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Abstract: Althoughinductionis omnipresentinductive theoremproving in theform of descente
infinie hasnot yet beenintegratedinto full first-orderdeductve calculi. We presentsuchanin-
tegration for (possibly even higherorder) classicallogic. This integrationis basedon lemma
andinduction hypothesisapplicationfor free variablesequen&andtableaucalculi. We discuss
the appropriatenessf thesetypesof calculi for this integration. The deductve part of this inte-
grationrequiresthefirst combinationof raising,explicit variabledependengrepresentatiorthe
liberalizedd-rule, andpreserationof solutions.
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1 Motivation

Whendeductivevalidity (i.e. validity in all models)is introducedo studentst comeswith some
calculuswhich is completefor first-orderlogic. If this calculushappendo be a sequenir a

tableaucalculusincludinga Cutrule, the studentcancomparethe formal proofswith the infor-

mal onesthey arehopefullyacquaintedvith. To our opinion,thesecalculicanmirror the human
proof searchprocessbetterthanothers. Although to know a completecalculusdoesnot mean
to know muchabouttheoremproving, the interrelationof a human-orientedalculusandthein-

formal proof searchof the studentswill turn outto befruitful for their later mathematicalork.

It is a pity that—whilenearlyall proofsof a working mathematiciamncludeinduction—nothing
comparabldor inductivevalidity is offeredto the students.Somemay arguethatthis is gener

ally impossiblebecausenot eventhefirst-ordertheoryof the Peancalgebraof naturalnumbers
is recursvely enumerableNeverthelesstherereally is somegeneralway in that mary working

mathematiciansearchfor aninformal proof, mayit be inductive or not. Theinductive version
of this proof searchmethodgoesbackto the ancientGreekswasrediscoweredunderthe name
“descentenfinie ouindéfinie’ by Pierrede Fermat(1607?-1665)andtodayis sometimesalled
“minimal criminal” (popular)or “implicit induction” (in oppositionto “explicit induction” found
e.g.in Boyer & Moore(1979)andWalther(1994);for disambiguatiorandhistory of the notions
of “explicit”, “implicit”, “inductionlessinduction; and*“descentenfinie”, cf. Wirth (2003)). If

you wantto prove a conjecturethis methodrequiresthatyou shaw, for eachassumedaounterg-

ampleof the conjecturethe existenceof anothercounter@ampleof the conjecturehatis strictly

smallerin somewellfoundedordering. The working mathematiciarappliesit in the following

fashion.

He startswith theconjectureandsimplifiesit in caseanalysesvhich canbedescribed
asstepsin a sequenbr tableaucalculuswith Cut. Whenhe realizesthat the goals
becomesimilar to a differentinstanceof the conjecture he appliesthe conjecture
just like a lemma, but keepsin mind that he actually hasappliedsomeinduction
hypothesis. Finally, he searchegor somewellfoundedorderingin which all the
instancesf the conjecturethat he hasappliedasinductionhypothesesre smaller
thanthe original conjecturdtself.

Lookingfor aformalinductive calculusfor mirroring this style of humaninductive theorenmprov-

ing (ITP), the“implicit induction” of Bachmai1988)wasa startingpointbecausd includedin-

ductionhypothesispplication;butit wasrestrictedo first-orderuniversallyquantifiedpureequa-
tionsandwasnothuman-orientedin Wirth (1997)we have presentedhuman-orientechductive
calculugfor first-orderuniversallyquantifiedclausalogic. In Kiihler(2000)—implementedsthe
QuoDLIBET system—thialculusis extendedwith a necessargoncretionfor reasoningpnthe
inductionorderingandwith atactic-basea@oncepffor proof guidancehatis intendedo partially
automatehe constructiorof proofs.

Extendingthisapproacho full first-orderlogic turnedoutto bemoredifficult thanexpected:
The state-of-the-arfree variablefirst-ordertableaucalculi were not suitedfor the integrationof
descentenfinie becausehey confusedthe Herbranduniverseswith their Skolem functionsand
did not presere solutions(i.e. closing substitutions)like Prolog does),therebydestrging the
wellfoundednessf descentenfinie.

In this paperwe shov how deductve theoremproving shouldlook like from the point of
view of inductionin the style of descentenfinie. While mary possiblechoicesin the designof



calculi for deductve theoremproving do not really matterbecausehe alternatvesare dual to
eachother they do make animportantdifferencewhenonewantsto integratedescentenfinie.

Neverthelesseventheresearchewho is notinterestedn inductioncanlearnsomethingon
computatiorof solutions lemmaapplication andthe detailsof the differencebetweerthed-rule
andtheliberalizeds-rule (61). Thesedetailsbecomeobviouswhenthe preserationof solutions
(closingsubstitutions)s consideredesidesoundness.

Thecrucialstep,however, in this papers theintegrationof inductionin thestyle of descente
infinie into the framework of state-of-the-ardeductve theoremproving. This is achiered by
aninferencemethodcalledinductionhypothesispplication which—roughlyspeaking—difers
from lemmaapplicationin producinganadditionalorderinggoal. Evenfor theexpertsin ITP, the
following aspectswill be new: Tableaupresentationfull first-orderand higherorderformulas,
andfree (existential)variables.

While the details and technicalmeansof this paper(like a nev semanticsfor Hilbert’s
e-termsand for formulaswith threedifferentkinds of free variables(existential, universal, e-
constrained)mayturn outto beusefulalsoin othercontexts, they originatefrom thehardsearch
for a solutionto the singleproblemthatgivesthis paperits meaning:

The first integration of the ancientideasof deductionand descentéanfinie into a
formal framework of practicalrelevance.

While the usualnotionsof completenesareirrelevant for this integration becausewe are in-
terestednot just in the mereexistenceof proofsbut of proofs of a specialintentionalform; in
orderto gobeyonda philosophicaldiscussiont is necessaryo formally prove its soundneswith
mathematicatigor, althoughthe semanticameandor this proofareveryinvolved. Thetechnical
difficulty of the proofscould be reducedby choosinga differentspecialrepresentatioffior each
single aspect,but we think that the conceptsgain credit from the possibility to integratethem
into a uniform framework. The framavork—onceaccepted—doesot needthe complicatedand
philosophicallydoubtful (cf. e.g.Wittgenstein1939))semanticajustificationsarymore. Dueto
thesimplicity of theframework itself anddueto the experiencewith animplementedsub-system
(cf. Kuihler(2000))we have reasorto hopethatfirst-orderrealizationsof it do not provide more
difficulty to studentghancalculifor first-orderdeduction.

The paperorganizesasfollows: After introducingthe relevant notionsin Sections2 to 4,
we explicatethe kernelof our new approachn Sectionss to 14. Thenwe illustratethe practical
relevancewith several simple examples,including the searchfor a lower boundfor the Acker-
mannfunction (Sectionl8) andNewman’s Lemma(Sectionl9). After concludingin Sectior21
we appendall the proofsandnotes.Pleasedo try notto readthe noteson afirst reading!

Leidht beieinander wobnen die Gedanten, Theideaslive togethereasily
Dody bart im NRaume ftofen fidy die Saden. But therealizationsclashheavily.

FriedrichSchiller Wallensteinslod, 2. Aufzug 2. Auftritt.



2 Orientation

In this sectionwe describethe areaof this paper As the designof inferencesystemdor proof
searchs thesubjectof this paperwe discussour designgoalscarefullyandconcludethatsequent
andtableaucalculi arethe bestcandidategor satisfyingthem.

2.1 DesignGoalsfor Inductive Infer enceSystems

Basedon experiencesvith moreor lessautomatednductive theoremproversfor classicalogic,
suchasNQTHM, INKA, RRL, UNICOM, SPIKE, EXPANDER, &c., cf. Boyer & Moore(1988),
Biundo &al. (1986),Kapur & Zhang(1989), Gramlich& Lindner(1991),Bouhoula& Rusino-
witch (1995), Padawitz(1998),resp.,we have cometo adopta ratherpragmaticviewpoint with
respecto ITP: Successfuliseof aninductive theoremproverin “real-life” problemdomainshas
not beenpossibleyet without a knowledgeablédhumanuserwho caninteractwith the systemon
variouslevels. Accordingly, we think that eventhe developmentof the theoretical conceptsof
a new theoremprover—including its inferencesystem—shouldbegin with a clearemphasisn
userinteraction,whereasautomaticproof guidanceis seenasa long-termgoal. Therefore the
following two requirementaremaindesigngoalsfor our inferencesystems:

I. We expecttheinferencesystemo complywith human(inductive) prooftechniquesn that
it enablesusersto naturallyrealizetheir proofideasin termsof theinferencesystem.

[I. Usersshouldhave no difficulties in understandingind searchingor formal proofsrepre-
sentedwith the inferencesystem,no matterwhetherthey try to follow themon the mere
syntacticalevel or try to graspoverall “stratggic” aspect®f the proofs.

Thesedesigngoalsarecontraryto thoseoftenfound in deductve theoremproving, wheremost
restrictve normal form calculi usedto be preferred. Neverthelessthe point of view found in
Giesg(1998)is—thoughstill moretechnical—alreadgettingquite closeto ours.

Refiningthefirst designgoalwe obtainthe following requirements:

[.1. All proof problemsand sub-poblemsdefiningequationsJemmasandinductionhypothe-
sesshouldbe representechomaeneouslyso that the conclusionandall premisesof ary
inferencerule canbe expressedn the samelanguage.This enableghe userto utilize the
full power of thewholeinferencesystemon all problemsandsub-problem&ndto choose
freely andflexibly betweereageror lazy stratgjiesfor any proof problem.

[.2. Anotherimportantpoint is thatthe inferencesystemincludesinferencerules for mostel-
ementaryproof steps so that the usercan force the prover to follow his proof ideasas
closelyaspossible We considervailability of atomicinferencestepso be moreimportant
thanhaving (derived) higherlevel inferencerules. Applied in non-trivial proof problems
higherlevel inferencerulestendto betoorestrictve, while aninferencesystemcomprising
a multitude of simple“fine-grain” inferencerulescanbe usedto (interactvely) construct
evenvery difficult proofs.

Refiningthe seconddesigngoalwe obtainthefollowing requirements:



[I.1. Theinferencesystenmshouldsupportanatural flow of informationin thesensdhatacertain
decisioncanbe delayedor a commitmentdeferreduntil the stateof the proof attemptpro-
videsinformationthatis sufficient to make a successfutiecision. Examplesfor unnatural
flow of informationare:

(a) Instantiatinginduction hypothesesn induction stepformulasof explicit induction
long beforethe hypotheseb®ecomeapplicable cf. Protzen(1994).

(b) The~-rule of sequenbr tableaucalculi without free variables ,whereinstantiations
have to be guessedong beforeit canberecognizedvhich instantiationswill make a
proof attemptsuccessful.

(c) Thev-introduction(VI) andtheindirect-proof(_L. or AV —A) rulesin naturaldeduc-
tion calculifor classicalogic: Thefirst requiresa decisionfor oneof two disjunctive
alternatvesandthe seconcadecisionof whento startanindirectproof, bothof which
arenotatall necessaryn classicalogic.!

Togethemwith the homogeneouandflexible formulationof the inferencerules, the natu-
ral flow of informationshouldmalke it possibleto replacea certainamountof proof plan-
ning basedn somespecialabstractre representatiofcf. e.g.Kerber(1998))with heuristic
searchhasednthehomogeneousepresentatiom theinferencesystem.

[1.2. Anotherrequirementhatis veryimportantfor efficiency of automatedswell asinteractve
theoremproving is goal-directednessGoal-directednessieanghat every problemin the
graphof aproofattemptis connectedvith thetheorento beproved. For inductivetheorem
proving thisis evenmoreimportantthanfor deductiveheorenproving: Thecrucialpointis
thatwe oftenhave to inventsomenew lemmasdo closethe gapbetweertheinductioncon-
clusionandtheinductionhypothesesThis creatve inventioncanbe guidedby the users
knowledgeof thedomainor moreautomaticallyby the applicabldemmasthe (expanded)
induction conclusion,andthe inductionhypotheses Without the goal-directednesgiven
by the connectiorwith theinductionconclusionand the inductionhypotheseshe missing
lemmascanhardly be guessed.Note that (disregardingproof length) suchcreatve steps
arenotnecessaryor deductiveheoremproving becauseccordingo Gentzers Hauptsatz
a proof of a deductve theoremdoesnot needto inventnew formulasbut canberestricted
to “sub’-formulasof the theorem,althoughthis notion of “sub”-formulais closedunder
instantiationswvith a usuallyinfinite numberof terms. On the contrary the applicationof
hypotheseandlemmasnsideaninductive reasoningycle cannotgenerallybe eliminated
in theform of Gentzers Hauptsatzcf. Kreisel(1965). Thus,for ITP, creatvity cannotbe
restrictedto finding the properinstantiationsput requiresthe inventionof new formulas,
possiblyin anenrichmenbf the signatureandin anextensionof the specification.

As afirst steptowardsachieving the above designgoals,we have aninferencesystemin mind
that explicitly providesthe conceptsof induction hypothesisandinductionordering With the
latter conceptwe associateneansof supplyinginductionorderingconditionswith sufficient ex-
pressvenessandflexibility, i.e. explicit weights Concerningheconcepof inductionhypothesis,
we intendaninferencesystenthatdoesnot “hide” several(applicationf) inductionhypotheses
in asingleinferencestep.We ratherthink of aninferencesystenthat“knows” whataninduction
hypothesiss, i.e. it includesinferencerulesthatprovide or applyinductionhypothesegjiventhat
certainorderingconditionsresultingfrom theseapplicationscanbe metby aninductionordering.



Obviously, suchaninferencesystemis aninferencesystemfor descenténfinie andnot aninfer-
encesystenrestrictedo explicit inductionasfoundin the TP systemdNQTHM, INKA, andRRL
andstill in Kreitz & Pientka2000). Furthermorethe intendedinferencesystemsupportseager
aswell aslazy generatiorof inductionhypothesesandmutualinduction. As a consequenceye
obtainthefollowing essentiatequiremenfor ourinferencesystem:

The inferencesystemmust be capableof representingan induction hypothesisas
a whole andin recognizablgorm. Not an inferencerule nor input normalization
may decompose conjecturednductive theorem(into “sub”-formulas)beforethe
inductionhypothesefiave beenextractedfrom it.

2.2 Why Sequentand TableauCalculi

This sectionrequiressomedeepenunderstandin@f inferencesystemsandcanwell be skipped.

Theconsiderationsf Sectior2.1 mayhelpsettlingthefollowing questionWhid deductive
inferencesystemsare well suitedfor an integration of descentenfinie? Note thatin the more
restrictedramenork of explicit induction,obtaininganinferencesystenfor ITP from adeductve
inferencesystemis far simpler: Sinceinductionis capturedn a singleinferencerule then,this
“induction rule” canbe just addedto the given deductve inferencesystemwithout affecting the
restof the inferencesystem. When integrating descentenfinie, however, the whole inference
systemis affected.

As proof searchis very hardin Hilbert calculi, they are not adequatdor theoremproving
in general.Not too muchbetterfor proof searchin classicalogic arenatural deductioncalculi,
cf. Gentzer(1935), Prawitz(1965), due to their unnaturalflow of information asindicatedin
Sectior2.1 (1.1.c). For descentenfinie, naturaldeductionis additionally problematicbecause
theproofsareaugmentedvith assumptionghatconflictwith our concepbof inductionhypothesis.

Sergy Yu. Maslov's generl ideaof inversion(cf. Maslov (1971))seemsotto beappropri-
atefor inductivetheoremproving becausen inductive proof wherethe inductionconclusionis
a formula at the top lacks goal-directedneswhen startingfrom the bottom. This lack of goal-
directednesss very similar to thatof the morefamiliar frameawvork of non-refutationalresolution
andparamodulation(cf. Lee(1967)),wheretheresolutionrule is appliedto axiomsonly, andthe
taskis to infer aformulathatsubsumeshe theorem.Non-refutationaresolutionseemsot very
appropriatefor deductivetheoremproving becausat is not goal-directed.In the context of in-
ductivetheoremproving, however, non-refutationatesolutioncould be consideredjoal-directed
becauset startswith the axiomsplus the inductionhypothesesandformulasthat subsumehe
inductionconclusionsareto beinferred. Neverthelessthe goal-directednesgivenby theinduc-
tion hypothesess not sufficient. Sincenumeroudemmasmay be applicableandapplicationsof
lemmastendto be “closer” to applicationsof inductionhypotheseshanto the conclusionsit is
practicallyimpossibleto find the appropriateonesunlessthe conclusionhasbeenexpandedto
alarge degree. Mostly underthe name“rippling” alot of work hasbeendoneon the heuristic
control of this searchproblem, cf. e.g. Bundy &al. (1993), Hutter(1997). Furthermorenon-
refutationalresolutionis notgoal-directedn thebasecasesandin thosepartsof the proofthatlie
below applicationsof inductionhypothesesFinally, sinceinductive proofsuseto follow there-
cursve definitionsof the specificationnon-refutationatesolutionrequiresto paramodulatsvith
the definingrulesfrom right to left. This canresultin a high branchingdegreefor someof the



non-recursie casesand make a propercombinationof the casesof the definition difficult (i.e.

