S;
while τ : Vδ → S valuates the free δ−-variables,
π valuates the remaining free δ+-variables.

As the choices of π may depend on τ , the technical

realization is similar to that of the dependency of the

(S, R)-valuations on the free δ-variables.
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Compatibility, Definition

Let C be an R-choice-condition, S a Σ-structure, and e an
(S, R)-valuation.
π is (e,S)-compatible with (C,R) if

1. π : Vδ+ → (Vδ  S) S is semantical (cf. Definition 1.28)
and R ∪ Se ∪ Sπ is wellfounded.

2. For all yδ+ ∈ dom(C) with C(yδ+) = B, for all τ : Vδ → S,
and for all η : {yδ+} → S,
setting δ := ǫ(π)(τ) ⊎ τ , and δ′ to be the η-variant of δ:

If B is (δ′, e,S)-valid, then B is also (δ, e,S)-valid.

c© Claus-Peter Wirth, January 13, 2007 – p.156



Compatibility, Definition

Item 1 of this definition says that the flow of information
between variables expressed in R, e, and π is acyclic.
To understand Item 2 let us consider an
R-choice-condition C := {(yδ+, B)}, which restricts the value of
the single variable yδ+ with the formula B. Then C simply
requires that a different choice for the ǫ(π)(τ)-value of yδ+

cannot give rise to the validity of the formula B in
S ⊎ ǫ(e)(δ) ⊎ δ. Or—in other words—that ǫ(π)(τ)(yδ+) is
chosen such that B becomes valid, whenever such a choice is
possible. This is closely related to Hilbert’s ε-operator in the
sense that yδ+ is given the value of

εy. (B{yδ+ 7→y})
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Compatibility, No Problem

Note that the empty function ∅ is an R-choice-condition for any
wellfounded variable-condition R. Furthermore, any π with
π : Vδ+ → {∅} → S is (e,S)-compatible with (∅, R)

due to Sπ = ∅.

Indeed, a compatible π always exists:

Lemma 1.33 If C is anR-choice-condition,S a Σ-structure, and

e an (S, R)-valuation, then there is someπ that is

(e,S)-compatible with(C,R).

c© Claus-Peter Wirth, January 13, 2007 – p.158



Choice-Condition, Extension

Just like the variable-condition R, the R-choice-condition C

grows during proofs. This kind of extension together with a
simple soundness condition plays an important role:

Definition 1.34 (Extension)
(C ′, R′) is anextension of(C,R) if C is anR-choice-condition,C ′

is anR′-choice-condition,C⊆C ′, and R⊆R′.

Lemma 1.35 Let (C,R) be an extension of(C ′, R′). If e is an

(S, R′)-valuation andπ is (e,S)-compatible with(C ′, R′), thene is

also an(S, R)-valuation andπ is also(e,S)-compatible with(C,R).
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(C, R)-Validity

Definition 1.36 ((C,R)-Validity)
Let C be anR-choice-condition, letS be aΣ-structure,

and letG be a set of sequents.

G is (C,R)-valid in S if G is (π, e,S)-valid for some

(S, R)-valuation e and someπ that is(e,S)-compatible

with (C,R).

G is (π, e,S)-valid if G is
(

ǫ(π)(τ) ⊎ τ, e, S
)

-valid

for eachτ : Vδ → S.
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Reduction

Definition 1.37 (Reduction)
Let C be anR-choice-condition,S aΣ-structure, and let

G0 andG1 be sets of sequents.

G0 (C,R)-reduces toG1 in S if for

each(S, R)-valuatione and

eachπ that is(e,S)-compatible with(C,R):

if G1 is (π, e,S)-valid, thenG0 is (π, e,S)-valid.
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Reduction, Properties

Let C be an R-choice-condition; S a Σ-structure;

G0, G1, G2, and G3 sets of sequents.

(Validity)

If G0 (C,R)-reduces to G1 in S and G1 is (C,R)-valid in S,

then G0 is (C,R)-valid in S, too.

(Reflexivity)

In case of G0⊆G1: G0 (C,R)-reduces to G1 in S.

(Transitivity)

If G0 (C,R)-reduces to G1 in S and G1 (C,R)-reduces to G2

in S,

then G0 (C,R)-reduces to G2 in S.
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Reduction, Properties

(Additivity)

If G0 (C,R)-reduces to G2 in S and G1 (C,R)-reduces to G3

in S,

then G0∪G1 (C,R)-reduces to G2∪G3 in S.

(Monotonicity)

For (C ′, R′) being an extension of (C,R):

1. If G0 is (C ′, R′)-valid in S, then G0 is (C,R)-valid in S.

2. If G0 (C,R)-reduces to G1 in S, then G0 (C ′, R′)-reduces

to G1 in S.
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Reduction, Properties

(Instantiation)

For an R-substitution σ on Vγ and the extended

σ-update (C ′, R′) of (C,R):

1. If G0σ is (C ′, R′)-valid in S, then G0 is (C,R)-valid in S.

2. If G0 (C,R)-reduces to G1 in S, then G0σ (C ′, R′)-reduces

to G1σ in S.
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Sequent Calculus Example Proof: lim +

lim +: Limes theorem on sums in R:
By standard mathematical abuse of notation:
lim

x→xδ
0

(f δ (x) + gδ (x)) = lim
x→xδ

0

f δ (x) + lim
x→xδ

0

gδ (x)

To be expanded into a better notation:
(1):






lim
x→xδ

0

f δ (x) = yδ

f

∧ lim
x→xδ

0

gδ (x) = yδ

g






⇒ lim

x→xδ
0

(f δ (x) + gδ (x)) = yδ

f + yδ

g

Warning: “=” is still no real equality symbol!

What is it, then?
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Sequent Calculus Example Proof

Something like lim
x→0

(x2 sin
1

x
) = 0, formally say lim

x→z
tx = t′,

actually denotes the formula

∀ε>0.∃δ>0.∀x 6=z.
(

|tx−t′| < ε ⇐ |x−z| < δ
)

Note that ∀ε>0.A and ∃δ>0.B abbreviate ∀ε.(0<ε⇒ A) and
∃δ.(0<δ ∧ B), resp., &c.. Moreover:
¬∃δ.(0<δ ∧ B) = ∀δ.¬(0<δ ∧ B) = ∀δ.(0≮δ ∨ ¬B) = ∀δ.(0<δ ⇒ ¬B)

so that ¬∃δ>0.B = ∀δ>0.¬B
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Sequent Calculus Example Proof

Initialize variable-condition R := ∅ and
R-choice-condition C := ∅.
Two α-steps and expansion of lim:
(1.1):
∀ε>0.∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < ε ⇐ |x−xδ

0 | < δ
)

,

lim
x→xδ

0

f δ (x) 6= yδ

f , lim
x→xδ

0

gδ (x) 6= yδ

g

Expansion of ∀, then δ−- and α-step:
(1.1.1):
0≮εδ ,

∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)

,

. . .
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Early β !

Expansion of ∃, then γ- and β-step,
folding down 0<δγ to the right:

(1.1.1.1):
0<δγ, 0≮εδ ,

∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)

,

lim
x→xδ

0

f δ (x) 6= yδ

f , lim
x→xδ

0

gδ (x) 6= yδ

g

(1.1.1.2):

∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

)

,

0≮δγ, 0≮εδ , . . .
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δ− !

Expansion of ∀, then δ−- and 2 α-steps:

(1.1.1.2.1):
xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

0≮δγ, 0≮εδ , . . . , lim
x→xδ

0

f δ (x) 6= yδ

f , lim
x→xδ

0

gδ (x) 6= yδ

g

where (δγ, xδ

1 ) is added to the variable-condition R.