“unfolding” (or “expanding”)a definitionis easierthan“folding” it). All in all, we concludethat
non-refutationakesolutionand paramodulatioras well asthe generalideaof inversionare not

adequatdor ITP. Thus,areasonabléntegrationof descenteénfinie into resolutionandparamod-
ulation mustbe refutational. Due to the problemsdiscussedbove, suchanintegrationmustbe

similarto EXPANDER (cf. Padawitz(1996),Padawitz(1998)),whichis the only systemfor reso-
lution anddescentenfinie | know. In EXPANDER, the inductionhypothesegwhich are special
superclauses(i.e. disjunctionsof supetliterals, which are conjunctionsof literals) with addi-
tional existentialvariables)are appliedvery similar to the superclausesn Sergy Yu. Maslov’s

inverse method(cf. Lifschitz(1989))that generatanferencerulesoperatingon clauses.More-

over, goal-directednesalsow.r.t. the inductionconclusionis achiezed hereby startingfrom the
negatedinductionconclusionin theform of a setof “goals’ i.e.clausesn dualnotationfor user
readability Contraryto this, the inversemethodstartsfrom the setof tautologieswhich hasthe
adwantageof deductve completenesbut lacksgoal-directedness.r.t. the inductionconclusion.
Neverthelessfrom my experiencesvith EXPANDER, | amnotatall corvincedthatit satisfiesour

maindesigngoals(l) and(ll) of Sectior2.1well.

2.3 Sequentand TableauCalculi

Now the only remainingfamily of well-known deductve inferencesystemss thatof sequentcf.
Gentzern(1935),Lifschitz(1971)),tableau(cf. Smullyan(1968), Fitting (1996)),andmatrix cal-
culi (cf. Wallen(1990)).While matrix calculi have implementationahdvantagegcf. Section20.2
andWallen(1990)),in this paperwe will only considersequentindtableaucalculi becauseheir
presentations simpler Fortunately thesecalculi—cf. the following sections—d@admitaninte-
grationof descentenfinie in away thatis adequatén our opinion:

e By addinga powerful inferencerule for applyinginductionhypotheseswe obtainanin-
ferencesystemfor ITP thatis optimally goal-directedw.r.t. theinductionconclusionsand
sufficiently goal-directedw.r.t. theinductionhypotheses.

e Startingwith the sequento be proved,the problemof proving a sequen{goal) is reduced
to the problemof proving anothersetof sequentgsub-goal$, which canbe consideredo
beits children. Applying suchreductionstepsrecursvely resultsin atree-like proof struc-
ture,whichis augmenteavith cyclic agumentgesultingfrom inferencerulesgeneratedy
inductionhypothesesA proof having the simple structureof a treeis easyto undestand
for usersanda goodbasisfor automatidacticsandheuristicproof search.

We assumesomefamiliarity with sequenbr tableautheoremproving. We recommendsentzen
(1935)andFitting (1996)asexcellentintroductionsto the subject.

In Smullyan(1968),rulesfor analyticdeductve theoremproving areclassifiedasa-, 5-, v-, and
§-rulesindependentlyfrom a concretecalculus?

a-rules describehesimpleand

B-rules thecase-splittingor branching)propositionalbproof steps.



~v-rules show existential properties either by exhibiting a term witnessingto the existenceor
elseby introducinga specialkind of variable,called“dummy” in Prawitz(1960)andKan-
ger(1963),“free variable”in footnotell of Prawitz(1960)andin Fitting (1996),and“meta
variable”in Giesg1998)e.g.. We will call thesevariablesfree existentialvariables By
the useof free existential variableswe can delay the choice of a witnessingterm until
the stateof the proof attemptgivesus more information which choiceis likely to result
in a successfuproof. It is theimportantaddition of free existential variablesthat makes
the major differencebetweenthe free variablecalculi of Fitting (1996)andthe calculi of
Smullyan(1968). Sincethereuseto be infinitely mary possibly witnessingterms (and
differentbranchesnay needdifferentones),the v-rules (underassistancef the g-rules)
often destry the possibility to decidevalidity becausehey enableinfinitely mary ~-rule
applicationgo the sameformula.

o-rules show universalpropertiessimply with the help of a new symbol, calleda “parameter”
or an “eigernvariable;” aboutwhich nothingis known. Sincethe presentfree existential
variablesmustnot be instantiatedwith this new parameterin the standardramework of
Skolemizationand unificationthe parameteis giventhe presenfree existentialvariables
asarguments.In this paper however, we will usenullary parameterswhich we call free
universalvariables Thesevariablesarenotfreein thesenseahattermsto replacehemmay
bechoserfreely, butin the senseahattheiroccurrencemustnotbeboundby any quantifier
or otherbinder Our freeuniversalvariablesaresimilar to the parametersf Kangen(1963)
because free existentialvariablemay not be instantiatedwith all of them. We will store
the information on the dependeng betweenfree existential variablesand free universal
variablesn variable-conditions

Other rules maybeaddedfor anappropriatdareatmenbf oftenusedreasonindik e unification,
rewriting with equalitiesandlogical equivalencesandhuman-orientedeasonindik e Cut.

Besidestheseruleswe would like to have rulesfor lemmaapplicationthat apply the theorem
provedin onetreeasalemmain the proof tree of anothertheorem.Moreover, inductionhypo-
thesisapplicationwill look likelemmaapplicationbut generatextrabranchegin thelattertree),
which requireto prove thatthe instanceof the appliedtheorem(induction hypothesis)s some-
how smallerin awellfoundedorderingthanthetheorem(inductionconclusion}hatit is goingto

prove.

Althoughthefollowing inferencerulesfrom Theot 14.10f Sectionl4 cannotbe completely
understoodt this early stage they may clearaway somefog. They arepresentedn the sequent
calculusstyle. Moreover, notethatin old timeswhentreesgrew upwards GerhardGentzerwould
have written the inferencerulessuchthat passinghe line meantconsequencélNe have inverted
therules. Thus,in our case passingheline meangeduction,andtreesgrow dovnwards.

Let A and B be formulas, I, II, and A be sequentdi.e. disjunctve lists of formulas),
T € Vhouna @ bboundvariable,and F the currentproof forestcontainingall free variablesalready
usedesp.thosefrom A andI'IT:

I'-—AIl T (AvB)II I'~(AAB)II I (A=B)Il I (A<B)II
Al Il ABTIII ABTIII ABIII ABTII

a-rules:

B-rules: In the following ruleswe may choosenoneor one, but not both of the formulasin
optionalbraclets!



I' (ANB) IT ' —~(AvB) IT
A[B|ra B[A]rn A[B|ro BJ[A|Trn
I'-(A=B) I I'-(A<B) I
A[Blroa B[A]rn A|[B|rao B[A|T'I

y-rules: Let z7 € V. \ V(F) beanen?® freeexistentialvariable:
I 3z. A IT I =vz. A 1II

A{z—2*}y ' 2. A 1T A{z—sa?} I' —Va. A 1T

6-rules: Let 2%V € Vi \ V(F) beanew* weakfreeuniversalvariable:
I' vx. A 11
A{z—z™} I 1T ( Va(A, TIL2) UV (A, I 0) ) x {27}
I -J9z. A 11
Afzosawt 11 (Va(ATILI)UV(A, I'T3T) ) x {2"}

Liberalized d-rules: Let z*° € Vi, \ V(F) beanew® strongfreeuniversalvariable:

I Ve. A IT {(z%, A{z—z%})}
A{z—a"} T 1T Vieo(A) x {2%}

I' —dz. A II {(z%, A{z—z%})}
A{z—axw} I 1T Viree(A) x {2%°}

Rewrite-Rules: Let s andt beterms(of the sametype). Let B be oneof theformulas(s#t) or
(t#s). Let AP&] denotetheformula A[s] with someoccurrencesf s replacedwith ¢:
ATs?HBA FBHAT%A

Af] T II B A Al T B I A

Cut: —



3 Basics

We make useof “[. ..]" for statingtwo definitions,lemmas,or theoremgandtheir proofs&c.)
in one,wherethe partsbetween| and‘]’ areoptionalandare meantto be all includedor all
omitted. ‘N’ denoteghe setof and‘ <’ the orderingon naturalnumbers.'Z’ denoteghe setof
integers.We define N, := {neN | 0#n }. Weuse'w’ for theunionof disjoint classesand
‘id’ for theidentity function. For classesRk, A, and B we definedomainandrange, (domain-)
restrictionandrange-restriction aswell as image® andreverse-imae:

dom(R) := {a]| 3b. (a,b)e R} ; ran(R) := {b| Ja. (a,b)e R} ;
AR = {(a,0)eR| acA} ; Rlg = {(a,b)eR| beB} ;
(A) R := {b]| Ja€A. (a,b) € R}; R(BY := {a]| 3beB. (a,b)€R}.

Let‘ R’ denoteabinaryrelation. R is saidto bearelationon A if dom(R)Uran(R) C A. Ris
irreflxive if idNR = 0. Itis A-reflive if 41id C R. Simplyspeakingof areflexiverelation
we referto the biggestA thatis appropriatan thelocal contect, andreferringto this A we write
R’ to ambiguouslydenote,1id. Furthermorewe write R! to denoteR. For n € N, we write
R™*! to denote R"oR, sothatR™ denoteshen steprelationfor R. Thetransitiveclosue of R
is R* := U,cn, B" Therefleive& transitiveclosue of Ris R* := {J, . R". Thereverse
of R will bedenotedvith R~'. A sequence(s;),.n isnon-terminatingn R if s; R s;;, forall
1 € N. Risterminating if therearenonon-terminatingsequences R. A relationR (on A) is
wellfoundedif ary non-emptyclassB (CA) hasan R-minimal elementj.e.Jda € B. —3d’ € B.
dRa.

A quasi-odering* <’ onaclassA is an A-reflexive andtransitive (binary)relationon A. As
with all ourasymmetriaelationsymbolswe define a=>b if b<a. By an(irreflexive) ordering
‘<’ we meananirreflexive andtransitive relation,sometimesalled“strict partialordering” &c.
by otherauthors.A reflexive ordering‘ <’ on A is an A-reflexive, antisymmetricandtransitve
relationon A. Theordering < of a quasi-odering or a reflexive ordering < is <\2>, and< is
calledwellfoundedif < iswellfounded.

Furthermoreweuse' ()’ to denoteheemptysetaswell astheemptyfunctionor emptyword.
Functionsarenothingbut (right-) uniquerelationsandthe meaningof * fog’ doesnotdependon
f andg beingonly relationsor evenfunctions. Thus,‘(fog)(x)’ means g(f(z))’. Theclassof
total functionsfrom A to B is denotedvith A — B. Theclassof (possibly)partial functionsfrom
A to B is denotedwvith A ~» B. Both — and ~» associateo theright,i.e. A ~ B — C reads
A~ (B—=0).

Lemma3.1 If Risawellfoundedelation,thenR* is a wellfoundeddrdering
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3.1 Syntactical Conventions

We definea sequento beallist of formulas® The conjugateof aformula A (written: A ) is the
formula B if A is of theform —B, andtheformula—A otherwise.Notethatthe conjugateof the
conjugateof aformulais the original formula A again,unlessA hastheform ——B.

In thetraditionof Gentzer(1935),Hilbert & Bernayg1968/70),andSryder& Gallier(1989)we
assumehefollowing four setsof symbolsto bedisjoint:

Vi freeexistentialvariables i.e. thefreevariablesof Fitting (1996)

Vi freeuniversal variables i.e. nullary parameterdansteadof Skolemfunctions
Voouna DOuUNdvariables i.e. variablesfor bounduseonly

)y constantsi.e. thefunction(andpredicatesymbolsfrom the signature

We splitthefreeuniversalvariablesV, into weakfreeuniversalvariablesV,,, thatbehaeasin the
weakversionof Wirth (1998)andareintroducedby the non-liberalized-rules; andstrongfree
univeisal variablesV,; thatbehae asin the strongversionandareintroducedby theliberalized
o-rules:

Vo = Viw ¥ Vis.
We definethe freevariablesby

Vfree = Vﬂ W Vv
andthevariablesby

V= Vbound W Vfree

Weuse')V,(I')’ to denotethe setof variablesfrom V, occurringin I

Dueto the possibilityto renameboundvariableoccurrencesv.l.0.g. (Aa-conversion)andin
thetradition of Hilbert & Bernayg1968/70),we do not permitbinding of variablesthatalready
occurboundin atermor formula;i.e.e.g. Vx. A is only aformulain our senseaf A doesnot
containabinderonz like“vz. 7, “dz. 7, “Az. 7, “ex. ”. Thesimpleeffectis thathumanbeings
canmoreeasilyreadour formulasandthatour - andd-rules(andour A\ 5-reduction)cansimply
replaceall occurrence®f x. Moreover, we assumehat all bindershave minimal scope,e.g.
Vz,y. AN B reads(Vz. Vy. A) A B.

For a substitutions we denotewith ‘I'c’ the resultof replacingeachoccurrenceof a vari-
ablex € dom(o) in I" with o(z). In default situations,we tacitly assumehatall occurrences
of variablesfrom V,,oung in termsandformulason top level andin therangesof substitutionsare
boundoccurrences(i.e. thata variablez € V,oua 0ccursonly in the scopeof a binderon x)
andthateachsubstitutions satisfiesdom(o) C Viee, SOthatnoboundoccurrencesf variables
canbereplacedandno additionalvariableoccurrencegsanbecomebound(i.e. capturedwhen
applyingo.

While we useuppercaseGreekiettersfor sequencesye denoteourweightconstructgwhich
guaranteehewellfoundednessf induction)with Hebreav letters.Note thatthe beginning of the
Hebrev alphabets all we need:X aleph,d beth,J gimel (whichwe do notuseanymorebecause
it wasfound hardto disambiguatet from ), and 7T daleth. Togethemwith a sequenta weight
formsa syntacticalconstruct:
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Definition 3.2 (Syntactical Construct, Weight Construct)

A syntacticalconstructis a pair (I, X) consistingof a sequent/” anda weight constructX. A
weightconstructis atriple (w, <, <) consistinga (“weight”) termw (of type say«), an(“induc-
tion ordering”)term <, andan (“induction quasi-ordering”Yerm <, both of typea — « — bool
(orequialentlyaxa).

The setof all syntacticalconstructds denotedby ‘SynCons’. The function ‘logic’ extractsthe
logic part (here:the sequentspf asetG of syntacticalconstructs:logic(G) := dom(G).

Syntacticalconstructsare the basicdatastructurefor ITP, just as sequentor formulasare for

thedeductve case.They consistof purely syntacticalelementsalthoughthetermsw, <, < may
exceedthetermsof our formulasandsequentsE.g.,< and < maybe (free existential) predicate
variablesor A\-terms,which arenottermsin first-orderlanguagesAs they do nothaveto interact
with our sequentdbeforethey are instantiatedand applied (A3-reduced),the languageof our

deductve logic canstill befirst-order
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3.2 SemanticalRequirements

Validity is expectedo be givenrelative to someX-structure(X-algebraX-frame).A, assigninga
non-emptyuniverse(or “carrier” or “objectdomain”) (to eachtype).

For X C V we denotethe setof total A-valuationsof X (i.e. functionsmappingvariables
to objectsof theuniverseof A (respectingypes))with X — A andthe setof (possibly)partial
A-valuationsof X with X ~» A.

For 7 € X — A we denotewith ‘Ad7’ the extensionof A to the variablesof X. More
precisely we assumehe existenceof someevaluationfunction‘eval’ suchthateval (Ag7) maps
ary termwhosefree occurringsymbolsarefrom YwX into the universeof A (respectingypes)
s.t.forall z € X:

eval(AWT)(z) =7(2)

Moreover, eval (AWT) mapsary formulaB whosefreeoccurringsymbolsarefrom YwX to TRUE
or FALSE, suchthat B is valid in AWt iff eval(Awr)(B)=TRUE.

For ary X-structure4 with valuationr € V ~» A, theonly additionalassumptionsve needhere
arethefollowing two basicpropertiesof mostsemantics:

Explicitness-Lemma (Andrewns(1972),Lemma2; Andrens(2002),Propositiorb400; Fitting
(2002),Propositior2.30

Thevalueof the evaluationfunctionon atermor formula B doesnot dependon the vari-
ablesthatdo notoccurfreein B:
For X beingthesetof thevariableshatoccurfreein B, if X C dom(7):

eval(AWT)(B) = eval(A W x]7)(B).

Substitution-Lemma (Andrewns(1972), Lemma3; Andrews(2002), Lemmab5401(a);
Enderton1973),p.127; Fitting(1996),p.120; Fitting (2002),Propositior2.31)

For ary substitutions andtermor formula B, if thevariableghatoccurfreein Bo belong
to dom(7):

eval(AWT)(Bo) =eval( A W (0 W vidom(o)1id) o eval(Awr) )( B ).
Notethatwe take the operator o’ to have higherpriority thanthe operatorsU’ and‘w'.

Furtherpropertiesof validity or evaluationaredefinitely not neededNotethatwe have left open
whatour formulasandwhatour X-structuresare. All we needarethe above basicrequirements.
In ordernotto confuseclassicafirst-orderreading,we do not useary specialjargonor notation
in this paper—excepttwo higherorderones:Currying,andcalling all elementof ¥ “constants”.
Neverthelessye canassumepracticallyarny logic with exactly two truth valueshere,including
intensionalmodal? andhigherorder! logics.
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4 Intr oduction

In this sectionwe introducethe interdisciplinarybackgroundequiredto understandhe formal
treatmentin thefollowing sections Expertsin mathematicainductionmay esp.skip Sectiord.2
andSectior4.4.

4.1 Descentdnfinie: A Primiti ve Example

In this sectionwe presenta primitive exampleproofin the sequentalculusof QUODLIBET (cf.
Kuhler(2000))in orderto give the readersan intuitive understandingf our view of descente
infinie.

The signatures asfollows: We only have the singletype nat of naturalnumbers.We use

zero0 : nat andsuccesso : nat — nat asconstructorgor thetypenat. Moreover, + : nat — nat — nat
is adefinedfunctionon the naturalnumbers.

We usez, y for variablesof thetype nat wheresuperscriptéikein %" indicatea weakfree
universalvariabledifferentfrom z.

Theaxiomsareasfollows:

(natl) Vo. (z=0V 3y. z=s(y) )

(+1) V. z4+0=x

(+2)  Vz,y. z+s(y)=s(z+y)

(natl) saysthatary naturalnumberis zeroor the successoof anothematuralnumber while
(+1) and(+2) definethefunction‘+'.

Now we wantto prove that0 is neutralalsoto theleft:
(+1sym)  0+z™"=z""; wi(z"v), <3, <

~1

Notethatin the syntacticakonstruct(+1sym)the semi-colons usedto separatéts sequenfrom
the following weight construct,wherethe weight term wj(z*") measureshe induction hypo-
thesis(+1sym)in the inductionorderinggiven by ‘<3’ and*'<j’. Why theseexplicit weights
aresoimportantin descentenfinie is explainedin Wirth & Becker(1995)andmoredetailedin
Wirth (1997),Sectionl2.

Beforewe cometo our proof treein XQUODLIBET we first give aninformal proofin the
working mathematiciariashion.

We have to show

0+ %" ="V, (1)
As, by (natl), eachnaturalnumberis eitherzeroor not, we do the following case
analysis:
%" =0: We have to shav
0+0=0, (1.1)

whichfollows from (+1).

¥V =s(y*¥): We have to shav
0 +s(y™) =s(y*"), (1.2)
which by (+2) we canrewrite into
s(0 + %) =s(y*v), (1.2.2)
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which we canagainrewrite with theinductionhypothesig1)
(setting{z*"—y*"}) into

s(y™v) =s(y*v), (1.2.1.2)
whichis anequalityaxiom.

We still have to find aninductionordering<j and someweight term w3 (z%") for
“ 0+ 2%V =2%" " suchthattheinstanceof theappliedinductionhypothesiss smaller
thantheinductionconclusiorwe arejustproving, i.e.suchthat wi (y*") <3 wi(z"*").
By our caseassumptiorthisis nothingbut

Wi (y) <3 w3 (s(y*)). (1.2.1.2)
But this is trivial: We simply setw?(z) := z, choose<] to be the ordering< on
naturalnumbersand <7 to beits reflexive ordering=, andgetthe orderingaxiom

Y™ < s(y™v). (1.2.1.2.1)

In XQUODLIBET the proof tree of this proof will be displayedvery similar to the following
figure.

(1) 0+ 2™ =2%7; wi(z%v)

@natl), v, B, 9, ReNrite+>

(1.1) 04+0=0; wi(0) (1.2) 0+s(y™™) =s(y™"); wils(y™™))

(+1),7) ((+2), v, Rewrite)

(1.2.1) s(0 +y*") =s(y*™); wi(s(y*"))

(+1sym)asinductionhypothesis
instantiatedsia {z*“—y*"}, Rewrite

(1.2.1.1)s(y*") =s(y*"); wi(s(y™)) (1.2.1.2) wi(y™")<wi(s(y™)); wi(s(y™))

g

(Setweight: wi(z) = @

(1.2.1.2.1) ™ <s(y™); s(y*¥)

(AX)

Actually, only the squareboxesare part of the proof tree. The round-edgedoxesshov appli-
cationsof inferencerules. While in QUODLIBET sereral inferencerules may be appliedto a
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singlenodeof a prooftree(yielding alternatve proof attemptsan and-ortrees)for thetheoretical
considerationgn this paperwe will alwaysapplyinferencerulesonly to leaf nodesresultingin
theand-treeghatarecommonfor sequenandtableaucalculi. Althoughthe round-edgechodes
areactuallynot partof our prooftreeshere,they arequite useful:

1. In our tree presentatiorwe cancheckwhetherthe treeis closedsimply by realizingthat

all leavesareround-edgediodes.This meanghat, in additionto the standardhotion of a
tree(cf. Knuth(1997f.), Vol.l), asa specialfeaturewe assumean explicit representation
of leaves,sothat,whenwe addthe elementf asetG aschildrento aleafnodel, this! is
notaleafanymore,evenif G is empty This featureis not only usefulfor implementation
purposeqwherewe have to recordsomavherewhy a branchis closed)but alsoin the
theorywe presentin this paper wherethe validity of the root sequenif a proof treeis
alwayssupposedo reduceto thevalidity of all leaf sequent®f a prooftreeandthe closed
brancheshouldnotbe considered.

. We have usedround-edgechodesto give someinformation how inferencestepscan be
achievedin termsof generalnferenceruleslik etheonespresenteattheendof Sectior2.3,
which aremoreelementarythantheinferencerulesin QUODL IBET.

E.g..” (natl),~, 5, 0, Rewritet ” in thefirst round-edgedox meanghatwe shouldactually
usethe axiom (natl) and apply a -, a 8-, and a §-stepand several Rewrite-stepsto it
in orderto get the following partial proof tree below, wherein the last inferencesteps
(resultingin (1.1)and(1.2))theleft-mostliterals of the parentof theleaf nodesaresafely
(cf. Sectionl3.2)thrown away (because:*v is in solvedform!?).

(1)

—Vz. ( =0V Jy. z=s(y) ),
0+ 2% =2%v; wi(z™")

=( 2%=0V Jy. 2"=s(y) ),
0+ 2™ =2%v; wi(z%v)

2¥W£0, 0+ 2% =2%V; wi(z%V) —Jy. z5V=s(y), 0+ %W =2%¥; wi(z"")
7 £0, 050=0; wi(0) PV A, 040 =2, wi (o)
(1.1) ¥V ES(y™), 04+s(y™) =s(y*"); wi(s(y™))

(1.2)
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Notethat<; and<j arenotusedin the XQUODLIBET proofbecausehesystemprovidesonly a
singleinductionquasi-orderingS andnodifferentchoicefor <{ and<7 but < andits ordering<,
resp.,is possiblecf. Sectio.2.

4.2 Example: Induction Ordering in QUODLIBET

In QUODLIBET, atactic-basedTP systemfor clausallogic, cf. Kiihler(2000), we essentially
usethe size of a uniquelydenotingconstructorgroundtermin the standardorderingon natural
numberdor eachuserdefinedtype. In eachof themodelsthatestablisttheinductive validity for
QUODLIBET (typeC in Wirth & Gramlich(1994b))this resultsin a wellfoundedquasi-ordering
ontheobjectsof eachuniversebecauselifferentconstructogroundtermsof the sametype eval-
uateto differentobjectsin the universefor this type.

Moreover, thereis a specialtype ORD thatcanbe usedfor lexicographiccombinationsof
the userdefinedtypesup to a fixed finite length, say m. Note that we cannottake arbitrary
length becausehe lexicographiccombinationof arbitrary length of wellfoundedorderingsis
not wellfounded: (1) > (0,1) > (0,0,1) > ---. This m is not limiting the QUODLIBET
systemhowever, becauset is notimplementedif aproof attemptis successfuit hasusedonly
afinite numberof finite termsandwe canassumehatm is the maximumlengthof lexicographic
combinationoccurringin them!?

While for generaldescenteénfinie not only the weightsbut alsothe inductionorderingcan
be chosenfor eachproof differently, in QUODLIBET it hasshown to be adequatdo usethis
fixed wellfoundedquasi-orderingdependingon the signatureX) becausehe lazy substitution
of the 2nd orderweightvariablesduring the proofsprovidessufficient flexibility for theintended
applicationdomainof partially definedrecursve functions,cf. Kithler & Wirth (1996), Wirth &
Gramlich(1994a).

As in the exampleproof of Sectiord.1, eachweight for a conjecturel” initially is aterm
wi(yg”, ..., ye",) Wherethe y " arethe weakfree universalvariablesof I andw? is a global
(rigid) free existentialvariablethatcanbe choserduringtheinductionproof appropriately Most
of thetime it is sufficient to let w* be someprojection Yy, ..., yn_1- W (Yo, - - -, Y1) = Yi,
or more formally, to apply the existential R-substitution {w® — Ayo,...,Yn_1- ¥;}. When
the goal is w?(t1,%2) < w?(t2,s(t1)) for naturalnumbertermst; a good idea might be to
choosew? to be the additionon naturalnumbers,or whenin anotherproof we have the goals
w?(ty, (1 +12)) < w?(s(t1),t1) and w’(ty,t2) < w?(t1,s(tz)) agoodideamightbeto choose
w? to bethelexicographiccombinatiorof lengthupto 2. Notethatfor mutualinductionwith sev-
eralconjecturest maybenecessaryo compardexical tuplesof differentlength,cf. Sectionl6.

Thefixedinductionorderingin systemdike NQTHM (cf. Boyer & Moore(1988))or QuoDL |-
BET preventthe usersfrom destrying soundnes$®y providing inductionorderingsthatare not
wellfounded. Contraryto this, the ITP systemEXPANDER (Padawitz(1998)) permitsthe free
choiceof ary binary relation but the resultscomewith the proviso that this relationis a well-
foundedordering. As wellfoundednesss a propertyof 2nd ordet only in higherordertheorem
proversit becomegossibleto have variableinductionorderingsandexpresstheir requiredwell-
foundedness thetheoremsaswe will doin Sectionl9.
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4.3 Descentdnfinie and Foundedness

We still have to explain what the exampleproof of Sectior4.1 hasto do with descentenfinie.

To this end, supposeéhat thereis a countergamplefor (1), i.e. somenaturalnumberz®" s.t.

0+ z%" = z® is notthecase.Sinceall brancheof our proof treeareclosed,the countera-

amplemusthave left the treeduring the proof. With all the standardstepsof deductve theorem
proving this is impossiblebecausevalidity of the childrenalwaysimplies validity of the parent
sequent.Thus, the counter@amplemusthave gonethrough(1.2) and(1.2.1) andthenjumped
out into the appliedinductionhypothesis.This meanghaty®" is somecounter@gamplefor (1),

too. But (1.2.1.2)shows that this countergampleis smallerthan our original one. Thusary

countergamplewould descendnfinitely (descentenfinie). The above proof tree canbe seen
asa programfor computing,for eachgiven naturalnumber a purely deductve proof treewhen
we replacethe branch(1.2.1.2)with the recursve call to this programagain. Sinceour induc-
tion orderingis wellfounded the sub-treg(1.2.1.2)guaranteetermination. Therefore we know

thataftera finite numberof recursve calls—althoughhis numberof descentsnay beindefinite
(descentendéfinie—the programwill endup in the branchof the basecase(1.1).

Definition 4.1 (Method of Descentdnfinie)
A proposition/” canbe provedby descenténfinie asfollows:

Showthatfor ead counteexampleof I" there is anothercounter&ampleof I" thatis
smallerin a wellfoundedordering!

Finally notethatfor the proof in the working mathematiciarfashionit is not really important
whethertheworking mathematiciarthinksin termsof counter@amples.Whatmatterss thathe
canexecutethe proof method.Indeedthe highernotionof foundedneskcf. Definition1 of Wirth
& Beclker(1995)andDefinition12.20f this paper)canbeappliedin orderto think aboutdescente
infinie withoutthe negative argumentatioron countergamples put with the positve metaphoiof
building a supportingframein a swamp,cf. Sectionl2.

4.4 DependentChoice,Wellfoundednessand Descentdnfinie

Althoughthe Axiom of Foundationandeven very strongforms of the Axiom of Choicecannot
destry a consisteng of settheory (cf. Godel(1986ff.), Vol.ll), this doesnot meanthatit is

generallyappropriateéo assumehe validity of theseaxioms.The Axiom of Choiceis especially
inappropriatavhenonewantsto discusghelogical strengthof differentformsof induction. This

is becaus¢he Axiom of Choiceimpliesthe strongesknown formsof induction,sothatall forms
of inductionbecomevalid andof equallogical strengthin the presencef the Axiom of Choice.
A weakform (or properlogical consequence)f (the strongproperclassform of) the Axiom of

Choiceis the following; cf. Rubin & Rubin(1985),p.19; Howard & Rubin(1998), Form43,

p.30.

Definition 4.2 (Principle of DependentChoice)
If Risabinaryrelationwith ran(R)Cdom(R)# (}, thenR is notterminating.

While we have definedwellfoundednes®ver the existenceof minimal elementsn classesa
well-known alternatveis to defineit asterminationof thereverserelation.While the corverseof
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thefollowing principleis tautological the principleitself is not. Thusit makeswellfoundedness
independentf thechoiceof oneof its alternatvesfor its definition; cf. Howard& Rubin(1998),
Form43R, p.32.

Definition 4.3 (Principle of Wellfoundedness)
If < isanorderingand> is terminatingthen< is wellfounded.

Definition 4.4 (Principle of Descentdnfinie)
If < isanordering,theclassA hasno <-minimalelementgi.e.Va€ A. 3a’ € A. a > a'), and

Versionl: >N (AxA) isterminating
Version2: eachC C A totally orderedby < hasa <-minimal element
thenA is empty

Whenwe usedthe alternatie definition of wellfoundednessye would need* the Principle of
Descenténfinie to guaranteg¢he soundnessf the Methodof Descenténfinie, cf. Definition4.1.
Indeed,the soundnesss achiered by setting A to be the classof countergamplesof I in Ver
sionl, whichis slightly strongeronly atfirst sightthanVersion2, which we gotlistedin Howard
& Rubin(1998),p.31,asForm43K. In fact,all theseprinciplesareof equalstrength:

Lemma4.5 ThePrinciplesof Dependenthoice Wellfoundednessnd Descentdnfinie (both
versions)are logically equivalentto ead other in settheory evenwithout axiomsof Choice
Foundation,or Powerset.

Finally, note that theoreticallyit is also possibleto usethe strictly strongerAxiom of Choice
(or Zorn’s Lemma)insteadof the Principle of DependentChoicein orderto getthe soundness
principle for a strongerinductionmethodthanthe Method of Descentdnfinie by replacingin
Definition4.4 “ >N(Ax A) isterminating” with “eachnon-terminatingequencen >N(AxA)
hasa <N (AxA) -lowerbound; cf. Gese(1995).

4.5 Without Skolemization

Contraryto mostfirst-orderdeductve framavorks, Slolemizationis not appropriatdor descente
infinie, for matrix calculi like the onesin Wallen(1990),andsomehigherorderapproachegk e
Kohlhas€1998). Skolemizationhasat leastthreeproblematicaspects:

1. Skolemizationenrichesthe signatureor introduceshigherordervariables.Unlessspecial
careis taken, this mayintroduceobjectsinto emptyuniverseschangethe notion of term-
generatednessr Herbrandor Henkin models,and imply forms of the Axiom of Choice
thatwerenot partof thetheorybefore.Above that,the Skolemfunctionsoccurin answers
to queriesor solutionsof constraintavhichin generalkcannotbetranslatednto theoriginal
signature For a detaileddiscussiorof theseproblemsct. Miller (1992).
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2. Skolemizationresultsin thefollowing simplified quantificationstructure:

For all Skolem functions# therearesolutionsto the free existentialvariablese
(i.e. thefree variablesof Fitting (1996))s.t. the quantifierfree theoremI (€, i)
is valid. Short: Va. 3e. I'(€,u)

Whenthe stateof a proof attemptis represente@sthe conjunctionof the branchef a
tree(ase.g.in sequenbr (dually) in tableaucalculi), the free existentialvariablesbecome
“rigid” or*“global’; i.e.asolutionfor afreeexistentialvariablemustsolveall occurrencesf

thisvariablein thewholeprooftree. Thisis becausefor By, . .., B, denotingthebranches
of the prooftreefor I'(€, i), Vi. 3€. (By A ... N By)
isin generalogically strictly strongerthan Vi. (€. By A ... AN Jé. By,)

Moreover, with this quantificationstructureit doesnot seemto be possibleto do ITP by
descentenfinie becausehe inductionhypothesisapplicationamay destry the counterea-
ample:

Whenwe have somecountergamplei for I'(¢, @) (i.e.thereis noe's.t. I'(€, i)
is valid) then,for differente, differentbranchesB; in the proof treemay cause
the invalidity of the conjunction. If we have appliedinduction hypothesesn
morethanonebranch for differentée’ we getdifferentsmallercountereamples
for differentbranches. What we would need,however, is one single smaller
countergamplefor all €.

3. Skolemizationincreaseshesizeof theformulas.(Notethatin mostcalculitheonly relevant
partof Skolemtermsis thetop symbolandthe setof occurringvariables.)

The first and secondproblematicaspectdisappeamwhen one usesraising (cf. Miller (1992))
insteadof Skolemization. Raisingis a dual of Skolemizationand simplifiesthe quantification
structureto somethindike:

Thereareraisingfunctionse s.t. for all possiblevaluesof the free universalvari-

ablesi (i.e.thenullary constant®r “parameters”thequantifierfreetheoreml” (€, i)

is valid. Short: de. Va. I'(e, 1)

Note that dueto the two duality switches‘unsatisfiability vs. validity” and“Skolemizationvs.
raising; in this paperraisingwill look muchlike Skolemizationin refutationaltheoremproving.
Thedifferencebetweerraisingand Skolemizationis bestrememberedby the factthatraisingis
relatedto the y-ruleswhile Skolemizationis relatedto the §-rulesaccordingto the classification
of Sectior?.3.