Note that a δ+-step would add {f δ , gδ , yδ

f , yδ

g , δγ} × {xδ+

1 }

instead.
Keep R small!
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Sequent Calculus Example Proof

Expansion of lim twice:

(1.1.1.2.1.1):

¬∀εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

¬∀εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)

,

xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

0≮δγ, 0≮εδ ,

∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)
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Sequent Calculus Example Proof

Expansion of ∀ and a γ-step, each twice:

(1.1.1.2.1.1.1):

¬
(

0<εγ

f ⇒ ∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δf

) )

¬
(

0<εγ

g ⇒ ∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δg

) )

¬∀εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

¬∀εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)

,

xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

0≮δγ, 0≮εδ ,

∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)
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Sequent Calculus Example Proof

Two β-steps and some sorting:
(1.1.1.2.1.1.1.1):
0<εγ

f , . . .

(1.1.1.2.1.1.1.2):
0<εγ

g, . . .

(1.1.1.2.1.1.1.3):

¬∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf)− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δf

)

,

¬∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δg

)

,

xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

0≮εγ

f , 0≮εγ

g, 0≮δγ, 0≮εδ , . . .
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Sequent Calculus Example Proof

Expansion of ∃ and a δ+- and α-step, each twice, and some
sorting:
(1.1.1.2.1.1.1.3.1):

¬∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δδ+

f

)

,

¬∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δδ+

g

)

,

xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮δγ, 0≮εδ , . . .

where R is extended by {xδ

0 , f δ , yδ

f , εγ

f} × {δ
δ+

f } and
{xδ

0 , gδ , yδ

g , εγ

g} × {δ
δ+

g }, and the choice-condition C by:
(

δδ+

f , 0<δδ+

f ∧ ∀xf 6=xδ

0 .
(

|f δ (xf)− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δδ+

f

) )

(

δδ+

g , 0<δδ+

g ∧ ∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δδ+

g

) )
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Sequent Calculus Example Proof

Expansion of ∀ and a γ- and 2 β-steps, each twice, and some
sorting:
(1.1.1.2.1.1.1.3.1.1): xγ

f 6=xδ

0 , . . . , xδ

1 =xδ

0 , . . .

(1.1.1.2.1.1.1.3.1.2): xγ

g 6=xδ

0 , . . . , xδ

1 =xδ

0 , . . .

(1.1.1.2.1.1.1.3.1.3): |xγ

f−xδ

0 | < δδ+

f , . . . , |xδ

1−xδ

0 | ≮ δγ, . . .

(1.1.1.2.1.1.1.3.1.4): |xγ

g−xδ

0 | < δδ+

g , . . . , |xδ

1−xδ

0 | ≮ δγ, . . .

(1.1.1.2.1.1.1.3.1.5):
|f δ (xγ

f )− yδ

f | ≮ εγ

f , |g
δ (xγ

g)− yδ

g | ≮ εγ

g,

xδ

1 =xδ

0 , |xδ

1−xδ

0 | ≮ δγ, |(f δ (xδ

1 )+gδ (xδ

1 ))− (yδ

f +yδ

g )| < εδ ,

xγ

f=xδ

0 , xγ

g=xδ

0 , 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮δγ, 0≮εδ , . . .

And NOW?
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Idea!

Apply {xγ

f 7→xδ

1 , xγ

g 7→xδ

1 , δγ7→min(δδ+

f , δδ+

g )}.
Adds (xδ

1 , xγ

f ), (xδ

1 , xγ

g), (δδ+

f , δγ), (δδ+

g , δγ) to variable-condition.

xγ

f xδ

1
oo // xγ

g

δδ+

f
// δγ

OO

δδ+

g
oo

xδ

0

??��������

44jjjjjjjjjjjjjjjjjjjjjjjj
f δ

OO

gδ

??��������
yδ

f

ggOOOOOOOOOOOOOOOO
yδ

g

__>>>>>>>

εγ

f

kkWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW εγ

g

iiTTTTTTTTTTTTTTTTTTTTTTT
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Luck! & . . .

(1.1.1.2.1.1.1.3.1.1) and (1.1.1.2.1.1.1.3.1.2) become logical
axioms.
From (1.1.1.2.1.1.1.3.1.3) after applying the lemma
(2): min(yδ , zδ ) ≤ yδ

instantiated via {yδ 7→δδ+

f , zδ 7→δδ+

g } we get:
(1.1.1.2.1.1.1.3.1.3.1):
min(δδ+

f , δδ+

g ) � δδ+

f , |xδ

1−xδ

0 | < δδ+

f , . . . ,

|xδ

1−xδ

0 | ≮ min(δδ+

f , δδ+

g ), . . .

which is an instance of lemma
(3): zδ

4 <zδ

6 , zδ

4 ≮zδ

5 , zδ

5 �zδ

6

(1.1.1.2.1.1.1.3.1.4) can be closed analogously.
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F. . . !

But (1.1.1.1) becomes 0< min(δδ+

f , δδ+

g ), Γ1.1.1

and we have no good chance to prove this
because there is no information on δδ+

f and δδ+

g

in this sequent at all.
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F. . . ! contd.

(1)

1.1
��

Γ1.1.1

1

uukkkkkkkkkkkkkkk

2.1.1.1
  B

BB
BB

BB
BB

0< min(δδ+

f , δδ+

g ), Γ1.1.1 •
2

}}zz
zz

zz
zz

zz

1
��

3

ssggggggggggggggggggggggggggggggg

•

1
��

• •

. . . , 0≮δδ+

f , 0≮δδ+

g , . . .
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F. . . ! contd., contd.

Morals:

β-steps are sinful.

And even if we have to commit a sin sometimes,
we have to pick the proper β-step!

So we undo the proof up to (1.1.1)!
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F. . . ! contd., contd., contd.

To be honest:

There is still the possibility to prove (1.1.1.1) by repeating
a large part of proof of the branch (1.1.1.2) below
(1.1.1.1) and substituting the new free δ+-variables with
the old ones by a very sophisticated argumentation on
their choice-conditions, respectively applying the δ++

-rule
of Beckert &al. (1993).

In a sequent calculus that does not delete the principle
β-formulas, we could restart the whole proof below (1.1.1.1).

But each of this is more work than backtracking!
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Backtrack! Read selectively!

Expanding lim and ∀, plus a γ-step, each twice, and expanding ∃,

plus a γ-step (but not the evil β-step now!) we get as before:

(1.1.1.1):

0<δγ ∧ ∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

)

,

¬
(

0<εγ

f ⇒ ∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δf

))

,

¬
(

0<εγ

g ⇒ ∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δg

))

,

0≮εδ ,

∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)

,

¬∀εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

¬∀εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)
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Path of Virtue is Narrow

A β-step, expansion of ∃, a δ+- and an α-step, expansion of ∀,
and a γ-step, each twice, and some sorting yield as before
and with the same extensions of R and C:
(1.1.1.1.1): 0<εγ

f , . . . , 0≮εδ , . . .

(1.1.1.1.2): 0<εγ

g, . . . , 0≮εδ , . . .

(1.1.1.1.3):

¬
(

xγ

f 6=xδ

0 ⇒
(

|f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f

) )

,

¬
(

xγ

g 6=xδ

0 ⇒
(

|gδ (xγ

g)− yδ

g | < εγ

g ⇐ |xγ

g−xδ

0 | < δδ+

g

) )

,

0<δγ ∧ ∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

)

,

0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Prayer of the Lonely Seeker

Now we have to commit a sin, namely to expand one of the
three β-formulas of (1.1.1.1.3):

¬
(

xγ

f 6=xδ

0 ⇒
(

|f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f

) )

,

¬
(

xγ

g 6=xδ

0 ⇒
(

|gδ (xγ

g)− yδ

g | < εγ

g ⇐ |xγ

g−xδ

0 | < δδ+

g

) )

,

0<δγ ∧

∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

)

Oh Lord! What about the first?
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Vision in Prayer

Γ1.1.1.1.3

β1

ssgggggggggggggggggggggggg

β2

��
xγ

f 6=xδ

0 , Γ1.1.1.1.3 |f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f , . . .