Theinvertedorderof universalandexistentialquantificationof raising(comparedo Skolemiza-
tion) is advantageousecauseow de. Vi. (BoA ... NBy)
is indeedlogically equialentto Je. (Vi. By A ... AN Vi. By)

Furthermoretheinductionhypothesisapplicationof descentenfinie workswell:
When,for some(fixed)¢g, we have somecounter@amplei for I'(ég, @) (i.e. (€, @)
is invalid) thenonebranchB; in the proof treemustcausethe invalidity of the con-
junction. If this branchis closed,thenit containsthe applicationof aninduction
hypothesigthat is invalid for this é; andthe @’ resultingfrom the instantiationof
the hypothesis.Thus, %’ togethemwith theinductionhypothesigrovidesthe strictly
smallercounter@aamplewe arelooking for for this €;.
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The third problematicaspectdisappearsvhenthe dependeng of variablesis explicitly repre-
sentedin a variable-condition cf. Kohlhas€1995). This idea actually hasa long history; cf.
Prawitz(1960),Kangern(1963),Bibel (1987). Moreover, the useof variable-conditiongreesour
free existentialvariablesfrom carryingaroundthe free universalvariablesthey may dependon.
Thus,thefreeexistentialvariablesfor first-orderboundvariablesstayfirst-order

4.6 Presewation of Solutions

Userseven of purePrologarenot so muchinterestedn theoremproving asthey arein compu-
tation of answergo queriesor of solutionsto queryvariables. The theoremthey wantto prove
usuallycontainssomefreeexistentialvariableghatareinstantiatedluringa proofattempt.When
the proof attemptis successfulpot only the input theoremis known to be valid but alsothe in-
stanceof the theoremwith the substitutionbuilt-up during the proof. Sincethe knowledge of
mereexistenceis lessusefulthanthe knowledgeof a term that witnesseghis existence,theo-
rem proving should—if possiblewithout overhead—akays provide thesewitnessingterms(or
solutions).Computatiorof answersandsolutionsis no problemfor Prolog’s Hornlogic theories.
For clausalogic theoriesjn Baumgartne&al. (1997)tableaucalculiareusedfor computatiorof
answerghatgo beyond simple solutions(i.e. substitutions)n thatthey are setsof substitutions
s.t. the disjunctionof the instantiationsof the querywith thesesubstitutionss in the theory; a
possiblenegation of the queryinstancess, however, not taken into account. This negationis
includedin TenCate& Shan(2002),wherefor generafirst-ordertheoriesheanswersomputed
with atableaucalculusareformulasbuilt-up from instance®f the queryandequalitieswith ary
logical operatorsand quantifiers. For universaltheoriesand quantifierfree queries,thesean-
swersdo not needquantifiersandarevery intuitive. In generalhowever, whend-stepsoccurin a
proof, theintroducedfree universalvariables(or Skolemterms)may provide no informationon
whatkind of objectthey denote.While thisis not possiblein termsof computabilityor A-terms,
the information canbe provided in form of Hilbert's e-terms(cf. Leisenring(1969), Hilbert &
Bernayg1968/70),Vol. I1), andour calculiwill offer this possibility. In orderto avoid additional
overheadjn this paper however, we will focuson preservatiorof solutionsinsteadof computa-
tion of answerswhich is a moregeneraltask. By “presenation of solutions”we meanat least
thefollowing property:

All solutionsthat transforma proof attemptfor a propositioninto a closedproof(i.e.
the closing substitutiondfor the free existential variables)are also solutionsof the
original proposition.

Supposehatour original input theorem![’(¢, «) (cf. the discussiornin Sectiord.5) hasbeenre-
ducedto G(¢€, @) representinghe stateof the proof attempt.With “presenation of solutions”we
meanthat,for ary instancee,

G(éy, @) impliesI'(é, @) for eachu. $)
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Thisis againcloselyrelatedto descenteénfinie:
Supposethat we have found someinstancee; s.t. for eachcountergample i of

G (€, @) thereis a counter@ampled’ for the original theorem(i.e. I'(eg, @') is in-
valid) andthatthis 4’ is strictly smallerthan# in somewellfoundedordering.In this

casewe have proved I'(€y, @) (andthusI’(e, @)) only if
eachcountergamplew for I'(ég, @) is alsoa countergamplefor G (€, @).
Thelatteris the contrapositie of ($) andthereforelogically equivalentto it.

4.7 The Liberalized §-rule

Definition 4.6 (Variable-Condition)
A variable-conditionis asubsedf Viee X Viree-

Roughlyspeakingfor a variable-conditionk, (z* ") € R saysthatz® is olderthany”, sothat
we mustnot instantiatethe free existentialvariablez® with a term containingthe free universal
variabley”.

While the benefitof the introductionof free existential variablesin y-rulesis to delaythe
choiceof awitnessingerm(whichis requiredby our designgoalof anaturalflow of information,
cf. Sectior2.1), it is sometimesinsoundo instantiatea free existential variablez® with aterm
containinga free universalvariabley” thatwasintroducedaterthanz™:

Example 4.7 dz. Vy. (x=1y)
is notdeductvely valid. We canstarta proof attemptvia:

~-step: Vy. (27 =y), Jz.Vy. (z=y)
J-step: (x*=yY), TJz.Vy. (z=y)

Now, if we were allowed to substitutethe free existential variable z* with the free universal
variabley”, wewould getthetautology (y* = "), i.e.wewould have provedaninvalid formula.
In orderto preventthis, thed-stephasto record(z?, y*) in thevariable-conditionwhich disallons
theinstantiationstep.

In orderto restrictthepossiblanstantiationsslittle aspossiblewe shouldkeepourvariable-con-
ditionsassmallaspossible.Kanger(1963),Bibel (1987),and Wallen(1990)are quite generous
in thatthey let their variable-conditiondecomequite big:

Example 4.8 Jz. ( Vy. —P z) )
canbe provedthefollowing way:

v-step: Vy. =P(y) vV P(z?), 3z. ( Vy. -P(y) Vv P(z) )
a-step: Vy. =P(y), P(z%), 3Jz. (Vy. -P(y) vV P(z) )
Liberalizeds-step: -P(y*), P(z7), Fz. ( Vy. - (y) \/ P(x) )
Instantiationstep: -P(y*), P(y%), 3z. ( Vy. —P(y) z) )

The laststepis not allowedin the above citations,so thatanothery-stepmustbe applledto the
original formulain orderto prove it. Our instantiationstep,however, is perfectlysound: Since
x? doesnotoccurin Vy. =P(y), thefreevariablest® andy®® do notdependon eachotherand
thereis noreasorto insiston z* beingolderthany ™. Indeed moving-in theexistentialquantifier
transformsthe original formulainto the logically equivalentformula Vy. =P(y) v 3z. P(x),
which (after a precedinga-step) enablesthe §-stepintroducingy™ to comebeforethe ~-step
introducingz?.
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Keepingthevariable-conditiongeneratedby thed-rule smallresultsin exponentiabindevennon-
elementaryeductionof the sizeof smallestproofs. The“liberalization of the s-rule” hasthefol-
lowing historyof reductionin sizeof smallesproofs: Smullyan(1968),Hahnle& Schmitt(1994)
(6), Beclert &al. (1993) (6 "), Baaz& Fermililler (1995) (5*), Cantone& Nicolosi-Asmundo
(2000) (6*"). The stepfrom 6t to 6+" (just like the stepfrom 6" to Giese& Ahrendt(1999)
(6¢)) doesnot reducethe variable-conditioasall othersdo) but reduceghe numberof Skolem
symbols(just like the stepfrom §* to §*°). While the liberalizedé-rule of Smullyan(1968)is
alreadyable to prove the formula of Ex.4.8 with a single v-step, it is much more restrictve
thanthe 6 "-rule which cantreatfree existential variables. For this paper the changefrom the
non-liberalizeds-rule to the liberalizedd*-rule is the problematicone becausét destrys the
preseration of solutions,cf. SectiorB. Somefurtherimprovementsover §* are consideredn
Section20.

Notethatliberalizationof the §-rule is not a simpletaskbecausét easilyresultsin unsound
calculi, cf. Kohlhas€1995)w.r.t. our Ex.4.9 andKohlhas€1998)w.r.t. our Ex.14.2. The diffi-
culty lies with instantiationstepsthatrelatepreviously unrelatedvariables:

Example 4.9 Jz. Vy. Q(z,y) V Ju. Yv. =Q(v, u)
is notdeductvely valid (to wit, let Q betheidentity relationon a non-trivial universe).Consider
thefollowing proof attempt:Onea-, two -, andtwo liberalizeds-stepsresultin

() Qa?,y™), -Q*,u?), 3z Vy. Q(z,y), Ju. Vo. -Q(v,u)
with variable-condition
(#) R = {(«7,y%), (u?v*)}

Note that the non-liberalizeds-rule would additionally have produced(z?, v**) or (u?, y**) or
both,dependingon the orderof the proof steps.Whenwe now instantiater® with v%*, we relate
the previously unrelatedvariablesu® andy™. Thus,our new goal

Q™ y*), =Q(v™,v?), Tz. Vy. Qz,y), Tu. Yv. "Q(v,u)
mustbe equippedwith the new variable-condition(u?, y**). Otherwisewe couldinstantiateu?
with 3%, resultingin thetautology Q(v™®, y™®), =Q(v™, y*),
Notethatin the standardramework of Skolemizationandunification,this new variable-condi-
tion is automaticallygeneratedy the occurcheckof unification: Whenwe instantiatex? with
v (u?) in Q(z%, y™(27)), —Q(v™*(u7),w”),
we get Q(v**(u?), y™ (v (u?))), —Q(v™(u?), u?),
which cannotbereducedo atautologybecause ™ (v**(u?)) andu? cannotbe unified. Whenwe
instantiatethevariablesz® and«? in thesequencéx) in parallelvia

€)) o := {270, uiy®},
we have to checkwhetherthe newly imposedvariable-conditionsre consistenwith the substi-
tutionitself. In particular a cycle asgiven(for the R of (#)) by

3 —— ™

-

\1,st3

Yy
mustnot exist.
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5 Existential Substitutions

Severalbinaryrelationsonfreevariableswill beintroducedn thisandthefollowing sectionsThe
overallideato beremembereds thatwhen(z, y) occursin sucharelationthis meansomething
like*z is necessarilplderthany” or “the valueof y depend®n or is describedn termsof x"

Definition 5.1 (F,, U,)
For a substitutiono we definethe existentialrelationto be

E, := { (2%, z)| x €dom(o) A 2? € V5(o(x)) },
andtheuniversal relationto be

U, := { (v, z)| z €dom(c) Ay €Vy(o(z)) }

Definition 5.2 ([[ Quasi-| Existential] R-Substitution)

Let R beavariable-condition¢f. Definition4.6.

o is an R-substitutionif ¢ is asubstitutionfor that R U E, U U, is wellfounded.
o isexistential if dom(c) C V;. o is quasi-&istential if dom(o) C Vi & V.

Note that, regardingsyntax, (z,z”) € R is intendedto meanthatan R-substitutiono may not
replacer with atermin which z? occursj.e. (2%, z) € E, mustbedisalloved,i.e. RUE, must
bewellfounded.As anotherexample take from Ex.4.9thevariable-conditionk of (#) andtheo
of ($). As explainedthere,c mustnot be an R-substitutiondueto thecycle

u? %8

el

vs _ R 23

Y

whichjustcontradictshewellfoundednesef RUU,. Notethatin practicew.l.0.9.R, E,, andU,
canalwaysbechoserto befinite, sothat R U E, U U,, is wellfounded iff it is agyclic.

After applicationof an R-substitutiono, in caseof (z,y") € R, we have to updateour
variable-conditionR in orderto ensurethatx is not replacedwith 4 via a future applicationof
anotherR-substitutionthat replacesa free variablesay »* occurringin o(z) with y”. In this
casethetransitive closureof theupdatedvariable-conditiorhasto contain(u?, y¥). Butwe have
v’ E, x Ry". This meansthat R U E, mustbe a subsetof the updatedvariable-condition.
Besideghis, we have to addstepswith U, again.

Definition 5.3 (o-Update)
Let R beavariable-conditiorando be a substitution.The o-updateof Ris R U E, U U,.
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Example5.4

In the proof attemptof Ex.4.9 we appliedthe existential R-substitution ¢’ = {z*—v%*} where
R={(2%,y*), (v*,v**)}. Notethat U, ={(v**,27)} and E, =0. Thus,the ¢’-updateof
R is thengiven by the following finite graphwhosetransitve closureis irreflexive andthusa
wellfoundedordering.

(T—— L

Notethatourtreatmenbf variable-condition$ereis notarbitrary but carefullydesignedaccord-
ing to thefollowing items.

e For efficiency reasonsve shouldnever computetransitive closuresout simply keepadding

new edgesto a graph. The relevant wellfoundedness-checksan then be performedas
agyclicity-checks which have atime compleity thatis linearin the numberof edges.This
cannotbeimproved.

All otherapproachesfoundin theliteratureareeithermorecomplicatecandlesspowerful
or elseunsound,cf. Sectiom.7. The versionpresentechereis optimal for the choices
describedn thefollowing two items.

It is with our variable-conditionghat we have investedmost effort in the possibility of

an efficient implementationand wherewe are alreadyvery closeto an implementation.
Actually, we have even sacrificedsomeother possibilitiesfor efficieng/; namelyfor the
liberalizationof the d-rule (cf. Sectiom.7)we sacrificedhe possibilityto represenHenkin

guantifiersor K. Jaaklo J. Hintikka’s IF logic, cf. Hintikka (1996). Neverthelessyou can
have themif you really wantthem?!?

For simplicity of implementationve even have madere-useand permutationsof free ex-
istentialvariabledike {z*—u?, u*—z?} impossible.Indeed all thesesubstitutiondead
to acyclein theexistentialrelationandthusareno R-substitutionsaccordingto the above
definitions. Re-useand permutationsof free existential variablesare not appropriatein
practicebecausehenwe needatime referencen additionto the nameof a freeexistential
variableto retrieve its solutionor value. Neverthelessyou canhave themif you really
wantthem,andwe have worked out everythingfor you in a sequencef notes® because
this non-trivial enterpriseput to testthe well-designednessf the conceptsof the whole
modelingpresentedn this paper
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6 Existential Valuations

Let A besomeX-structure We now definesemanticatounterpartsf ourexistential R-substitutions,
whichwe will call “existential(A, R)-valuations”

As suchan existential (A, R)-valuation e takesover the role of the raising functionsof
Sectiom.5, it doesnot simply map eachfree existential variabledirectly to an objectof A (of
the sametype), but musthave the ability to additionallyreadthe valuesof somefree universal
variablesunderan A-valuationr € V, — A. More precisely e getssomerestrictionof r, say
eV, ~ A with 7/C 7, asasecondargument. Short:

e:Vi—= (Vy~ A~ A

Moreover, for eachfree existentialvariablez?, we requirethe setdom(7’) of freeuniversalvari-
ablesreadby e(z?) to beidenticalfor all 7. This identical setwill be denotedwith S.{z’})
belowv. More technically we requirethatthereis some“semanticarelation” S, C V, x V5 s.t.for
all z7 € V.
e(z?) @ (Sef{z?}) — A) — A.
Notethat,for eache : V; — (V, ~ A) ~ A, atmostonesemanticatelationexists,namely
Se == {(v",27) | 27 € V3 A y¥ € dom(J(dom(e(z?)))) }.

In thefollowing definitionswe areslightly moregenerabecausave wantto apply theterminol-
ogy notonly to free existentialvariablesbut alsoto strongfree universalvariables.

Definition 6.1 (SemanticalRelation (S.))
Thesemanticaltelationof e is

Se := { (y,z) | x €dom(e) A y € dom(|J(dom(e(x)))) }.
e issemanticalif e isapartialfunctiononV s.t.for all z € dom(e):
e(z) : (Sez}) — A) — A,

Definition 6.2 (Existential (A, R)-Valuation)
Let R be a variable-conditionand A a X-structure. e is an existential (A, R)-valuation if
e:V;— (Vy~ A)~ A, eissemantical,andR U S, is wellfounded.

Finally, we needthetechnicaimeans thatturnsanexistential(A, R)-valuatione togethemwith a
valuationr of thefree universalvariablesnto avaluatione(e) (7) of thefreeexistentialvariables:

Definition 6.3 (¢)
We definethe function

e: (Vo VoA ~A) - (VoA - Vo~ A
for e:Vo VoA~ A 7€V~ A €V

by e(e)()(z) := e(z) (s.qup17)-
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7 Validity

We arenow goingto defineR-validity of asetof sequentsvith freevariablesjn termsof validity
of aformula.

Definition 7.1 (Validity, K)

Let R beavariable-condition,A a 3-structure andG a setof sequents.

G is R-validin A if thereis anexistential(.A, R)-valuatione s.t.G is (e, A)-valid.

G is (e, A)-valid if Gis(r,e, A)-validforall T €V, — A.

Gis(r,e, A)-valid if Gisvalidin AW e(e)(r) W .

Gisvalidin A if I'isvalidin Aforall I' € G.

A sequent isvalidin A if thereis someformulalistedin I" thatis valid in A.

Validity in a classof X-structuress understoodas validity in eachof the YX-structuresof that
class.

If we omit thereferencedo a specialX-structurewe meanvalidity &c. in somefixed classK of

Y-structurese.g.the classof all X-structureg>-algebras)pr the classof Herbrand-structures
(term-generated-algebras)cf. Wirth & Gramlich(1994b)for more interestingclassedor es-
tablishinginductive validities.

Example 7.2 (Validity)

For 2z € Vi, y¥ € V,, the sequentz®=y" is (-valid in ary A becauseve canchooseS, :=
Vox Vs ande(z?)(7) == 7(y") for 7€V, — A, resultingin e(e)(7)(7?) = e(2®) (s, qz3p17) =
e(2?)(w17) = 7(y"). Thismeanghat(-validity of z*=y" isthesameasvalidity of Vy. Jz. z=y.
Moreover, notethate(e)(7) hasaccesso ther-valueof 3" justasaraisingfunction f for z in the
raised(i.e. dually Skolemized)versionf (y*)=y" of Vy. dz. z=y.

Contrary to this, for R := V;xV,, the sameformula z*=y" is not R-valid in gen-
eral becausethenthe requiredirreflexivity of ScoR implies S. =0, ande(2?)(s,q,7p17) =
e(x?)(p17) = e(z?)(0) cannotdependon 7(y*) arymore. This meansthat (V3 xV,)-validity of
x?=y" is the sameasvalidity of Jz. Vy. z=y. Moreover, notethate(e)(7) hasno accesdo
ther-valueof y" justasaraisingfunctionc for z in theraisedversionc=y" of 3z. Vy. x=y.

For amoregeneralexampleletG = { A;... A;n,—1 | €1 }, wherefori € I andj < n;
the A, ; areformulaswith free existentialvariablesfrom z andfree universalvariablesfrom 7.
Then(V;xV,)-validity of G meansvalidity of 7. Vy. Viel. 35 <n;. A,
wheread)-validity of G meansvalidity of Vy. 3Z. Viel. 35 <n;. A;;
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8 Motivation for Reductionand Strong Validity

Besidesthe notion of validity we needthe notion of reduction. Roughly speakinga setG, of

sequentseducedo asetG; of sequentd validity of G; impliesvalidity of G,. This, however, is

tooweakfor ourpurposes$erebecauseve arenotonly interestedn validity but alsoin preserving
thesolutionsfor thefreeexistentialvariables:For ITP, computatiorof answersandsolutions and
constrainsolvingit is importantthatthe solutionsof GG; arealsosolutionsof Gy. Thus,we could

definethat Gy R-reducedo G, if (e, A)-validity of G; implies (e, .A)-validity of G, for each
existential (A, R)-valuatione. This definition works well with all inferencerulesat the end of

Sectior2.3with the exceptionof theliberalizedsd-rules.

The additionalsolutions(or existential substitutionsthat resultfrom the smallervariable-
conditiongeneratedy the liberalizedé-rule admit additionalproofs and answercomputations
comparedo the (non-liberalized)-rule. Theseadditionalsolutionsdo not add muchdifficulty
whenoneis interestedn validity only, cf. e.g.Hahnle& Schmitt(1994),but whenalsothepreser
vationof solutionsis required,they posesomeproblemsbecausehey maytearsomestrongfree
universalvariable,sayy™*, outof its context, namelyout of the scopeof the quantifiereliminated

by 3"

Example 8.1 (Reduction & Liberalized ¢-Steps)

In Ex.4.8aliberalizeds-stepreduced Vy. =P(y), P(z%), ..
to -P(y™), P(z?), ..
with emptyvariable-condition? := (). Thelattersequents (e, .A)-valid for theexistential(.A, R)
valuatione givenby

e(2”)(1) = 7(y™).
Theformersequenthowever, is not (e, A)-valid whenP4(a) is trueandP+(b) is falsefor some
a, b from theuniverseof A. To seethis, take somer with 7(y**) := b.

How canwe solve the problemexhibitedin Ex.8.1?1.e. how canwe changethe notion of reduc-
tion suchthattheliberalizeds-stepbecomes reductionstep?

Thefirstapproactonemaytry is to allow aslightmodificationof e to ¢’ suchthat ' (27) (1) =
a. However, suchamodificationof e doesnotgotogethemvell with ourrequiremenbf presera-
tion of solutions.Besidesthisfirst approacreventuallyfails becausd is notpossibleto presere
reductionunderinstantiationsteps:

E.g., an Instantiationstepwith the existential R-substitution{z*—y**} transforms
thereductionof Ex.8.1into thereductionof Vy. =P(y), P(y*)
to —P(y*), P(y™)

Takingr, e, and.A asin Ex.8.1,thenew lattersequents still (e, .A)-valid. Thereis,
however, no modificatione’ of e suchthatthe new formersequents (7, ¢’, A)-valid.
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Learningfrom this, the secondapproachonemaytry is to allow a slight modificationof 7 in-
stead. E.g., for the reductionstepof Ex.8.1, one would require the existenceof somenr €
{y*} — A s.t. the former sequentis (7 & v\ (%17, €, A)-valid insteadof (7, e, A)-valid.
Choosingr := {y**+—a} would solve the problemof Ex.8.1 then: Indeed,the former sequent
is (m W w,\(yvs} 17, €, A)-valid becausdor the e of Ex.8.1we have e(z?)(T W v\ (yvs}17) =
(m W v\ sy 17) (¥%) = a.

Moreover, with this approachreductionis preseredunderinstantiationsteps.

The problemswith this approacharise,however, whenone askswhethertherehasto be a
singler for all 7 or, for eachr, adifferentr:

Example 8.2

Considetthefollowing liberalizeds-stepwheretheadditionalfreeuniversalvariablez” occursin
the principalformula,namelythe reductionof Vy. 24y, 2"=a7
to 2V#YSS, V=17

For thee of Ex.8.1 (which givesz? thevalueof y**) thelattersequents (e, .A)-valid.

Different7: In caseof R = (), the formersequentmustbe (7 & v, ;,vs317, €, A)-valid for all 7.
This canonly holdwhenther € {y**} — A canchangewvhenther-valueof z¥ changes:

E.g.,for 7 := {y*—a, 2"—b} weneedr(y*) := b,
while for 7 := {y**—b, z"—a} weneedr(y™) := a.

Indeed,in the reductionabore, y*° is functionally dependentn z¥. This dependengis
the main'” reasonfor our requiremenbn our liberalizeds-rule to insert(z¥, y*) into the
variable-condition¢f. theendof Sectior2.3.

Singlen: Incaseof R={(z%, z")}, theformersequenof Ex.8.2is not R-valid in general.Thus,
in orderto presere the connectionbetweenreductionand validity (cf. Lemmall.2(1)),
the step of Ex.8.2 must not be a reduction,i.e. the former sequentmust not be (7 W
vi\{y¥s}17, €, A)-valid for all 7. Therefore; mustnotdependbnther-valueof 2%, contrary
to theitemabove. Notethatsuchadependengcwould effectively allow z* to readthevalue
of z¥, which s explicitly forbiddenby thevariable-conditionR.

Thus,the only solutioncanbethatr (justlike e¢) dependn somevaluesof ~ but not on others.
Sincewe areinterestedn extractinginformationon the solution of free existentialvariablesof
theoriginaltheoremfrom acompletedroof, we wantto have theadditionalpossibilityto look up
whatrolethestrongfreeuniversalvariablesntroducedoy liberalizeds-stepgeally play. And this
is whatthe choice-condition®f the following sectionare about. With the help of thesechoice-
conditionswe canthendefinethe notion of strongvalidity which givesthe strongfree universal
variablesan extra treatmentandsolvesthe problemof Ex. 8.1 by disallowing the valueb for y%*
via achoice-conditiorthatrequiresto choosea valuefor y* suchthatP(y**) becomedrue.
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9 Choice-Conditions

As will beexplainedbelow, choice-conditionsrrecloselyrelatedto Hilbert's e-terms,cf. Hilbert
& Bernaygq1968/70),Vol. Il andLeisenring1969). For a motivationalintroductionto choice-
conditionsas an indefinite semanticdor Hilbert's e-terms,cf. Wirth (2002). Note that the op-
tional part[- - -] in thefollowing definitionis only neededor modeling“subordinate’s-terms(or
“untergeordnete’=-Ausdiiicke accordingto Hilbert & Bernayq1968/70),Vol. I, p.24) andnot
for thecombinatiornof descenténfinie anddeductiorwherewe only needs-bindingontop level.

Definition 9.1 (Choice-Condition, Extension)
C is an R-choice-conditionif R isawellfoundedvariable-condition(' is a partialfunctionfrom
Vs into thesetof formulas, and z R* y** for all y** € dom(C) andz € Viee(C (y*%))\{y™}.

More generallythevaluesof C' canbe formula-valued\-termswhere,
for y* € dom(C) and C'(y*°) = Avg. ... Av_;. B,
B is aformulawhosefree occurringvariablesrom Vi,gung
areamong {vg, ..., v—1} € Vhound
andwherefor vy : g, ..., v—1 : ay_1, We have
Y™ g — ... — ag_1 — oy for sometypeqy,
andary occurrencef y** in B mustbeof theform y%(vy) - - - (vi—1).

(C', R") is anextensionof (C, R) if C is an R-choice-condition(’ is an R'-choice-condition,
CCC', and RCR'.

Definition 9.2 (Compatibility)
Let C be an R-choice-condition,A a X-structure,ande an existential (A, R)-valuation. = is
(e, A)-compatiblewith (C, R) if

1. 7: Vs = (Vyw ~ A) ~ A is semantical(cf. Definition6.1) and R U S, U S, is well-
founded.

2. Forall y** € dom(C) with C(y**) = Avy. ... y_1. B and
T €V — Aandy € {vg,...,u_1} = A:

If, for somen € {y**} — A,
Bis ( w\wl(e(m)(r)¥nyrey, e A )-valid,
thenB is (e(7)(T) W T W x, e, A)-valid.

Item 1 of this definitionis quite technicalandneededor lemmaapplication.Roughlyspeaking,
it saysthattheflow of informationbetweernvariablesexpressedn R, e, andr is agyclic.

ltem2 of (e, A)-compatibility of = with say ( {(y*, Avo. ...\ 1. B)}, R ) meanshat
adifferentchoicefor the e(m)(7)-valueof 4% cannotgive riseto a previously not givenvalidity
of theformulaBin AWe( e )( e(m)(r)wWT ) We(r)(r)wTwy, orthate(r)(r)(y*) is
chosersuchthat B becomewalid if suchachoiceis possible.Thisis closelyrelatedto Hilbert’s
g-operatorin thesensehaty™ is giventhe valueof
Avg. . Aug. ey, (B{y™(v) - - - (vi=1) — y})
for anarbitraryy € Viouna \V(B).
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As the choicefor y*° dependn the otherfree variablesof \vy. ... Avy;_1. B (i.e.thefree
variablesof Avg. ...A\v_1. ey. (B{y™(vo)--- (v;i_1) — y}) ), werequiredtheinclusionof this
dependenginto thetransitve closureof the variable-conditionR in Definition9.1.

Note thatthe emptyfunction ) is an R-choice-conditiorfor ary wellfounded(whichin the
following will alwaysbe the case)variable-conditionk. Moreover, ary 7 : Vs — {0} — A is
(e, A)-compatiblewith (#, R) dueto S, =§. Indeed,acompatibler alwaysexists:

Lemma9.3
Let C bean R-choice-condition,A a ¥-structure, and e an existential (A, R)-valuation. Now
thereis somer thatis (e, .A)-compatiblewith (C, R).

Finally, we needmeansfor expressingthe requiremenbn a quasi-&istential substitutionto re-
placethestrongfreeuniversalvariablesn away thatgoestogethemvell with the compatibility of
Definition9.2(2):

Definition 9.4(Q¢,»)
For asubstitutions andan R-choice-conditiorC', werequireQ) ¢, to beafunctionfrom dom(C)n
dom(c) into the setof sequents.t. for eachy™ € dom(C) N dom(o) with C(y**) = Av,.
.. Ay B, wehave Qe (y™) =

Vog. ... Yo ( 3y (B{y™(vo) - (v1) = y}) = B o

for anarbitraryy € Voouna \V(C(y™)).

After globalapplicationof an R-substitutiono we now have to updateboth R andC:"

Definition 9.5 (Extendedo-Update)
Let C bean R-choice-conditiorando a substitution.
Theextendedr-update (C’, R') of (C, R) is givenby:
C'":= {(z,Bo)| (z,B)eC Nz ¢dom(o) },
R' istheo-updateof R.

Lemma 9.6 (Extendedo-Update)
LetC bean R-choice-conditiong an R-substitutionand(C’, R') theextendedr-updateof (C, R).
Now: C" is an R'-choice-condition.
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10 Strong Validity

Definition 10.1(Strong Validity)

Let C' bean R-choice-condition,A a Y-structureandG a setof sequents.

G is (C, R)-stronglyvalidin A if thereis anexistential(A, R)-valuation e s.t.

G is (C, R)-strongly(e, .A)-valid.

G is (C, R)-strongly (e, A)-valid if for somé?® 7 thatis (e, .A)-compatiblewith (C, R),
G is strongly(m, e, A)-valid.

G is strongly (7, e, A)-valid if G is (e(7)(7) W 7, e, A)-valid for eachr € V,,, — A.
Therestis givenby Definition7.1.

Note that strongvalidity is called“strong” becausat treatsthe strongfree universalvariables
properly whereagweak)validity of Definition7.1doesnot. It is generallynotthe case however,
thatstrongvalidity is logically strongeithanweakvalidity. Thelogical strengthof thetwo cannot
be comparedeasily but we do not needto know morethanthefollowing two lemmas.

Lemma 10.2(From Weakto Strong Validity)
LetC bean R-choice-condition,A a X-structue, and G a setof sequentsNow:
If Gis VixV,-validin A, thenG is R-valid and (C, R)-stronglyvalid in A.

Ontheotherhand,from (C, R)-strongvalidity of a setof sequentss we shouldbe ableto infer
(@, R")-strongvalidity and(weak) R'-validity for someG with the strongfree universalvariables
renamedo somenew freeexistentialvariables.

Lemma 10.3(From Strong to Weak Validity)

LetC bean R-choice-condition,A a X-structure, and G a setof sequents.

Lets € Voo (G) — (V2\V(G)) beinjective

If G is (C, R)-stronglyvalid in A, thenGs is (0, R')-strongly valid and (weakly) R’-valid in A
forany R C (v, uva\vran()lid @ ¢71) 0 R¥ Iy, ivivran() @ Vax V.
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11

Reduction

Definition 11.1(Reduction)

Let C bean R-choice-condition,A aX-structureandG,, G setsof sequents.

Gy (C, R)-reducedo G, in A if for eachexistential(.A, R)-valuatione andeachr thatis (e, .A)-
compatiblewith (C, R):

if Gy is strongly(w, e, A)-valid, thenG, is strongly(r, e, .A)-valid.

In the following lemmaskip the very technicaloptional part [- - -] on a first reading! (If you
neverthelessvantto understandhe meaningof O and N, have alook at thetext preceding_em-
maA.2.)

Lemma 11.2(Reduction)
LetC bean R-choice-condition;A a X-structue; G, G1, G2, and G setsof sequents.

1.

(Validity)
Assumehat G, (C, R)-reducedo G in A. Now: If Gy is (C, R)-stronglyvalid in A, then
Gy is (C, R)-stronglyvalid in A.

. (Reflexivity)

In caseof GyCGy: Gy (C, R)-reducedo G in A.

. (Transitivity)

If Gy (C, R)-reducego G in AandG; (C, R)-reduceso G, in A,
thenGy (C, R)-reduceso G5 in A.

. (Additi vity)

If Gy (C, R)-reducego G5 in AandG; (C, R)-reducedo Gs in A,
thenG,UG; (C, R)-reducego G,UGS in A.

. (Monotonicity)

For (C’, R") beingan extensionof (C, R):
(@) If Gy is (C', R')-stronglyvalid in A, thenG, is (C, R)-stronglyvalid in A.
(b) If Gy (C, R)-reducedo G, in A, thenGy (C', R')-reducedo G, in A.

. (Instantiation)

For an[quasi] existential R-substitutions and
theextendedr-update(C’, R') of (C, R)
[andfor O, N with O C dom(C) Ndom(c) COW N,
N Cdom(C)\ O, dom(C)N(N)R* C N, and NNV(Gy,G1) =01:

(@) If Goo [U (0)Qc,] is (C', R')-stronglyvalid in A,
thenG, is (C, R)-stronglyvalid in A.

(b) If Gy (C, R)-reducego G, in A,
thenGyo (C', R')-reducego Gio [U (O)Qc,.) in A.
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12 Counterexamplesand Foundedness

For powerful ITP we have to be ableto restrictthe testof whetherthe weight of a hypothesis
is smallerthanthe weight of a goal (which hasto be satisfiedfor the permissionto apply the
hypothesigo the goal) to the specialcasesemanticallydescribedoy their logic parts. This can
be achieved by consideringonly suchinstance®f their weightsthatresultfrom valuationsthat
describeinvalid instancef their logic parts. A syntacticalconstruct(cf. Definition3.2) aug-
mentedwith sucha valuationproviding extra information on the invalidity of its logic partin
someX-structureA is our formal meango capturethe notionof “counterexample’”

Definition 12.1(Counterexample)

Let. A beaX-structurdromK, C bean R-choice-conditione beanexistential(.A, R)-valuation
andr be (e, A)-compatiblewith (C, R).

(S,7)isan(m, e, A)-counteexample(for S) if S isasyntacticaconstruct,r € V,,, — A, and
logic({S}) is not (e(7)(7) W 7, e, A)-valid. (Thus,thelogic partof a syntacticalconstructS is
strongly(r, e, A)-valid iff .S hasno (r, e, A)-counter@gamples.)

Now we cometo the crucial notion notion of foundednesswhich for ITP is whatthe notion of
reductionis for deduction.Dueto its technicalcompleity, beforecomingto its definition, let us
motivatethe notionof foundedneswith themetaphoof building a supportingramein aswamp.