β1

sshhhhhhhhhhhhhhhhhhhhhhhhhhh

β2

��

0<δγ ∀x 6=xδ

0 .
(

. . .
)

, . . .

��

xδ+

1 =xδ

0 ,

|(f δ (xδ+

1 )+gδ (x))− (yδ

f +yδ

g )| < εδ ,

|xδ+

1−xδ

0 | ≮ δγ,
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δ− or δ+ now?

A β-step to the third (Amen!) formula of (1.1.1.1.3), and
expansion of ∀ yield as before:
(1.1.1.1.3.1): 0<δγ, . . . , 0≮δδ+

f , 0≮δδ+

g , . . .

(1.1.1.1.3.2):

∀x.
(

x 6=xδ

0 ⇒
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

) )

¬
(

xγ

f 6=xδ

0 ⇒
(

|f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f

) )

,

¬
(

xγ

g 6=xδ

0 ⇒
(

|gδ (xγ

g)− yδ

g | < εγ

g ⇐ |xγ

g−xδ

0 | < δδ+

g

) )

,

0≮δγ, 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Sequent Calculus Example Proof

The δ−-step of the previous proof attempt would block the later
instantiation of xγ

f and xγ

g with the newly introduced δ-variable.
So we take a δ+-step instead. Moreover, we do two α-steps:
(1.1.1.1.3.2.1):
xδ+

1 =xδ

0 , |(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ , |xδ+

1−xδ

0 | ≮ δγ,

¬
(

xγ

f 6=xδ

0 ⇒
(

|f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f

) )

,

¬
(

xγ

g 6=xδ

0 ⇒
(

|gδ (xγ

g)− yδ

g | < εγ

g ⇐ |xγ

g−xδ

0 | < δδ+

g

) )

,

0≮δγ, 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .

whereby R is extended with {xδ

0 , f δ , gδ , yδ

f , yδ

g , εδ , δγ} × {xδ+

1 },

C with
“

xδ+

1 , ¬
“

x6=xδ
0 ⇒

“

|(fδ (x)+gδ (x)) − (yδ
f +yδ

g )| < εδ ⇐ |x−xδ
0 | < δγ

” ” ”
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Sequent Calculus Example Proof

As before, two β-steps, each twice, sorting:
(1.1.1.1.3.2.1.1): xγ

f 6=xδ

0 , . . . , xδ+

1 =xδ

0 , . . .

(1.1.1.1.3.2.1.2): xγ

g 6=xδ

0 , . . . , xδ+

1 =xδ

0 , . . .

(1.1.1.1.3.2.1.3): |xγ

f−xδ

0 | < δδ+

f , . . . , |xδ+

1−xδ

0 | ≮ δγ, . . .

(1.1.1.1.3.2.1.4): |xγ

g−xδ

0 | < δδ+

g , . . . , |xδ+

1−xδ

0 | ≮ δγ, . . .

(1.1.1.1.3.2.1.5):
|f δ (xγ

f )− yδ

f | ≮ εγ

f , |g
δ (xγ

g)− yδ

g | ≮ εγ

g,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ ,

|xγ

f−xδ

0 | ≮ δδ+

f , |xγ

g−xδ

0 | ≮ δδ+

g , |xδ+

1−xδ

0 | ≮ δγ,

xγ

f=xδ

0 , xγ

g=xδ

0 , xδ+

1 =xδ

0 ,

0≮δγ, 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Luck! & Luck!

As before, application of {xγ

f 7→xδ+

1 , xγ

g 7→xδ+

1 , δγ7→min(δδ+

f , δδ+

g )}

adds (xδ+

1 , xγ

f ), (xδ+

1 , xγ

g), (δδ+

f , δγ), (δδ+

g , δγ) to R and admits the
closure of (1.1.1.1.3.2.1.[1–4]). But now (1.1.1.1.3.1)
becomes 0< min(δδ+

f , δδ+

g ), . . . , 0≮δδ+

f , 0≮δδ+

g , . . ., which is an
instance of a valid lemma, say
(4): zδ

9 <min(zδ

10, z
δ

11), zδ

9 ≮zδ

10, zδ

9 ≮zδ

11

δδ+

f
// δγ

��/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/

δδ+

g
oo

xδ

0

??��������

44jjjjjjjjjjjjjjjjjjjjjjjj

**TTTTTTTTTTTTTTTTTTTTTTTT f δ

OO

''OOOOOOOOOOOOOOO gδ

??��������

��?
??

??
??

?
yδ

f

ggOOOOOOOOOOOOOOOO

��

yδ

g

__????????

����
��

��
�

εδ

wwooooooooooooooo

xγ

f xδ+

1
oo // xγ

g
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A Mathematician’s Immediate Focus!

After application of the substitution and removing duplicates,
(1.1.1.1.3.2.1.5) has the form
|f δ (xδ+

1 )− yδ

f | ≮ εγ

f , |g
δ (xδ+

1 )− yδ

g | ≮ εγ

g,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ , . . .
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The Essential Idea!

Applying the lemma
(5): |(zδ

0 +zδ

1 )− (zδ

2 +zδ

3 )| ≤ |zδ

0 − zδ

2 |+ |z
δ

1 − zδ

3 |

via {zδ

0 7→ f δ (xδ+

1 ), zδ

1 7→ gδ (xδ+

1 ), zδ

2 7→ yδ

f , zδ

3 7→ yδ

g } we get:

(1.1.1.1.3.2.1.5.1):
|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| � |f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g |,

|f δ (xδ+

1 )− yδ

f | ≮ εγ

f , |g
δ (xδ+

1 )− yδ

g | ≮ εγ

g,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ ,

|xδ+

1−xδ

0 | ≮ δδ+

f , |xδ+

1−xδ

0 | ≮ δδ+

g , |xδ+

1−xδ

0 | ≮ min(δδ+

f , δδ+

g ), xδ+

1 =xδ

0 ,

0≮ min(δδ+

f , δδ+

g ), 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Lemma Application in general!

Applying the lemma
(6): zδ

4 <zδ

6 , zδ

4 �zδ

5 , zδ

5 ≮zδ

6

via {zδ

4 7→ |(f
δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )|,

zδ

5 7→ |f
δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g |, zδ

6 7→ εδ }

yields:
(1.1.1.1.3.2.1.5.1.1):
|f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g | < εδ ,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| � |f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g |,

|f δ (xδ+

1 )− yδ

f | ≮ εγ

f , |g
δ (xδ+

1 )− yδ

g | ≮ εγ

g,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ ,

|xδ+

1−xδ

0 | ≮ δδ+

f , |xδ+

1−xδ

0 | ≮ δδ+

g , |xδ+

1−xδ

0 | ≮ min(δδ+

f , δδ+

g ), xδ+

1 =xδ

0 ,

0≮ min(δδ+

f , δδ+

g ), 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Sequent Calculus Example Proof

Applying the lemma
(7): zδ

12 + zδ

13<zδ

14 + zδ

15, zδ

12≮zδ

14, zδ

13≮zδ

15

in the obvious way, we get:

(1.1.1.1.3.2.1.5.1.1.1):
|f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g | ≮ εγ

f + εγ

g,

|f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g | < εδ ,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| � |f δ (xδ+