1. We canfix aconstructiorelementH to a constructiorelementHd’ on a strictly lower level
of the supportingframeresultingin the construction

H

{

HI
for whichwe alsowrite H\ H' andwhich expresseshatif H needssomesupport,then
it cangetit from theelementHd’ below.

In theworld of inductionthis meanghatif anelementof theset H hasa countergample,
thenthereis a counter&amplefor anelementof H’ whoseweighttermis strictly smaller
in theinductionordering< thatmustbeidenticalfor bothcountergamples.

2. We canfix aconstructiorelementH to aconstructiorelement G, L) onthesameor lower
level of the supportingframeresultingin the construction

HA~(G,L)

In the world of inductionthis meansthat if anelementof H hasa countergample,then
thereis a countergamplefor an elementof G or L. Moreover, if this countergampleis
from G, thenit hasto be smalleror equalin the inductionquasi-orderings that mustbe
identicalfor bothcounter&amples.Notethat* H' standgor theinductionhypotheses,G’
for thesub-gralsof H, and‘ L’ for thelemmasof the proof.
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3. We canfix aconstructiorelementH partly to aconstructiorelement G, L) onthesameor
lowerlevel andpartlyto aconstructiorelementd’ onastrictly lowerlevel of thesupporting
frameresultingin the construction

H~(G,L)

i}

HI
for which we alsowrite H \,/~ (H', G, L). In theworld of inductionthis meanghatif
anelementof H hasa countergample,thenthereis a countergamplefor an elementof
H', G, or L. Moreover, if this counter&ampleis from H' thenit hasto be strictly smaller

andif it isfrom G it hasto be equalor smallerthanthe original counter@amplefrom H in
theinductionorderingthey share.

Now, if we have asupportingrameof theform H \,/~ (H,G, L), i.e.
H~(G, L)
1
H~(G, L)
1

andwe know thattheswampis wellfounded(i.e. we getto solid groundeverywhereaf we only go
deepenough}Yhenweknow thatH is sufliciently supportecagainssinkingby theelement(G, L)
alone,i.e. H~(G, L). Intheworld of inductionthis meanghatall sequent®f the elementsf
the set H areinductiely valid provided thatthe basecasesn G andthelemmasin L are,cf.
Lemmal2.3(7).

Finally, notethatthe expressve power of “\,/~ is higherthanthatof \, and~ together:
{S}INH V {S}~(G, L) implies {S} \,/~ (H,G, L) for S € SynCons, butthecorversedoes
not hold in generalbecausdalifferentcountergamplesfor S may have smallercountergamples
in differentsets.Thuswe define \ /~ first:
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Definition 12.2(Foundedness)

Let C' bean R-choice-conditionLet Gy, G, H, L C SynCons. Now:

Gy is (C, R)-strict/quasi-founde®n (H, Gy, L) (denoteddy Gy \,/~c,r (H,G1, L)) if
VA € K. Ve existential (A, R)-valuation V= (e, A)-compatiblewith (C, R).

( ((S,7)isan(m,e, A)-counter&gample \
( (8", ") isan(m, e, A)-countergample \
( Ar ' w,w', <, <, <, <o, 0w, 0, <, K. \
(I} (w,<,8)) =8
A (', <)) =5
AN d=¢€(n)(r)¥T
AN 8 =¢em) ()T
AN w =eval(AWe(e)(d) W) (w)
N @' =eval(AWe(e)(d) W) (w)
AN < =eval(AWe(e)(0) W) (<)
VEEG VT | qgr A <= eval( AW e(e)(8) & 8')(<")
A A D= eval( AW e(e) (6) v 0)(<)
AN J=eval(AWe(e)(d) W) (I)
S'eH
A W't
AN <od C gt
" A <iswellfounde
S'eG,
\ v (/\ w’(guq)*w) )

\ \\v ges /)]

G is strictly (C, R)-foundedon H (denotedby Go\¢ z H) if Go\/~c,r (H,0,0).
G, is (C, R)-foundedon (G1, L) (denoteddy Gor~e,r(G1, L)) if Go \y/rvor (0,G4, L).

Notethat H~c g(0, L) iff logic(H) (C, R)-reduceso logic(L) in all A € K.

Moreover, notethatin caseof “<” &c. beingno propertermsof our (possiblyfirst-order)
logic language;eval(A W e(e) () W 6)(<)” is to betakenashorthandor

{ (a,b) | eval( AWe(e)() W W {z—a, y—b} )( z <y )=TRUE },
for two distinctvariablesr, y € Vyounda \V(<).

Furthermorenotethatthe definitioncouldbe simplified by requiringJ to beawellfounded
quasi-orderingand < to be its ordering. For proof-technicalcorvenience however, we prefer
thewealerrequirementsE.g.,if we wantto formally prove thatwellfoundednessf arelation R
impliesterminationof thetransitive closureof its reverse theabove conditionsshouldbesatisfied
whenwe set<i to R (and < to ().

Moreover, notethatourinductionorderingis semantica(cf. Definition13.7of Wirth (1997))
in the sensehatit cannotdependon the syntacticakerm structureof a weightw but only onthe
value of w underthe evaluationfunction. In Wirth (1997) we have rigorously investigatedhe
price onehasto payfor the possibilityto have inductionorderingsalsodependingon the syntax
of weights.For powerful concretdanferencesystemshis priceturnedoutto be surprisinglyhigh.
Besideghis, afterimproving the orderinginformationin descentenfinie by our introductionof
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explicit weights(cf. Wirth & Becker(1995))the former necessityof sophisticatednductionor-
deringsthatexploit thetermstructure(cf. e.g.Bachmair(1988))doesnot seento exist anymore.

Finally, notethatthewhole Sectionl3 depend®nly onthosepropertiesof foundednesthat
aregivenin thefollowing lemma(andonthedefinitionof ~¢ g in termsof \,/~¢ g ).

Lemma 12.3(Foundedness)
LetC bean R-choice-condition; G;, G}, H;, L; C SynCons.

1. (Validity)
AssumeGy~e, r(Gh, Ly).

(@) If logic(G1UL,)is (C, R)-stronglyvalid,
thenlogic(Gy) is (C, R)-stronglyvalid, too.

(b) LetA € K, e beanexistential(A, R)-valuationand
7 be (e, A)-compatiblewith (C, R).
If logic(G1UL,) is strongly (r, e, .A)-valid,
thenlogic(Gy) is strongly (, e, .A)-valid, too.

2. (Reflexivity)
In caseof GO C G1UL1: GO \/NC’,R (HlaGlaLl)-

3. (Transitivity)
(a) If GONC,R(Gla Ll) and G1 \(/(\’C’,R (H2, G2, LQ),
then G() \(//\’C,R (HQ, GQ, L1UL2).
(b) If GOAC,R(GM Ll) and leC,R(GQ, LQ), then GomcyR(Gl, GQULQ).

4. (Additi vity)
If Viel. GZ \/NC’,R (HZ, G;, Lz): then UiEI Gz \/NC’,R (UiEI Hi7 Uie] G;, UiEI Lz)

5. (Monotonicity)
For (C', R') beingan extensiorof (C, R): If Gor~ve,r(G1, Lh), thenGo~er g (G, Ly).

6. (Instantiation)
For an[quasi] existential R-substitutions and
theextendeds-update(C’, R') of (C, R)
[andfor O, N with O C dom(C) Ndom(c) COW N,
N Cdom(C)\ O, dom(C)N(NYR* C N, and N N V(Gy, Gy, L) =0,
and L, a setof syntacticalconstructswith logic(Ls) = (O)Qc,s |-

If GomC,R(Gl,Ll), then Goamcf’R/(Gla, LlU[U LQ])

7. (Descentdnfinie)
If H1 \/(_\’C,R (Hl, Gl, Ll), then HlmC,R(GI; Ll) 19
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13 Abstract Sequentand TableauCalculus

Now we aregoingto abstractlydescribenductive sequenaindtableaucalculi. We will latershov
thatthe usualdeductve calculi areinstancef our abstractcalculi andthatdescentenfinie can
be applied. The benefitof the abstractversionis thatevery instancas automaticallysound.Due
to the smallnumberof inferencerulesandthe locality of soundnesghis abstractversionis not
really necessaryor deductve calculi. For inductive calculi, however, dueto a biggernumberof
inferencerules(which usuallyhave to beimprovednow andthen)andtheglobality of soundness,
suchan abstractversionis very helpful, cf. Wirth & Becker(1995),Wirth (1997). Note thatthe
designof our abstractcalculi is not ad hoc. Cf. Wirth & Becker(1995), Wirth (1997) for the
discussiorof alternatves.

Comparedo the well-known deductve proof trees,the differenceis that the sequentsare
replacedwith syntacticalconstructsij.e. to eachsequent weightconstructs addedfor control-
ling theloopsin ITP. Moreover, in inductive tableaucalculi, the proof treesdiffer from thosein
deductvetableaucalculiin thattheirrootsarelabeledwith weightconstructsnsteadof formulas.

Definition 13.1(Proof Forest)
An (inductive)proofforestin a sequentor else:tableay calculusis aquintuple

(F,C,R,L,H)
whereC' is an R-choice-condition, L., H C N, xN,, andF' is a partialfunctionfrom N, into
the setof pairs (S, ¢t), whereS is a syntacticalconstructandt is a treewhosenodesarelabeled
with syntacticakonstructgor else:.whoserootis labeledwith aweightconstructandwhoseother
nodesarelabeledwith formulas).

Note that L recordsthe lemmaapplicationsand H the inductionhypothesisapplicationsasex-

plainedbelov Definition13.2. Furthermorethe treet is intendedto represent proof attempt
for the hypothesisS. In caseof a tableaucalculusthe nodesof ¢ arelabeledwith formulas;the
root, however, with a weightconstruct.In caseof a sequentalculus,the nodesarelabeledwith

syntacticaktonstructsWhile the syntacticakconstructatthenodesof atreein asequentalculus
standfor themselesasgoals,in atableaucalculusall the ancestordiave to beincludedto make

up a syntacticakonstructand,morewer, thelabelingformulasarein negatedform:

Definition 13.2(Goals(), AX, Closedness)

‘Goals(T)’ denoteghe setof syntacticalconstructdabelingthe leavesof the treesin the setT’
(or else:the setof syntacticalconstructy A, 3) with A resultingfrom listing the conjugatesof
the formulaslabelinga branchfrom aleaf to the root (exclusively) in atreet in T’ and3 being
thelabelof theroot of thetreet).

In whatfollows, we assumedX to be somesetof axioms By this we meanthat AX is V;x V-
valid (for all A € K). (By Lemmal0.2,this meanghat AX is R-valid and(R, C)-stronglyvalid
for any R-choice-conditiorC'. For K cf. thelastsentencen Definition7.1.)

Typically, AX containsall sequent®f theforms " AIT A A and I" (s=s) II for sequentd’,
11, A, formulasA, andtermss.

Thetreet is closed if logic(Goals({t})) C AX.

Why do we considera proof forestinsteadof a single proof treeonly? The possibility to have
an empty proof forestprovidesa nicer startingpoint. Besidesthat, if we have two proof trees
F@i) = ((I,N),t) and F(i') = ((I"",N),t'), we canapply I"" asalemmain the treet of
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(I',N) andrecordthis lemmaapplicationby inserting (i, 7) into L. We canalsoapply (I, Y’)

instantiatedwith p asaninduction hypothesisn the treet of (I, R) andrecordthis induction
hypothesisapplicationby inserting(¢',4) into H. In the latter casewe have to add additional
goalsto ¢ thatexpressthatthe weightterm of 'y, is smallerthanthe weightterm of R andthat
theinduction(quasi-)orderingsof X’y and® areidentical. Whenonly asingleconstaninduction
(quasi-)orderingis given (asin QUODLIBET, e.g.),the latter equalityis trivial andthe weight
constructanbe simplifiedto consistof weighttermsonly. Providedthatthelemmaapplication
relation Lo H* is wellfoundedandall trees(:”, (S”,t")) with "(LUH)"i areclosed this proves
that"is (C, R)-valid. Contraryto deductvetheorenproving, for descenténfinie theavailability

of lemmaandinductionhypothesisapplicationof this form is really necessary

Thefollowing definition providessomesyntacticalsugarto make thefollowing morereadable.

Definition 13.3(Hyps(), Trees())
For A beingasetof pairs(S, t) consistingof asyntacticalkconstructS andatreet, we definethe
hypothesesf A by Hyps(A) := dom(A) andthetreesof A by Trees(A) := ran(A).

In the following definition, abstractproof stepsof the following threedifferentkinds are con-
sidered: A Hypothesizingtepstartsa new proof treefor a new conjecture;an Expansionstep
expandsa proof tree; and an Instantiationstepglobally instantiatessomefree variablesin the
wholeproofforest. As thedefinitionis quitelong andhard,we give somehintsdirectly following
the definitionsof ExpansiorandInstantiation.

Definition 13.4(Abstract Sequent(or else:Tableau)Calculus)

We startwith the empty proof forest(F,C, R, L, H) := (0,0, 0,0, ) andtheniterateonly the
following kinds of modificationsof (F, C, R, L, H) (resultingin (F',C", R', L', H'")):

Hypothesizing:

Let (C', R') be anextensionof (C, R). SetLl' := LandH' := H. Let i € N, \ dom(F).
Let (I, N) bea syntacticalconstruct.Let ¢ be the treewith a singlenodeonly, which is labeled
with (I, X) (or else:with asinglebranchonly, s.t. I is thelist of the conjugate®f the formulas
labelingthe branchfrom the leafto theroot (exclusively) and® is the labelof theroot).
Thenwemayset F' := F U {(i, (I, R),1))}.
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Expansion:

Let (C', R') beanextensionof (C, R). Let Ni,, Ny C dom(F'). Set L' := L U Ny x{i} and
H' := H U Ngx{i}. Let(i,(S,t)) € F. Letl bealeafin ¢. Let (A,3) bethelabelof
(or else:resultfrom listing the conjugatef the formulaslabelingthe branchfrom [ to the root
(exclusively) and3 bethelabelof therootof ¢). Let G be a setof syntacticakonstructgor else:
let M beasetof sequentsindsetG := { (IIA,J) | I € M }).

Now if {(A, )} \/r~ew (Hyps((Nu)F), G, Hyps((NL)F) ), ($)

thenwe may set F' := (F\{(,(S,%))}) U {(i, (S,t"))}, wheret' resultsfrom ¢ by addingto
theformerleafi, exactly for eachsyntacticalkconstructS’ in G, anew child nodelabeledwith S’
(or else:exactly for eachsequent/I in M anew child branchs.t. IT is thelist of the conjugates
of theformulaslabelingthe branchfrom theleafto the new child nodeof 7).

Hints: Expansiorstepsareparameterizewith a syntacticaconstruct A, J), two setsNy, Ny, C

dom(F), anda setof sequents s.t.($) holds. While Hyps({~Nu)F') andHyps({/V1) F') contain
the hypothese®f the proof treesthatareappliedasinductionhypothese®r lemmas resp.,the
syntacticalconstructsin G becomethe new child nodesof the former leaf nodelabeledwith

(A, 3). For tableaucalculi, however, this setG of syntacticalconstructamustactually have the
form { (IIA,3) | II € M } becausean Expansionstepcannotremove formulasfrom ancestor
nodes. This is becausagheseformulasarealsopart of the goalsassociateavith otherleavesin

theprooftree.

Instantiation:

Let o bean[quasi-]existential R-substitutionand (C’, R') the extendeds-updateof (C, R). Set

F':={(i,((I'o,No0), t0)) | (i,((I,N), 1)) € F }.

Assumethatfor eachy™ € dom(C) N dom(c) thereis somejyvs € dom(F) with
logic(Hyps(({jy« D)) = {Qco(y™)} -

For eachi € dom(F’) set(I abbreiating H*{:}))

D(7) := dom(C) N dom(o) N R*<VV,S (Goals(Trees((I)F)), Hyps({{i} U L(I)>F))>
Thenwemayset L' := L [ U { (jyvs,¢) | i¢€dom(F) Ay* e D(i) }| and H' := H.

Hints: An Instantiationstepglobally instantiategree existentialandfree universalvariablesvia
a substitutiono. It is simpleunlessstrongfree universalvariablesare substitutecandthe parts
in optionalbracletsbecomerelevant. In this case,every replacemenof a strongfree universal
variabley* mustbe justified by alemmaQ¢, (y**) (cf. Definition9.4) given by the hypothesis
of a proof tree numberj,v., which mustbe addedin a precedingHypothesizingstepunlessit
is alreadypresent. Note that this lemmais specialin the sensethatit is not appliedlocally in
someproof tree but globally. Esp.problematicis the possibility thaty%* occursin the proof of
the lemmaitself. If we arenot very careful,the lemmabecomes lemmaof itself, resultingin
acyclic lemmaapplicationrelation. Thenour whole proof work is in vain becauseao validities
whatso&ercanbeinferred. Therefore sincewe do notwantto reintroducehelemmaasanopen
lemmaandproveit againwetake averycloselook onwhichof our (possiblyopen)lemmageally
dependon the justifying lemmaQ ¢, (y*°) afterglobal applicationof o. Our solutionis thatthe
lemmais relevantfor any proof tree number; whoseproof state(i.e. the goals,the hypothesis
itself, andthelemmascf. Definition13.5)containdreevariableghatmaydependn y%*; i.e. for
ary i with y* € D(i).
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13.1 Soundness

The following invariantconditioncaptureghe soundnessf our proof trees. Roughly speaking
(whenneitheralemmanoraninductionhypothesifiasbeenapplied),thevalidity of the goalsof
atreeis to imply thevalidity of the sequenbf thistree;short:“The leavesimply theroot”

Definition 13.5(Soundnesdnvariant Condition)
ThesoundnesBwariantconditionon (F, C, R, L, H) isthat(F, C, R, L, H) is aproofforestand
that,for all (i, (S,t)) € F,

{S} ~e,r ( Goals(Trees({I)F)), Hyps((L{I))F) ) for I .= H*{i}).

I arethenumber=f the prooftreeswhosehypothesebave beenappliedin thetreet asinduction
hypothesesandGoals(Trees(() F')) is the setof goalsof theseprooftrees.Hyps((L(I))F) =
{S"| F(i'Y =(S",t') Ni'Li Ni e } arethelemmasonthatI” depends.

Theorem 13.6(SuccessfuProof)
Letthe proofforest(F, C, R, L, H) satisfytheabove soundnessvariant condition.
Let (4, (I, RN),t)) € F.
Assumehatall treesin Trees(((LUH)*{i})) F)
(e.in{t| (, (S t)eF A i (LUH)"i})
are closedandthat Lo H* is wellfounded Now:
I'is (C, R)-stronglyvalid and,for anyinjectives : V(") — (V-\V(I')),
I'sis (@, R')-stronglyvalid and (weakly) R'-valid for any
R C  (vuvavran@lid W <7 o RY Iy Gvavran(e) ¥ Vax Vi,

Theorem 13.7(Soundness)
The above soundnessnvariant conditionis alwayssatisfiedfor the sequent(or else:tableau)
calculusof Definition13.4.
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13.2 Safeness

While the soundnessnvariant condition of Definition13.5 (“the leavesimply the root”) is an
essentiabne,its corverse hamely“the rootimpliestheleaves; whichwe call safenesss useful
in practicefor failure detection.

Definition 13.8(Safenesdnvariant Condition)
Thesafenessvariantconditionon (F, C, R, L, H) is that,for all (i, ((I,R),t)) € F,

logic(Goals({t})) (C,R)-reducego {I'}.

Definition 13.9(Safenes®f Stepsand Sub-rules)

An Expansiorstepof the sequentalculusof Definition13.4is safe if (referringto thevariables
introducedthere) logic(G) (C', R')-reduceso {A}.

A sub-ruleof the Expansiorrule of the sequentalculusof Definition13.4is safe if it describes
only safeExpansiorsteps.

An Instantiationstep of the sequent(or else: tableau)calculusof Definition13.4 is safe if
Qc,(y™) is (C', R')-strongly valid dueto Theor13.6 for all y** € dom(C) N dom(o), i.e.
all treesin Trees({(L'UH")*{j,v })) F") areclosedand L'o H" is wellfounded.

No notionsof safenesaregivenfor Expansiorstepf thetableawcalculusandfor Hypothesizing
steps.Thisis becaus¢hesestepspresere the safenessvariantconditiontrivially. Furthermore,
notethatanInstantiationstepcanonly beunsafef strongfreeuniversalvariablesareinstantiated.

Theorem 13.10(Safeness)

The above safenessnvariant condition is always satisfiedfor the tableau calculus of Defini-
tion13.4if all Instantiationstepsare safe

The above safenessnvariant condition is always satisfiedfor the sequentcalculus of Defini-
tion13.4if all Expansiomand Instantiationstepsare safe

Supposene have disproved a goal of atreet with (i, ((I,R),t)) € F, i.e.found out thatthe
goalis invalid. If safenesss provided for the whole constructionof ¢, thenwe know that I
is invalid. If somestepsin ¢ may be unsafe,we shouldbacktrackup to an “unsafe” stepthat
may have causedhis invalidity. Whenwe supposédhatall Expansiorandinstantiationstepsare
safe,theonly reasomotto remove thehypothesig™ canbethatit wasvalid originally but in the
meanwhileinvalidatedby aninstantiation:

¢ If therehave beenno Instantiationstepsaffecting the sequentl”, thenwe shouldremove
(i, (I, N), 1)) from the proof forest F* and undoall its applicationsasa lemmaor asan
inductionhypothesisj.e. e.g.the Expansionstepsof Definition13.4where; occursin the
setsVy, Ny, resp..

e Otherwise,we shouldundo an Instantiationstep affecting the sequent/7, andthen see
whethemwe canstill detecta failure by againdisproving the disinstantiategjoal.
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14 Concrete Sequentand Tableau Calculus

The examplesof a-, 8-, v-, §-, liberalizedd-, Rewrite-, and Cut-rulesat the end of Sectiorn2.3
canbemodeledassafeExpansiorstepsasfollows: Let
A C”
i, ... H,, R"
denotea sub-ruleof the Expansionrule of the sequentcalculusof Definition13.4 which is
givenby Ny, := Ny := 0 (i.e. neitherlemmasnor inductionhypothesesre applied), G :=

{(Iy,3),...,(II, 1,3)}, C'":==CUC", and R' :== RUR". For C"=R"=0, the'C" and
‘R" totheright areomitted.

For sucharule beinga safesub-ruleof the Expansiorrule of the sequentalculusof Defi-
nition 13.4we have to show thatC” is an R'-choice-conditionthat {(A, 3)} \/~c.r (0, G, ),
andthatlogic(G) (C', R')-reducedo {A}.

Theorem14.1 Taking F = (F,C,R, L, H), the examplesof a-, 3-, v-, 6-2° liberalized d-,
Rawrite-, and Cut-rulesat the end of Sectior2.3 are safesub-rulesof the Expansiorrule of the
sequentalculusof Definition13.4.

Notethattheresp.rulesfor thetableaucalculusof Definition13.4differ only in M consistingof
the sub-sequentsontainingthe new (i.e. thefirst oneor two) formulasof the sequent®elow the
bar

Thefollowing exampleshovs that R” of theliberalizeds-rule attheendof Sectior2.3must
indeedcontain V,(A) x {z"°} andthatthetransitve closureover R’ mustbe consideredor the
propertyof beinganexistential R'-substitution.

Example 14.2 Jy. Vz. ( Vz. Q(z,2) V —Q(z,y) )
is notdeductvely valid (to wit, let Q betheidentity relationon a non-trivial universe).
v-step: V. (Vz. Q(z,2) V -Q(z,9?) ), Jy. Vz. ( Vz. Qz,2) V -Q(z,y) )

Liberalizedor non-liberalized-step:

(V2. Q(z",2) vV =Q(z",%7) ), Ty.Vz. (Vz. Q(z,2) V -Q(z,y) )
with variable-conditior(y?, z").
a-step: Vz. Q(z¥,2), —Q(zV,y%), Ty.Vz. (Vz. Qz,2) V -Q(z,y) )
Liberalizeds-step: Q(z",2"), —Q(z",v?), 3Jy.Vz. (V2. Qz,2) V -Q(z,y) )

with additionalchoice-condition(z**, -Q(z", z*°)) and additionalvariable-condition(z", z%%),
i.e.thecurrentvariable-conditionR’ is givenby

Y — 2%

R RII
Notethatnow we have y*R'* 2% althoughy® doesnotappeain Q(zY, z).

Thus,boththeinclusionof thefree universalvariablesof the principle formulainto the do-
mainof thevariable-conditiorandthetransitve closureoverit arenecessaryor o := {y*— 2%}
not beingan existential R'-substitutionin our stateof proof. Thelatterfactis, however, essential
for soundnesdyecausevithout it we could completethe proof attemptby applicationof ¢ in an
Instantiationstep,leadingto thetautology

Q(z%, 2%), -Q(z",2%), IJy.Vz. (Vz. Qz,2) V -Q(z,y) )
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Now we will presenbneprimitive rule for applying(®, ) instantiatedvith a substitutiong asa
lemmaor asaninductionhypothesigo expandagoal (A, 3) of aprooftreet. Wewill formulate
thisasanExpansiorstepin thetableaucalculusof Definition 13.4(sequentalculusanalogously)
asfollows.

Theorem 14.3

Thefollowing describeswo sub-rulesof the Expansionrule of the tableaucalculusof Defini-
tion13.4:

Let(F,C,R,L,H), (4,3),and(C’, R') begivenasin the Expansiorrule.
Let(j, (@, 7),t")) € F.

Let Y C { y*™ €Vyy(D,TT) | (Va(®, T) U Vys(®,7T) ) x {y™} C R }.
Letp € Y — (V5\V(F, C, R)) beaninjectivesubstitution.

Lemma Application: SetNV, := {j} and Ny := (). SetM to bethe setcontainingthe single-
formulasequentd3p for ead formula B listedin thesequent?.

Induction HypothesisApplication: Set (w, <, <) := 3 and (v', <',<') := 1. Leta bethe
typeof w andw’. SetV, := ) and Ny := {;}. SetM to bethesetcontainingthefollowing
sequents:

1. Bp for eat formulaB listedin the sequentp

2. wo<w

s e ))
p . a — bool. a: o pla)=da:a. A —3d o p(a’

AN d'<a
whee “ p(a)” abbreviates® p(a)=true” &c. and“ a — bool” musthavethestandad
interpretationof a predicateover” o”.

w

IN

Vryra (z<y & 2 (<9 y)

ol

Vz,y:a. (zSy o 2 (So)y)

o

Vo,y,z:a. ((z<ynySz)= x<z)

Ead of the sequentg3)-(6) can be omittedif the following holds,resp.,for any A € K,
existential (A, R')-valuatione, and 7 andr s.t. 7 is (e, .A)-compatiblewith (C', R') and
((A,3),7)isan(m, e, A)-counteexampleandfor § := e(7)(7)Wr, < :=eval(AWe(e)(d) Wo)(<)
and g :=eval(AWe(e)(d) W) (L) :

3. < iswellfounded.
< =eval(AWe(e)(d) W) (< o).
J=-eval(AWe(e)(0) W) (<'o).
<od C <t

S
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NotethatY containsexactly thoseweakfree universalvariablesof (@, ) thathave neitherfree
existentialvariablesnor strongfree universalvariablesof (®, ) in their scopesvhenimagining
ary list of quantifiersfor all free variablesof (@, ) thatrepresentga supersebf) R'. In other
words,thevariablesn Y arethoseweakfree universalvariablesonthatneithera solutionfor the
free existential variablesnor a choice-conditiorfor the strongfree universalvariablesin (&, )
depends.Therefore the variablesin Y arethosewhich we caninstantiatewhen applying the
lemmaor inductionhypothesig®, 7). Althoughit doesnot seemimpossibleto instantiatemore
variablesthis doesnot seento benecessary:

e WecanextendR' with (Vs(®@,T) U Vys(P,T) ) x {y*"} in orderto instantiatey™ when
applyingthelemma,providedthat R’ is still wellfounded.If this extensionof R’ makesa
gueryvariableuselesgi.e. blocksa solutionfor afree existentialvariable),we have to take
ahigherorderqueryvariableinstead cf. Sectionl8.

¢ | donotknown any moregeneralapproachn theliterature.E.g.,in Baaz&al. (1997),the
inductive partof theoremproving is triggeredby applicationof a §-rule andthe variabley
of the quantifierremoved by the §-rule becomeghe inductionvariable. In our approach,
the -rule applicationwould replacey with a new free universalvariabley*" andextend
thevariable-conditiorwith (V5(®, ) U Vys(2, T)) x {y*} sothat y*" €Y would hold.

Moreover, notethatthereis no analogorof Theor 14.3usinga setof strong free universalvari-
ablesinsteadof thesetY of weakfreeuniversalvariables.Thisrequireghe presencef weakfree
universalvariablesevenif we arenot interestedn (non-liberalized)j-steps.Oneshouldalways
useweakfree universalvariablesin Hypothesizingsteps.In orderto have moreusefullemmas
andinductionhypothesisywe sometimesvenhave to split atreeat aninner positionwith a Hy-
pothesizingstepintroducinga new hypothesisvith weakfree universalvariablesreplacingthe
strong free universalvariablesandapply this new hypothesisasa lemmato the new leaf of the
old tree,closingthis branch cf. the discussiorat theendof Sectionl7.

Furthermorenotethat,althoughTheor 14.3doesnotforbid, it would besilly to destry the
wellfoundednessf LoH* requiredin Theor13.6. Thus,it is reasonabléo forbid 7 (LUH)" j
for alemmaapplicationand i H*o(LoH*)" j for aninductionhypothesispplication.

All of the sequent$3)-(6) canbe omittedif we (asin QUODLIBET, cf. Sectiord.2) require
thatY contains(for eachtype)the binary predicate(or booleanfunction) symbols< and < and
thateach>-structureA assigngo themawellfoundedquasi-ordering<# andits ordering <*,
resp..Thesequentg5) and(6) canalsobe omittedin theimportantspecialcase(cf. Sectionl9)
thatthethird componentd of theweightconstructss restrictecto betheemptyrelation(.

Detailedexampleson how Theor 14.3mustbe instantiatedor a meaningfulapplicationare
givenin Sectionl5 (lemma)andSectiornl6 (inductionhypothesis)&c..
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15 Example: Lemma Application

In this examplewe will keepto thefollowing: The proofsarepresentedn the tableaucalculus.
As thereare no inductive proofs, we omit the weight constructscompletely As no liberalized
o-rulesareapplied,the choice-conditionsre alwaysempty As all proof treeshave branching
degreel, we do not depictthem. Assumethatin the signatureX we have the operatorx, the
constantl, andthe inversefunctioninv. We startwith the emptyproof forest(, 0, 0, 0, #). We
startthe new prooftreenumberl for

& B () = (0 )

by a Hypothesizingstepin thetableaucalculusof Definition13.4,justastwo new prooftreesfor
(2) Lxzg™ =a5"

(3) inv(zy") * 23" =1.

With thesethreetreeswe have the axiomsof grouptheoryat handvia lemmaapplication.Now
we really wantto prove something We startthe new prooftreenumber4 for

(4) Vz. zxinv(z)=1

by a Hypothesizingstep.Thetheroot of prooftree4 is labeledwith
—Vz. z*inv(z)=1
A §-step(cf. Theor 14.1)addsthechild
zy" *inv(zy") #1
Our variable-conditioris still emptybecauseo freevariablesoccurin z xinv(z) = 1.
Applying thesequentf prooftree3 in theway of Theor 14.3addsthe new child
inv(z])xzi=1
to prooftree4 andinsertsthe pair (3, 4) into our lemmaapplicationrelation. A Rewrite step(cf.
Theor 14.1)with this equalityfrom right to left produceghenew child
oy xinv(zy") #inv(x]) * ]
Applying thesequentf prooftree2 in theway of Theor 14.3addsthe new child
1xzi =13
to prooftree4 andinsertsthe pair (2, 4) into our lemmaapplicationrelation.
An Instantiationstep(cf. Definition13.4)transformshis child into
1z =13
which canbe usedfor a Rewrite stepfrom right to left addingthe child
zy" *inv(xy") #inv(zd) * (1% 27)
Now our variable-conditionis R := {(z7,z3)}. Sincez; doesnot occurarywhereelsein our
currentproof forest, this R doesnot put arny restrictionson existential R-substitutionsunless
we re-usezx;.?! Therefore,in future applicationsof Theor 14.3we will notintroducenew free
existentialvariablesat all whenwe alreadyknow how to instantiatehem.
Applying the sequentf prooftree3 in theway of Theor 14.3addsthe new child
inv(z3) xz3=1

A Rewrite step(cf. Theor 14.1)with this equalityfrom right to left produceghe new child

zy" xinv(xy™) #inv(zd) x ((inv(z3) * 23) * 23)
With two applicationof the sequenbf prooftreel, this canberewritten into

zy" xinv(zy") # (inv(z]) xinv(23)) * (73 * 77)
Notethatourlemmaapplicationrelationnow is {1,2,3} x {4}.
Applying the sequenbf prooftree3 in theway of Theor 14.3addsthenew child



46

inv(z3)*xi=1
In orderto usethis for a Rewrite stepfrom left to right we applythe unifier o := {z3—inv(z3),
x;—inv(z3)} to thewhole proof forestand—afterthe Rewrite step—gethenew child
" kinv(zy") # 1* (23 *inv(23))
Note that this unifier is an existential R-substitutionand that the o-updateof R is given by

El 3 El
T3 g =0 —pm 22

E,
3
which still puts no restrictionswhatsoger on existential R-substitutionsof the free universal
variablesthatarestill presenin ourtree??
With anapplicationof the sequenbdf prooftree2, this canberewritteninto
oy xinv(zy") # 23 xinv(23)

An Instantiationstepproduceghe new child

oy xinv(zy") #xy” *xinv(zy")
Now thetreeis closedbecauseall sequentsf theform (¢ =t) A areassumedo bein ouraxioms
AX. By Theor13.6we now know that Vz. zx*inv(z)=1 is (-valid, provided thatthe proof
treesl, 2, and3 areclosed whichis the casewhenwe assumeheir sequent$o bein AX.

Now we startprooftree5 for
(5) 2" xinv(ziY) =1

by aHypothesizingstep.Notethatthe sequents notreally differentfrom thatof prooftree4. In
orderto have only oneversionof eachlemmaandto know how it lookslike, we shouldmake up
our mindsfor oneof thetwo forms. We do prefertheform of prooftree5 becausét will bemore
usefulfor ITP. For deductve theoremproving, thetwo only differ in thattheform of prooftreeb
is handierfor lemmaapplication.To seethis, we will prove eachwith the helpof the other

A lemmaapplicationaccordingto Theor 14.30f thesequenbf prooftree4 to prooftree5 whose
rootis labeledwith z2" xinv(z2") #1 addsthechild Vz. z*inv(z)=1.

A y-stepaddsthechild z3 xinv(zZ) =1.