1 )− yδ

f |+ |g
δ (xδ+

1 )− yδ

g |,

|f δ (xδ+

1 )− yδ

f | ≮ εγ

f , |g
δ (xδ+

1 )− yδ

g | ≮ εγ

g,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| < εδ ,

|xδ+

1−xδ

0 | ≮ δδ+

f , |xδ+

1−xδ

0 | ≮ δδ+

g , |xδ+

1−xδ

0 | ≮ min(δδ+

f , δδ+

g ), xδ+

1 =xδ

0 ,

0≮ min(δδ+

f , δδ+

g ), 0≮δδ+

f , 0≮δδ+

g , 0≮εγ

f , 0≮εγ

g, 0≮εδ , . . .
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Sequent Calculus Example Proof

The R-substitution {εγ

f 7→
εδ

2 , εγ

g 7→
εδ

2 } closes all
remaining open sequents (1.1.1.1.1), (1.1.1.1.2), and
(1.1.1.3.2.1.5.1.1.1) with some basic lemmas. The
final variable-condition is:

δδ+

f
// δγ

��/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/

δδ+

g
oo εγ

f εγ

g

xδ

0

??��������

55jjjjjjjjjjjjjjjjjjjjjjjjj

**TTTTTTTTTTTTTTTTTTTTTTTTT f δ

OO

''OOOOOOOOOOOOOOOO gδ

@@��������

��>
>>

>>
>>

>
yδ

f

ggNNNNNNNNNNNNNNNN

��

yδ

g

^^>>>>>>>>

����
��

��
��

εδ

wwpppppppppppppppp

OO @@��������

xγ

f xδ+

1
oo // xγ

g
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Conclusion

δ+-rules are not only theoretically necessary to
shorten proof size non-elementary (this is more
than exponentially!), but also practically
necessary to find a proof at all, especially a
human-oriented one.
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Conclusion, contd.

The choice-condition C was only written, but
never use for anything. It is important as it
semantically guarantees the preservation of
solutions, but it can be omitted in an
implementation. If it is implemented, however, it
can be used to globally substitute δ+-variables by
terms that satisfy a lemma that is similar to the
corresponding (ε0) formula of Hilbert’s ε.
Be careful: This lemma is applied globally!
Cf. Wirth (2002), Wirth (2004)
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Conclusion, contd., contd.

A lot of lemmas are used. Lemma application is
indeed a fundamental proof step and should be
optimally supported by any calculus.

The β of β-rules stands not only for branching
but also for Beelzebub or Belial: We have to pick
the right order of expansion and there is no easy
way at all to know in advance which one will be
successful in the end.
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Conclusion, contd., contd., contd.

Although much more useful for proof search than
Hilbert and (for classical logic at least)
Natural Deduction calculi,
sequent and tableau calculi are still not adequate
for optimal human interaction and automatic
proof search.
Let us hope that matrix calculi can do better!
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Conclusion, contd., contd., contd., contd.

The early instantiation of the xγ

f , xγ

g, and δγ

reduces the search space and
is useful for proof search.

Note that this goes beyond
mathematical practice!
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Matrix Calculi

According to Wallen (1990), the structure of the
search space of sequent calculi suffers from three
forms of redundancy:

1. Notational Redundancy

2. Irrelevance

3. Non-Permutability
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Notational Redundancy

Sequents repeat the formulas of their parent
sequents again and again. This seems to be
overcome in tableau proofs.

Even tableau proofs repeat the subformulas of
their principle formulas as side formulas again
and again.

Structure sharing implementations of tableau
calculi hardly differ from that of sequent calculi.
Why?
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Notational Redundancy, Conclusion

When implementing calculi, do not copy repeated
formulas and do not display the whole sequent to the
human user.

Instead: Use pointers into formula trees and present
more context only on the user’s demand.

Problem: For representation of multiple γ-rule appli-

cations (multiplicity bigger than 1), we need a pointer

into a formula tree plus a substitution for the bound

variable!
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Increase Multiplicity on Demand?

It would be nice to have the possibility to increase multiplicity
on demand.
E.g. in a sequent tree with only the two open leaves
(. . . .1): Loves(Romeo, Juliet), ¬Loves(Romeo, yγ

0), . . .

(. . . .2): Loves(Romeo, Paris), ¬Loves(Romeo, yγ

0), . . .

where the ¬Loves(Romeo, yγ

0) results from a γ-rule application
to ¬∀y.(Human(y)⇒ Loves(Romeo, y)), it would be nice to
increase the multiplicity a posteriori referring to yγ

0 and (. . . .2),
resulting in something like the following open leaves:
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Increase Multiplicity on Demand?

(. . . .1): Loves(Romeo, Juliet), ¬Loves(Romeo, yγ

0), . . .

(. . . .2.1):
¬Loves(Romeo, yγ

1), Loves(Romeo,Paris), ¬Loves(Romeo, yγ

0), . . .

(. . . .2.2):
Human(yγ

1),

Loves(Romeo, yγ

1), Loves(Romeo,Paris), ¬Loves(Romeo, yγ

0), . . .

Now application of {yγ

0 7→Juliet, yγ

1 7→Paris} leaves us with the
goal to show Human(Paris).
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Increase Multiplicity on Demand?

Sequent and tableau do not provide sufficient means
for increase of multiplicity a posteriori on demand,
except for the poor case of so-called “universal”
variables (i.e. free γ-variables that occur only on a
single branch in a single proof tree) which play some
role in the minds of the tableau community.
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Irrelevance

When proving
A, ¬(B ∧ Loves(Romeo, yγ

0)), Loves(Romeo, Juliet)

with A being some big invalid formula, we may try to prove A

for a long time, although this is not relevant.

A connection is a pair of unifiable formulas of different polarity
in the same path, such as the pair of Loves(Romeo, yγ

0)
− and

Loves(Romeo, Juliet)+. A connection is crucial for the chance of
success of a proof attempt, unless we apply a lemma or an
induction hypothesis. Expansion of connectionless parts is in
practice, however, necessary for lemma speculation.
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Non-Permutability

1. Wallen (1990) exemplifies that the order of γ- and
δ−-steps is crucial for the success of a proof.
This dependence, however, disappears when we
use liberalized δ+-rules instead.

2. We have to be very careful with order of the
β-steps because otherwise we get very huge
proof trees where human orientation becomes
impossible and human interaction prohibitively
repetitive.
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Non-Permutability, contd.

3. The additional proofs enabled by the δ+-rules as
compared to the δ− ones admit the free δ+-variables to
jump into branches, which do not have the generating
δ+-step as an ancestor. This may result from a free
γ-variable δγ being instantiated with a term such as
min(δδ+

f , δδ+

g ).
Cf. Slide 175 and Slide 178 of the lim +-example.
If we use the the δ++

-rules of Beckert &al. (1993) instead
of the δ+-rules or use our choice-conditions to replace
free δ+-variables with different free δ+-variables
generated by the same principal formulas, this problem
reduces to the standard difficulty with the β-steps of
Item 2.
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Non-Permutability, contd., contd.

The sequencing of the β-rules over the δ+-rules as described
in Item 3 can result in the failure of the proof. Suppose we
want to show the valid sequent:
(A): 0≮εδ , lim

x→xδ
0

f δ (x) 6= yδ

f , lim
x→xδ

0

gδ (x) 6= yδ

g ,





0<δγ

∧ ∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

)





Note that this is an expansion of (1.1.1) of the lim +-example
on Slide 167 with one γ-formula removed. If we continue the
proof as before, the left child of the β-step becomes invalid
without the definition of δδ+

f , and δδ+

f from the choice-condition:

(A.1) 0≮εδ , lim
x→xδ

0

f δ (x) 6= yδ

f , lim
x→xδ

0

gδ (x) 6= yδ

g , 0< min(δδ

f , δ
δ

g)
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Indexed Formula Trees

Semantically, the signed formula A+ stands for the
formula A, and A− stands for ¬A.

On top level, an input sequent A1, . . . , An with label p

is encoded by p.1, . . . , p.n plus a function l given by

l := {(p.1, A+
1 ), . . . , (p.n,A+

n )}, where an element of

(p, S) of l consists of a position p and a signed for-

mula S.
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Indexed Formula Trees, contd.

Instead of decomposing formulas in expansion steps
(as in sequent and tableau calculi), the partial
function l is recursively extended to subformula
positions as follows by a case analysis on primary
types α, β, γ, δ corresponding to the principal
formulas of sequent calculi.
The secondary type of a position p may be
α1, α2, β1, β2, γ1, δ

−
1 , δ+

1 , or ? (undefined, for the case
of the input sequent), corresponding the side
formulas of sequent calculi.
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Indexed Formula Trees, contd. 3

primary type of p secondary type of p.1 secondary type of p.2

α α1 α2
(

p, (A ∧ B)−
) (

p.1, A−
) (

p.2, B−
)

(

p, (A ∨ B)+
) (

p.1, A+
) (

p.2, B+
)

(

p, (A⇒ B)+
) (

p.1, A−
) (

p.2, B+
)

(

p, (A⇐ B)+
) (

p.1, A+
) (

p.2, B−
)

(

p, (¬A)+
) (

p.1, A−
)

(

p, (¬A)−
) (

p.1, A+
)

c© Claus-Peter Wirth, January 13, 2007 – p.211



Indexed Formula Trees, contd. 4

primary type of p secondary type of p.1 secondary type of p.2

β β1 β2
(

p, (A ∧ B)+
) (

p.1, A+
) (

p.2, B+
)

(

p, (A ∨ B)−
) (

p.1, A−
) (

p.2, B−
)

(

p, (A⇒ B)−
) (

p.1, A+
) (

p.2, B−
)

(

p, (A⇐ B)−
) (

p.1, A−
) (

p.2, B+
)
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Indexed Formula Trees, contd. 5

primary type of p secondary type of p.m

γ γ0
(

p, (∀x.A)−
) (

p.m, A−{x 7→xγ

p.m}
)

(

p, (∃x.A)+
) (

p.m, A+{x 7→xγ

p.m}
)

(

p, (ΠP )−
) (

p.m, (Pxγ

p.m)−
)

where 1 ≤ m ≤ µ(p) for a function µ from the
positions of primary type γ to natural numbers,
called the multiplicity .

If we fix m := 1, one speaks of a formula tree.
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Indexed Formula Trees, contd. 6

Historical remarks:

The name “indexed” formula tree results from the
notation of p.m as p.1m in Wallen (1990).
I.e., indexed = variable multiplicity.

As increasing the multiplicity expands the
positions and the formulas they have as l-values,
one also speaks of “expansion trees”.
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Indexed Formula Trees, contd. 7

primary type of p secondary type of p.m

δ δ−0
(

p, (∀x.A)+
) (

p.1, A+{x 7→xδ

p.1}
)

(

p, (∃x.A)−
) (

p.1, A−{x 7→xδ

p.1}
)

(

p, (ΠPoα)+
) (

p.1, (Pxδ

p.1,α)+
)

(

p, (tβα=t′)+
) (

p.1, (txδ

p.1,α=t′xδ

p.1)
+

)

where the variable-condition is extended with






(

y, xδ

p.1

)

∃p′, p′′.





p′p′′ = p

∧ y ∈ Vγδ+(l(p′))











.
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Indexed Formula Trees, contd. 8

primary t. of p secondary type of p.m choice-condition is

δ δ+
0 extended with

(

p, (∀x.A)+
) (

p.1, A+{x 7→xδ+

p.1}
) (

xδ+

p.1, A{x 7→xδ+

p.1}
)

(

p, (∃x.A)−
) (

p.1, A−{x 7→xδ+

p.1}
) (

xδ+

p.1, A{x 7→xδ+

p.1}
)

(

p, (ΠPoα)+
) (

p.1, (Pxδ+

p.1,α)+
) (

xδ+

p.1, Pxδ+

p.1

)

(

p, (tβα=t′)+
) (

p.1, (txδ+

p.1,α=t′xδ+

p.1)
+

) (

xδ+

p.1, txδ+

p.1,α 6=t′xδ+

p.1

)

where the variable-condition is extended with

{ (

y, xδ+

p.1

)

y ∈ Vfree(l(p))
}

.
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Indexed Formula Trees, contd. 9

(1):
∀ε>0.∃δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < ε ⇐ |x−xδ

0 | < δ
)

,

¬∀εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

¬∀εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)

⇒ Blackboard!
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Complete Set of Paths

A path in an indexed formula tree of a sequent represents
a sequent of one of its sequent trees.
A complete set of paths (csp) represents
the set of all leaf sequents of such a tree.

A csp of an indexed formula tree of a sequent
(p): A1, . . . , An

is inductively defined as follows:
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Complete Set of Paths

{(p.1, . . . , p.n)} is a csp.

If P ⊎ {(p0, . . . , pj−1, pj, pj+1, . . . , pn)} is a csp, then P ⊎ P ′

is a csp, too, where P ′ is given by a case analysis on the
primary type of l(pj) as follows:

α or δ : { (p0, . . . , pj−1, pj.1, [pj.2, ] pj+1, . . . , pn) }

β : { (p0, . . . , pj−1, pj.1, pj+1, . . . , pn),

(p0, . . . , pj−1, pj.2, pj+1, . . . , pn) }

γ : { (p0, . . . , pj−1, pj, pj.m, pj+1, . . . , pn) }

for each m with 1 ≤ m ≤ µ(p)
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Matrix, Theorem

A sequent Γ is valid if there is a csp P of its indexed

formula tree and an R-substitution σ on Vγ such that

each path p ∈ P contains either a position p1 such

that (l(p1))σ is of the form t = t, or two positions p1

and p2 such that (l(p1))σ and (l(p2))σ are the same

formula with complementary sign.
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Example: lim + again

0<δγ ∧+ ∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δγ

0<εγ

f ⇒
− ∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δf

)

,

0<εγ

g ⇒
− ∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δg

)

,

0 <− εδ ,

∃+δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)

,

∀−εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf)− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

∀−εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)
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lim + again

[

0 <+ δγ ∀+x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
[

0 <+ εγ

f ∃
−δf>0.∀xf 6=xδ

0 .
(

|f δ (xf )− yδ

f | < εγ

f ⇐ |xf−xδ

0 | < δf

)]

,
[

0 <+ εγ

g ∃
−δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εγ

g ⇐ |xg−xδ

0 | < δg

)]

,

0 <− εδ ,

∃+δ>0.∀x 6=xδ

0 .
(

|(f δ (x)+gδ (x))− (yδ

f +yδ

g )| < εδ ⇐ |x−xδ

0 | < δ
)

,

∀−εf>0.∃δf>0.∀xf 6=xδ

0 .
(

|f δ (xf)− yδ

f | < εf ⇐ |xf−xδ

0 | < δf

)

,

∀−εg>0.∃δg>0.∀xg 6=xδ

0 .
(

|gδ (xg)− yδ

g | < εg ⇐ |xg−xδ

0 | < δg

)
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lim + again









0 <+ δγ

xδ+

1 =+ xδ

0 ,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| <+ εδ ,

|xδ+

1−xδ

0 | <
− δγ









,



0 <+ εγ

f

0 <− δδ+

f ,

xγ

f 6=xδ

0 ⇒
−

(

|f δ (xγ

f )− yδ

f | < εγ

f ⇐ |xγ

f−xδ

0 | < δδ+

f

)



 ,



0 <+ εγ

g

0 <− δδ+

g ,

xγ

g 6=xδ

0 ⇒
−

(

|gδ (xγ

g)− yδ

g | < εγ

g ⇐ |xγ

g−xδ

0 | < δδ+

g

)



 ,

0 <− εδ , . . .
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lim + again









0 <+ δγ

xδ+

1 =+ xδ

0 ,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| <+ εδ ,

|xδ+

1−xδ

0 | <
− δγ









,



0 <+ εγ

f

0 <− δδ+

f ,
[

xγ

f =− xδ

0 |f δ (xγ

f )− yδ

f | <
− εγ

f |x
γ

f−xδ

0 | <
+ δδ+

f

]



 ,



0 <+ εγ

g

0 <− δδ+

g ,
[

xγ

g =− xδ

0 |gδ (xγ

g)− yδ

g | <
− εγ

g |x
γ

g−xδ

0 | < δδ+

g

]



 ,

0 <− εδ , . . .

Apply {xγ

f 7→xδ+

1 , xδ+

1 7→xδ+

1 , δγ 7→min(δδ+

f , δδ+

g )} !
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lim + again









0 <+ min(δδ+

f , δδ+

g )

xδ+

1 =+ xδ

0 ,

|(f δ (xδ+

1 )+gδ (xδ+

1 ))− (yδ

f +yδ

g )| <+ εδ ,

|xδ+

1−xδ

0 | <
− min(δδ+

f , δδ+

g )









,



0 <+ εγ

f

0 <− δδ+

f ,
[

xδ+

1 =− xδ

0 |f δ (xδ+

1 )− yδ

f | <
− εγ

f |x
δ+

1−xδ

0 | <
+ δδ+

f

]



 ,



0 <+ εγ

g

0 <− δδ+

g ,
[

xδ+

1 =− xδ

0 |gδ (xδ+

1 )− yδ

g | <
− εγ

g |x
δ+

1−xδ

0 | < δδ+

g

]



 ,

0 <− εδ , . . .
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lim + again

Abstractly seen:
[

Φ1 Φ2

]

,
[

Ψ1 Ψ2

]

,
[

Θ1 Θ2

]

,

Ξ, . . .

Φ1 can only be closed together with Ψ2, Θ2 by lemma (4).
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lim + again

Thus, we must close the branches














Ψ1

Θ1

Ψ1

Θ2

Ψ2

Θ1

¬Φ1

Φ2

Ψ2

Θ2















,

Ξ, . . .

This corresponds to a scheduling of the β-rule of the first line
to the rightmost branch after the two other β-rules with a
downfolding to the right.
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Matrix, Conclusion

Why matrix calculi?

Organizing sequent proofs from the perspective
of connections instead of the connectors.

Optimizing β-sequencing and β-downfolding.

Enable human-oriented theorem proving by
immediate focusing on relevant sub-formulas:
Serge Autexier’s CORE system!

Increasing multiplicity a posteriori on demand.
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Definition: Commutation and Confluence

Two relations −→
0

and −→
1

are commuting if

∀s, t0, t1.
(

t0
∗
←−

0
s
∗
−→

1
t1 ⇒ t0

∗
−→

1
◦
∗
←−

0
t1

)

.

−→
0

and −→
1

are locally commuting if

∀s, t0, t1.
(

t0←−0
s−→

1
t1 ⇒ t0

∗
−→

1
◦
∗
←−

0
t1

)

.

−→
1

strongly commutes over −→
0

if

∀s, t0, t1.
(

t0←−0
s−→

1
t1 ⇒ t0

=

−→
1
◦
∗
←−

0
t1

)

.

s
∗
1

> t1 s
1

> t1 s
1

> t1

t0

∗∨0 ∗
1

> ◦

∗
∨
0

t0
∨0 ∗

1
> ◦

∗
∨
0

t0
∨0 =

1
> ◦

∗
∨
0
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Definition: Joinability and Confluence

v and w are called joinable w.r.t. −→
(denoted as v↓w) if v

∗
−→ ◦

∗
←−w.

A single relation −→ is called [locally ] confluent if
−→ and −→ are [locally] commuting.
It is called strongly confluent if −→ strongly
commutes over −→.
−→ is called confluent below u if

∀v, w. ( v
∗
←−u

∗
−→w ⇒ v↓w ).
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Church-Rosser

Lemma 1.38
Assume that−→ is confluent. Now:

∗
←→ ⊆ ↓.
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Local implies . . .

Lemma 1.39 (Generalized Newman Lemma)
If −→

0
and−→

1
are commuting, then they are locally

commuting, too.

Furthermore, if−→
0
∪ −→

1
is terminating or if−→

0
or

−→
1

is transitive, then also the converse is true, i.e.−→
0

and−→
1

are commuting iff they are locally commuting.
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Strong implies . . .

Lemma 1.40
The following three properties are logically equivalent:

1. −→
1

strongly commutes over−→
0
.

2. −→
1

strongly commutes over
+

−→
0
.

3. −→
1

strongly commutes over
∗
−→

0
.

Moreover, each of them implies that−→
0

and−→
1

are

commuting.

Proof: Exercise!

Corollary 1.41
Strong confluence implies confluence.
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First-Order Term Rewriting

Consider a classical first-order sequent where all
formulas are literals. By choosing one equality literal
to be the head and calling the conjugates of the other
literals condition literals, we get a
[positive/negative-conditional ] rewrite rule.
Note that each of
l=r if u6=v, w=w′

r=l if u6=v, w=w′

u=v if l 6=r, w=w′ differ as rewrite rules although
the all represent the sequent

l=r, u=v, w 6=w′
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Weaker Admissibility Conditions than EIP

Specification with partial + non-terminating function
definitions incl. mutual + destructor recursion

xδ − 0 = xδ

s(xδ )− s(yδ ) = xδ − yδ

xδ / yδ = 0 if yδ 6=0, xδ <yδ

xδ / yδ = s((xδ − yδ ) / yδ ) if yδ 6=0, xδ 6<yδ

0− s(yδ ) = 666

xδ / yδ = 999 if yδ =0

Semantics? c© Claus-Peter Wirth, January 13, 2007 – p.235



Signature with Constructor Sub-Signature

S = {nat, bool, list},
C = {0, s, false, true, nil, cons}, N = {−,mbp}

α(0) = nat

α(s) = nat → nat

α(false) = bool

α(true) = bool

α(nil) = list

α(cons) = nat list → list

α(−) = nat nat → nat

α(mbp) = nat list → bool c© Claus-Peter Wirth, January 13, 2007 – p.236



Rewrite System

A rewrite system is a set of rewrite rules where each
left-hand side contains a non-constructor function
symbol, i.e. a function symbol from N.

It defines a rewrite relation −→. How? (Blackboard)
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Positive-Conditional Rewrite System

f(s(s(xδ ))) = s(0) if f(xδ )=0

f(s(s(xδ ))) = 0 if f(xδ )=s(0)

f(s(0)) = s(0)

f(0) = 0

Assume 0 and s(0) to be irreducible.
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Analyzing Divergence

Cases for the peak of a divergence:

1. Parallel redex positions (simple)

2. One redex position is above the other

(a) Variable Overlap

(b) Critical peak

Cf. Blackboard!
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Critical Peaks

If the left-hand side of a rule l0=r0 if C0 and the subterm at
non-variable (i.e. l1/p /∈ Vδ ) position p ∈ POS(l1) of the
left-hand side of a rule l1=r1 if C1

(assuming Vδ (l0, r0, C0) ∩ Vδ (l1, r1, C1) = ∅ w.l.o.g.) are
unifiable by

σ = mgu( {(l0, l1/p)}, Vδ (l0, r0, C0, l1, r1, C1)),

and if the resulting critical pair is non-trivial
(i.e. l1[ p← r0 ]σ 6= r1σ), then

(

(l1[ p← r0 ], C0), (r1, C1), l1, σ, p
)

is a (non-trivial) critical peak consisting of the conditional
critical pair, its peak term l1, the most general unifier σ, and
the overlap position p.
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Critical Peaks, contd.

For convenience we usually identify this critical peak with its
instantiated version

(

(l1[ p← r0 ]σ, C0σ), (r1σ, C1σ), l1σ, p
)

which should not lead to confusion because the tuple is
shorter.

mbp(xδ , nil) = false

mbp(xδ , cons(yδ , lδ )) = true if xδ =yδ

mbp(xδ , cons(yδ , lδ )) = mbp(xδ , lδ ) if xδ 6=yδ

How many critical peaks?
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Two Critical Peaks

(

(true, (x=y)), (mbp(x, l), (x 6=y)), mbp(x, cons(y, l)), ∅
)

and
(

(mbp(x, l), (x 6=y)), (true, (x=y)), mbp(x, cons(y, l)), ∅
)

which we would (partially) display as

mbp(x, cons(y, l)) >mbp(x, l) mbp(x, cons(y, l)) > true

true
∨
∅

mbp(x, l)
∨
∅

Note that we omit the position at the arrow to the right
because it is always ∅. Furthermore, note that the two critical
peaks are different although they look similar. Namely, the one
is the symmetric overlay of the other.
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Theorem 9.6 of Wirth (1997) (simplified)

Let R be a rewrite system. Let X⊆Vδ .
Assume that R is X-compatible with a
termination-pair (>,⊲).
The following two are logically equivalent:

1. Each critical peak of R is ⊲-weakly joinable
w.r.t. R,X.

2. −→
R,X

is confluent.
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Relations on Terms

Let X⊆V. Let T ⊆ T . A relation R on T is called:

sort-invariant if ∀(t′, t′′)∈R. ∃s∈ S. (t′, t′′ ∈Ts)

X-stable (w.r.t. substitution) if
∀(t′, t′′)∈R. ∀σ : Vδ → T (X). ((t′σ, t′′σ) ∈ R)

monotonic if
∀(t′, t′′)∈R. ∀t∈T . ∀p∈POS(t).





∃s∈ S. t/p, t′, t′′ ∈Ts

⇒ (t[ p← t′ ], t[ p← t′′ ]) ∈ R




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Reduction Ordering, Termination-Pair

A reduction ordering is a monotonic, Vδ -stable, and
wellfounded ordering on T .

The subterm ordering ⊳
ST

on T is the Vδ -stable and
wellfounded ordering defined by:

tE
ST

t′ if ∃p∈POS(t′). t= t′/p.

A simplification ordering on T is a monotonic, Vδ -stable
ordering on T with ⊲

ST
⊆ ⊲. It is always wellfounded by

Joseph B. Kruskal’s Theorem, and thus a reduction
ordering.

A termination-pair is a pair (>,⊲) where > is a reduction
ordering with and ⊲ is a Vδ -stable ordering with ⊲

ST
⊆ ⊲

and > ⊆ ⊲.
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Compatibility with a Termination-Pair

A rewrite system R is X-compatible with a
termination-pair (>,⊲) if
∀(l=r if C)∈R. ∀τ : Vδ → T (X).










Cτ fulfilled w.r.t. −→
R,X

⇒





lτ > rτ

∧ ∀u top level terms in C. lτ ⊲ uτ














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Weak Joinability of Critical Peaks

The critical peak
((t0, C0), (t1, C1), t̂, σ, p)

is ⊲-weakly joinable w.r.t. R,X if
∀ϕ : Vδ → T (X).






























(C0C1)σϕ fulfilled w.r.t. −→
R,X

∧ ∀u.
(

u⊳ t̂σϕ ⇒ −→
R,X

is confluent below u
)

∧ ∀x∈Vδ . xϕ 6∈ dom(−→
R,X

)

∧
(

p 6= ∅ ⇒ ∀x∈Vδ (t̂). xσϕ 6∈ dom(−→
R,X

)
)













⇒ t0σϕ↓
R,X

t1σϕ



















.
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Example Huet (1980)

No Critical Peaks

Not Left-Linear

Unconditional

Not Terminating

C := {0, s, c, d}

N := {+,∞}

∞= s(∞)

Xδ + Xδ = c

Xδ + s(Xδ ) = d

There are no critical peaks!

Left-linear means that the left-hand sides of all rules are linear
terms, i.e. no free δ−-variable occurs twice in a term.
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Example Huet (1980), contd.

Nevertheless, not confluent:

c < ∞+∞

∞+ s(∞)
∨

> d

c

w

w

w

w

w

w

w

w

w

w

w

< s(∞) + s(∞)
∨

...

w

w

w

w

w

w

... ...
∨

... ...

w

w

w

w

w

w

w

w

w

w

w

w

w
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Ex. Jean-Jacques Lévy (Huet (1980))

Left-Linear

Not Right-Linear

Unconditional

Not Terminating

C := {c, d}

N := {a, b,+,−}

a = c

b = d

a + a = b− b

c + Xδ = Xδ + Xδ

Xδ + c = Xδ + Xδ

b− b = a + a

d−Xδ = Xδ −Xδ

Xδ − d = Xδ −Xδ
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Ex. Jean-Jacques Lévy (Huet (1980)),contd.

There are only four critical peaks. Using the symmetry of + in
its arguments as well the symmetry of a, c, + with b, d, −, all
other critical peaks are symmetric to the following one, which
can be closed in the following two different ways:

a + a > b− b

c + a
∨
1

∅
> a + a
∨
∅

a + a > b− b

c + a
∨
1

∅
> a + a

∅
> b− b

w

w

w

w
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Ex. Jean-Jacques Lévy (Huet (1980)),contd.

a + a ∅
>

<
∅

b− b

c + a
∨
1
∧
∅

d− b
∨1
∧
∅

c + c
∨
2

d− d
∨2
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Example of Bergstra & Klop (1986)

No Critical Peaks

Left- & Right-Linear

Not [Weakly] Normal

Not Terminating

C := {d}

N := {∞, g}

∞= g(∞)

g(Xδ ) = d if g(Xδ ) = Xδ

A rule is normal if at least one side of each equation

in the condition is an irreducible ground term.
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Example of Bergstra & Klop (1986), contd.

∞

g(∞)
∨

∅

∅
> d

g(d) <
1

g(g(∞))
∨

1

∅
> d

w

w

w

w

w

w

w

w

w

...

∨

1 1
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Example 62 of Wirth (1995)

Left-Linear

Right-Linear

[Weakly] Normal

Terminating

Not X-compatible

with any

termination-pair

C := {c, d}

N := {a, b,+}

a = c if b = d

b = d

a + a = d

c + X = d if X + X = d

X + c = d if X + X = d
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Example 62 of Wirth (1995), contd.

There are only two critical peaks. Using the
symmetry of + in its arguments, the other critical
peak is symmetric to the following one.

a + a > d

c + a
∨
1

∅
> d

w

w

w
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Example 62 of Wirth (1995), contd., contd.

c + c============ c + c

a + c

∧
1

∅
> d

a + a

∧
2

∅
> d

w

w

w

c + a
∨
1

∅
> d

w

w

w

c + c

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

w

============ c + c
∨
2
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Theorem 9.15(II) of Wirth (1997)

Let R be a left-linear, weakly normal rewrite system.
Let X be a set of non-constructor free δ−-variables.

If each critical peak of R is complementary,
then −→

R,X
is confluent.
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Weak Normality

A rewrite system is weakly normal if all its rules
are weakly normal.

A rule l=r if C is weakly normal if for all
equalities (u0=u1) occurring in C there is an
i ≺ 2 such that

ui consists of constructor function and
variable symbols only, or

(Def ui) occurs in C.
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Complementarity of Critical Peaks

The critical peak
((t0, C0), (t1, C1), t̂, σ, p)

is complementary w.r.t. R,X if


























∃u, v ∈T . ∃i≺ 2.





(u=v) or (v=u) occurs in Ciσ

∧ (u6=v) occurs in C1−iσ





∨ ∃p∈T . ∃true, false constructor ground terms. ∃i≺ 2.








(p=true) or (true=p) occurs in Ciσ

∧ (p=false) or (false=p) occurs in C1−iσ

∧ true 6= false



































.
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Inductive Validity

Deductive Validity = Validity in the class of all
structures (over a given signature Σ)

Inductive Validity = Validity in a special sub-class of
the class of Σ-structures.

Note:

The name “inductive” is due to the universes
being typically defined by induction.

Inductive definitions require inductive theorem
proving, but not vice versa.
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Inductive Validity, Arithmetic

Peano’s Axioms, due to J. W. Richard Dedekind.

(nat2) ∀x. s(x)6=0

(nat3) ∀x, y. (s(x)=s(y)⇒ x=y)

(S) P (0) ∧ ∀y.
(

P (y)⇒ P (s(y))
)

⇒ ∀x. P (x)

“The natural numbers are 0, s(0), s(s(0)), . . . .
All of them are different (nat2), (nat3),
and this list is complete (S).”
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Inductive Theorem Proving

Induction over arbitrary wellfounded relations <,
often called Nötherian induction after A. Emmy
Nöther (1882–1935), is essential, both for search and
communication of proofs:

(N) Wellf(<) ∧ ∀v.
(

∀u. (u<v ⇒ P (u)) ⇒ P (v)
)

⇒ ∀x. P (x)

Note: (N) is a theorem, not an axiom!
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Inductive Validity, Arithmetic

Equivalent to Peano’s Axioms:

(nat1) ∀x.
(

x=0 ∨ ∃y. x=s(y)
)

(Wellf(s)) ∀B.
(

B 6= ∅ ⇒ ∃y ∈B. ∀w∈B. s(w)6=y
)

Using all of Peano’s axioms, (Wellf(s)) can be shown
by setting P in (S) to be

λx.
(

∃z ∈B. s(z)=x ⇒ ∃y ∈B. ∀w∈B. s(w)6=y
)

.
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Inductive Theorem Proving

Peano’s Axioms specify the naturals uniquely (up to
isomorphism) but they a not very useful for inductive
theorem proving, because the instantiations of the
predicate variable P are too hard to find.

It is much easier to use the theorem of Nötherian
induction instead, together with the following working
mathematician’s lazy method to find the proper
instance of the predicate variable <.
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Method of Descente Infinie

A proposition Γ can be proved by descente infinie as follows:

Find a wellfounded ordering < and show that for
each assumed counterexample of Γ there is another
counterexample of Γ that is smaller in <.

Used by Hippasus of Metapontum (Italy) (ca. 550 B.C.),
Euclid of Alexandria (ca. 300 B.C.).

Rediscovered, properly described, and named by Pierre
Fermat (1607?–1665).

Why is it sound?
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Working Mathematician Style

He starts with the conjecture and simplifies it by case
analysis. When he realizes that the current goal
becomes similar to an instance of the conjecture, he
applies the instantiated conjecture just like a lemma,
but keeps in mind that he has actually applied an
induction hypothesis. Finally, he searches for some
wellfounded ordering in which all the instances of the
conjecture he has applied as an induction hypothesis
are smaller than the original conjecture itself.
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Partial Functions

The value given to a function symbol f : A→ B by
a structure S has to be a function fS : AS → BS that
is total on AS .

How can we model partial functions like multiplicative
inverse 1

0?

3 Alternatives:
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Partial Functions

Straightforward:
Admit partial functions fS : AS  BS .
Partial Structure, Partial Algebras.
Cf. Reichel (1987).
Already the theory is too complicated for
interaction with our intended users.
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Partial Functions

Function as Predicate:
Model the partial function fS : AS  BS as the
characteristic function P S : AS → BS → oS given
by

P S(a)(b) :=







TRUE if fS(a) = b

FALSE otherwise
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Partial Functions

Function as Predicate (contd.):
Impractical for automation and human beings.

E.g.: (x + y)2 = x2 + 2xy + y2 reads
+xyz ∧ ∗ zzu ∧ ∗ xxw ∧ ∗ yyv ∧ ∗ 2xr ∧ ∗ rys ∧

+ wst ∧ + tvq ∧ u=q

Uniqueness must be expressed explicitly:

∀x, y, z, z′, u, u′.















+xyz ∧ ∗ zzu

∧ +xyz′ ∧ ∗ z′z′u′





⇒ u=u′











.
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Partial Functions

All possible Extensions:
Aim: More Structures ⇒ Totality becomes invisible.
Instead of a single structure with a partial function, we
could take all structures of all possible extensions, say
one for 1

0
= 0, one for 1

0
= 1, &c..

This is still not enough! Example Specification:
a = s(a).
In LISP: (defun a nil (1+ (a)))

a cannot be any natural number n because of
∀n∈N. n 6= s(n).
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Partial Functions

All possible Extensions (contd.): We need the
possibility to include an arbitrary number of error
elements. E.g., we can take the term 1

0 as a new
element in the universe and let it be the value of
itself.
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QUODL IBET, Constructors

Declare Constructor Function Symbols for all sorts.
0 : nat; s : nat→ nat;
nil : list; cons : nat→ list→ list

This defines the possible universes: Constructor
sub-universes are monomorphic images of the constructor
ground term algebra. I.e. unique up to isomorphism.

Algebra := Structure in purely equational language, i.e. a
language that has no predicate symbols that are open to
interpretation. Only derived predicates, such as primitive
equality ‘=’ and possibly others, such as Definedness ‘def’
(= element of constructor sub-universe).
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QUODL IBET, Constructors (contd.)

Constructor variable symbols valuate over the
constructor sub-universe.

General variable symbols valuate over the whole
universe, which may be quite different for
different algebras.
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QUODL IBET, Constructors (contd.)

A substitution σ is classified by its values on constructor
variables:

Constructor Substitutions: If x ∈ dom(σ) is a constructor
variable, then σ(x) is a constructor term, i.e. all symbols
in σ(x) are constructor function and variable symbols.

Inductive Substitution: σ is a constructor substitution, σ is
total on the constructor variables, and, for x ∈ V,
σ(x) does not contain constructor variable symbols.
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QUODL IBET, Non-Constructors

Define non-constructor function symbols by

positive/negative-conditional equations.

plus(x, 0) = x

plus(x, s(y)) = s(plus(x, y))

times(x, 0) = 0

times(x, s(y)) = plus(times(x, y), x)

minus(x, 0) = x

minus(s(x), s(y)) = minus(x, y)

less(x, 0) = false

less(0, s(y)) = true

less(s(x), s(y)) = less(x, y)

div(x, y) = 0 ← y 6= 0 ∧ less(x, y) = true

div(x, y) = s(div(minus(x, y), y)) ← y 6= 0 ∧ less(x, y) = false
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Defining rules l=r if L1 ∧ . . . ∧ Ln

No constructor rules anymore! All left-hand sides l of a rule
l=r if L1 ∧ . . . ∧ Ln must contain a non-constructor
function symbol.

Left-Linear: l must be linear, i.e. no variable symbol has
multiple occurrences in l.

Positive/Negative-Conditional: All Li are literals of one of the
three forms t=t′, t6=t′, def(t).

def-moderate: If Li has the form t0 6=t1, then, for each i≺ 2,
ti is a constructor term or there is a j such that Lj is def(ti).

Weakly Normal: If Li has the form t=t′, then t′ is a
constructor term or there is a j such that Lj is def(t′).
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