An Instantiatiorsteptransformghisinto 2" * inv(z2") = 1. Now prooftree5 is closedbecause
all sequent®f theform A A A areassumedo bein ouraxiomsAX.

Finally, we startanotherproof tree number6 for the sequenf proof tree4. Therootis again
labeledwith

—Vz. z*inv(z)=1
A )-stepaddsthe child

zg" *kinv(zg") #1
Applying thesequentf prooftree5 in theway of Theor 14.3addsthe new child

xg*inv(zd) =1

An Instantiationsteptransformghis into

zg" *xinv(zg") =1
Now prooftree6 is alsoclosedbecausell sequentsf theform A A A areassumedo bein our
axiomsAX.
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16 Example: Mutual Induction

Thetoy exampleof this sectionillustrateshow mutualinductionworksin our frameavork. Note,
however, that (due to mutualinductionand non-trivial weights)even this toy examplehasno

straightforvard proofsin the ITP calculusof Baaz&al. (1997)or ary known ITP systemwith

the exceptionof QUODLIBET. The signatureconsistsof the signaturepresentedn Sectiord.1

and additionally containsthe predicatesP : nat — bool and Q : nat — nat — bool. Besides
theaxiom(natl) of Sectiord.1,we have thefollowing axioms,definingthe specialpredicate®f

ourexample.

(P1) P(0)

(P2) V. ( P(s(z)) < ( P(z) A Q(z,s(z)) ) )

(Q1) Vz. Q(z,0)

(Q2) Vz,y. (Q(z,s(y)) < (Qz,y) APz) ) )

We wantto shav thatboth predicatesretautological:

(P3)  P(zg"); wi(zg")

Q3) Q™ 20"); wilys"s2™)

Recallthatweightconstructsn QUobLIBET consistof weighttermsonly (like w3 (x5") in (P3))
becauseheinductionorderingis a globally fixed constant.
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We startwith thevariable-condition
R := Vi(P3)xVyw(P3) U V3(Q3)xVyy(Q3) = {w3}x{xg"} U {w3}x{yy™, 2"

in orderto have all weakfreeuniversalvariablesof (P3) or (Q3) in thesetY of Theor 14.3. After
severalinferencestepsX QUODLIBET presentgwo partialsequenprooftreesfor (P3) and(Q3)
similar to thefirst two treesdepictedn this section.

Justasin Sectio.1, we have usedthe round-edgedodesto give someinformationhow
theinferencestepscanbe achieved in termsof generalinferencerulesasthe onespresentedn
Theor14.1andTheor 14.3.

As theinferencesappliedto (2) do not differ from thoseappliedto (1) in Sectiord.1,let us
have a closerlook attheinferencebelow (2.2).

Thedefiningformula(P2) is appliedjustlikealemmain Theor 14.3,i.e.its singleformulais
addedn negatedform. Thus,theround-edgechodelabeledwith “(P2),~, 3, 3" canbereplaced
with thefollowing subtree Notethatthe~-stepactuallyfirst introducesa freeexistentialvariable
thatis theninstantiatedwvith 2" in orderto closethe leftmostleaf of thetreebelaw, which then
doesnot have to be presentednymore.
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Even more interestingis what happensoelow (2.2.2). We instantiatethe (meta-)variablesof
Theor14.3,in thefollowingway: @ := Q(yy",2,"), T:=w3(ys >z ) Y ={ys", 2" },
0:= {yg"—u?, 2"}, M = {-Q(u?v?), wi(u?,v?)<wi(s(zy"))}. Thisresultsin the
treebelov. Whenwe instantiatewith {u*—x7", vi—s(z7")} its left leaf getsclosedandits
rightleafbecomeg2.2.2.1).

We have appliedeachof the two syntacticalconstructgP3) and(Q3) in eachof their two proof
trees(2) and(3), resp..Luckily we usedinductionhypothesispplicationinsteadof lemmaappli-
cation. Thelatterwould have resultedn alemmaapplicationrelationof {2,3} x {2,3} which
is not wellfoundedandour proof treeswould have beenuselesdecausave would never beable
to apply Theor 13.6. As we have usedinductionhypothesisapplicationinsteadof lemmaappli-
cation,we have producedhe four additionalleaves(2.2.1.1),(2.2.2.1),(3.2.1.1),and (3.2.2.1),
which arestill open.We chooseour 2nd orderweightfunctionsaccordingto w3 (z) := () and
wi(z,y) := (z,y), usingthelexicographiccombinationof Sectiord.22* Now the proof attempt
canbe successfullycompleted:E.qg.,thefirst literal of (2.2.1.1)turnsinto (z}",0)<(s(z}"), 0),

which afterapplying(<4) of Note13,in a~- anda 3-stepreadsz}" <s(z}") whichis anorder

ing axiomin QUODLIBET, asexplainedin Notel3.

Finally in this sectionwe shouldanswerthe following question:Which stepsin this proof were
typical for ITP in the sensdhat their soundnesselieson notionsof inductivevalidity insteadof
the stronger notion of deductivevalidity? Besideghefour inductionhypothesisapplicationsthe
final branchclosurerulesfor <-literalsaretypical for inductionbecausehey requirethat,in all

modelsin K, thesuccessoof eachnaturalnumberis differentfrom thatnaturalnumberandeach
naturalnumberis built-up from zeroby a finite numberof successosteps(i.e. thereareneither
cyclesnor Z-chainsin the models.cf. Endertorn(1973)).

17 SequentsversusTableausin ITP

In thissectionwe aregoingto compargheappropriatenessf sequenversugablealcalculiunder
the specialaspeciof ITP. To this endwe first seewhatthe sequentalculusproof of Sectiornl6
would look like in a tableaucalculus. After the first Hypothesizingstep,theinitial tableaufor
(P3) looksthefollowing way.

w3 (xg™)

Pai")

Notethatthis differsfrom (P3) in duality. While thisis notahindrancgor completelyautomatic
ITP systemsit posesonsiderabl@racticalproblemsn systemsvhereuserguidances possible:
The primitive processof switchingduality is a typical sourceof errorsfor humanbeings(or me
atleast).

For the closedcompleteproof treefor (P3) we have chosena representatiomccordingto
clausaltableaucalculibecauséhereis notenoughspaceor non-atomidormulashere.

Let ushave acloserlook attheboxedformulain thetableau It resultsfrom inductionhypo-
thesisapplicationof (Q3). Note thatthe only differenceto an Extensionstepin Model Elimina-
tion tableaugcf. Baumgartne&al. (1997))lies with theadditionalchild (theboxednode) ,which
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asksusto show thatthe instanceof the hypothesigs smallerthanthe weight of our proof tree.
Indeed:As theinductionorderingis fixed here,hypothesisapplicationdiffersfrom the standard
lemma(or axiom) applicationonly in producingan additional<-goal. This makeshypothesis
applicationa littte moreexpensie thanlemmaapplication. The left-handterm w3 (z7", s(z?"))
is the weightterm of (Q3) instantiatedvia {y;"—s(z7"), 25" +—x;7" } becausehis substitution
enablegheleft sibling of theboxednodeto closeits branchwith theinstantiatechegatedformula
of (Q3). Theright-handterm w3 (z;") comesdown from the root of the tree. Contraryto the
sequentalculusexamplewherethe weight of theroot is carriedalongand updatedon its way
down, we have to rewrite the variablexy™ in it with anancestoequalityliteral in orderto know
whattheroot weightmeansn thelocal context.

Of coursethereis ananalogouslosedableaufor (Q3) becausetherwiserheor 13.6would
notallow usto concludethatP(z;") is valid.

Note thatthe sequentalculusproof treeis not equalto the resultof the standardransfor
mationof thetableauree. Thestandardransformatiorof atableaureeinto asequentreeworks
for inductive treesjust asfor deductve trees:

1. Bottom-upreplacethe label of eachnodewith the syntacticalconstructlisting the conju-
gatesof theformulasandtheweightlabelingthe (partial) branchfrom this nodeto theroot.

2. Remore the root part of the tree wherethe nodesare ancestorof a nodeof the initial
Hypothesizingstep(in our example:remove theroot node).

This standardransformatiormultiplies the numberof formulaslabelingeachproof treewith at

mostnearlythe depthof thattree,but doesnot usethe advantage®f sequentalculi, namelythe
ability to simplify formulasthat label ancestomodesin a tableaucalculus. E.g., in the tableau
treeit is notpossibleto rewrite theliteral —P(z;™) with theequalityliteralsbelow it in place.In

tableaureesanequalityliteral canbeusedto rewrite formulasof its offspringin place whereast

mustcopy ancestoformulasbeforehanalown to its offspringbecause¢heancestois alsopartof

otherbrancheshatdo notincludetheequalityliteral. Moreover, theweighttermcanberewritten

in the sequentree,which againis not possiblein the tableauversionwherethe weightis at the
rootnode.Sincezy" is in solvedform afterthe Rewrite stepswe know thatvalidity cannotrely

on theequalityliterals containingit. This meanghatwe cansafelyremove bothequalityliterals
in thesequentreesothatthey do notappeain (2.1)and(2.2). Remwing redundanformulasis

the mostimportantsimplificationstepbesidesontetual rewriting. Thisis impossiblen tableau
treesunlessthe redundang of the formulais dueto the ancestomodesonly, which is the case
only for uselesgormulasthatshouldnot have beenaddedat all.

Notethatformulaslike (natl) from Sectiord.1 make equalityomnipresentn ITP andthat
thesesimplificationstepsareevenmoreimportantin inductive thanin deductvetheorenproving:
Not only do they play arole in the generatiorof appropriateanductionhypothesesin addition
to the detectionof invalid input theoremghey arean essentiapart of the failure detectionpro-
cessthathasto compensatéor over-genealization of inductionhypothesesindeed,| TP often
is only successfulvhenonetriesto shav theoremghat aremoregenerathanthe onesoneini-
tially intendedto shav. Thisis becaus@ninductive theoremis not only atask(asgoal) but also
a tool (asinduction hypothesis¥or ITP. This generalizations unsafein the sensethatit may
over-generalizea valid hypothesignto aninvalid one. Therefore,generalizatiorshouldnot be
modeledn Expansiorstepswithin atree.Insteadthegeneralizedequenshouldstartanew tree
(Hypothesizingstep)andbelaterappliedto theoriginal treeasalemmaor aninductionhypothe-
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sis. Sinceevenavalid inputtheoremmayresultin aninvalid goaldueto over-generalizationthe
ability of anITP systento detectinvalid goalsis of majorimportancen practice cf. Sectionl3.2.

In Wirth (1997)andin QUODLIBET the Expansiorfrom (2) into (2.1) and(2.2) is donein
asingleinferencestepcalled“substitutionadd” applyinga “covering setof substitutions” Note
thatthe stateof the sequenproofresultingfrom this stepis muchsimplerthanthecorresponding
stateof thetableauproof. Theformerconsistof thenodes(2.1) and(2.2) andhastwo formulas
andonevariable. The latter consistsof a six nodetree with five formulasandtwo variables.
This is of practicalimportancebecausedacticsfor proof searchare more easily confusedwith
lessconciseproof staterepresentationsThe restof the whole sequenproof is analogoudo the
tableauproof with the exceptionthatall rewrite stepsof the tableautreeare omittedsincethere
areno equalityliteralsto rewrite with andthetermsarealreadyin normalform.

Anotherpossibility restrictedto sequentalculiis thateachsyntacticalconstructiabelinga
nodein thetreescanbeappliedasaninductionhypothesisWe do not seearealadvantagen this
becausesplitting the treein two above suchaninductionhypothesigesultsin a betterstructure
of the proof forestandin moresuccessfuproofsbecausave canadjustthe syntacticalconstruct
appropriately:Supposeve hadnot starteda new proof treefor the hypothesidor Q but instead
keptthe hypothesidor Q down in the tree(2) at position(2.2.2). Several unsafegeneralization
stepswould have beennecessarypefore

Q(zt",s(zy™)), ~P(z1"), P(s(z}")); wi(s(z}"))
would have becomeuseful as an induction hypothesis hamelyremaoving the secondand third
formula,generalizings(z7") to anew variable,andswitchingto aweightthatmeasureslsothis
new variable.

Moreover, in practiceoneshouldnot applythe hypothesidor Q in thetreefor P beforeit is
obviousthatthe treefor Q mutually needshe hypothesidor P: Most of thetime a proof for Q
canbecompletedn aproofforestnot containingthetreefor P. In this casenot only thenumber
of treesin the proof forestfor Q getssmaller but alsothe treefor P becaus€Q3) canthenbe
appliedasalemmaandnotasaninductionhypothesiswhich cutsoff therightmost<-branchof
theprooftreeof P.

18 Example: Eager HypothesesGeneration

Let ustry to find a lower boundfor the Ackermannfunction ack : nat — nat — nat w.r.t. the
orderingon naturalnumberdess : nat — nat — bool, assuminghefollowing axioms.

(ackl) Vy. ack(0,y)=s(y)

(ack2) Vz,y. ack(s(x),0)=ack(z,s(0))

(ack3) Vz,y. ack(s(x),s(y))=ack(x,ack(s(z),y))
(lessl) Vy. less(0,s(y))=true

(less2) Vz. less(z,0)=false

(less3) Vz,y. less(s(z),s(y))=less(z,y)

S
S

Thestandardemmasfor less thathave very simpleinductive proofsin QUODLIBET are:
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(less4) Vz. less(z,s(z))
(lessb) Va,y. ( less(z,y) = less(z,s(y)) )
(less6) Va,y. ( less(s(z),y) = less(z,y) )

(less7) Vaz,y, z. ( (/\ less(z, y) ) = less(s(z), 2) )

less(y, z)
Note that for Booleantermst we abbreiate the equation t=true with ¢. Moreover, notethat
(less7) is a strengthenedersionof transitvity. The simpletransitvity is a simpleconsequence
of it, using(less6).

Let usstartwith a Hypothesizingstepin the sequentalculusof Definition13.4,posingthe
queryfor alowerboundzj : nat — nat — nat

(4) less(z3(zg", yo™ ), ack(zg™, yo™)); wilzg", o)

Y, W

with variable-conditionR := {z3, w3} x {z{",y5" }.

Note that we have to let z; be a higherordervariable: If z; werea first-ordervariable, it
couldnotdepencbn zg™ andyy™ dueto R, resultingin a constantower boundthatwould notbe
too interesting.If we did notincludez; into dom(R), however, Theor 14.3would not permitus
to doinductiononzg™ andy,™ becausehey would notbe elementof thesetY .

Applying (natl) (cf. Sectiond.1) asalemmaaccordingto Theor 14.3yieldsthetwo goals
(4.1) less(25(0, y5 ™), ack(0,y5™)); w3 (0,yg™)
(4.2) less(z5 (s(21™), yp "), ack(s(z1™), 45™)); wi(s(zr™), vo™)
justit wasasit wasexplainedattheendof Sectiord.1,adding {z3, w3} x {7"} tothevariable-
condition. The sameprocedureagainyields

(4.2.1) less(z5(s(xy"), 0), ack(s(z1™), 0)); wi(s(z1™),0) .
(4.2.2) less(z5(s(z1™), s(yy ™)), ack(s(z1™), s(yr™))); wils(zy™),s(y™))
adding {z3, w3} x {yy"} tothevariable-condition.
Rewriting (4.1),(4.2.1),and(4.2.2)with (ackl), (ack2), and(ack3), resp.,yields

(4.1.1) less(25(0, 5™ ), s(yo™)); wi(0,y5™)

(4.2.1.1)less(23(s(z7™),0), ack(z}™,s(0))); wi(s(xy™),0)

(4.2.2.1)less(z5(s(z1"), s(y1™)), ack(zt", ack(s(z1™), y1™))); wi(s(zy"™),s(yi™))

In our previous examplesthe generatiorof induction hypothesesvas alwayslazy in the sense
of Protzen(1994). In this case however, in orderto be ableto usegoal-directednesalsow.r.t.
theinductionhypothesesye shouldgeneratehemeagerlyin theway suggestedtby therecursion
analysisof explicit induction,cf. e.g.Boyer & Moore(1979),Walther(1992).

Recursioranalysisandeagethypothesegeneratiorarevery usefulfor finding simpleproofs
completelyautomatically Althoughthe TP systemNQTHM (cf. Boyer & Moore(1988))cannot
accept(4) becausét doesnot have ary free existentialvariableg(not even existentialquantifica-
tion), if we instantiatg4) with the properlowerbound,NQTHM proves(4) completelyautomati-
cally, evenwhenthelemma(less7) is notprovidedandthefunction‘less’ is redefinedsothatthe
built-in featuredor treatingarithmeticcannothelp. Moreover, during this proof the fascinating
NQTHM guessegless7) completelyautomaticallyusingthe goal-directednesw.r.t. the eagerly
generatednductionhypothesesindeed,f theeagerlygeneratednductionhypothesefapperto
betheright onesthey canhelpusto find missinglemmasor to find properinstantiationdor free
existentialvariables.Sinceit is folklore heuristicknowledgein ITP thata stronglower boundis
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oftenfoundby first finding awealer oneandthenimproving it, we shouldnotlook for anoptimal
lower boundwith difficult proof but for areasonabléower boundwith simpleproof.

Notethateagerhypothesegeneratioris not possiblewith the inductionrulesof Baaz&al.
(1997).

In our example,the induction hypothesesuggestedor (4.2.1.1)and(4.2.2.1)resultfrom
matchingthe ack-subtermof (4) to theack-subterm=f (4.2.1.1)and(4.2.2.1).For (4.2.1.1)we
getthesubstltutlon{az0 ", ye —s(0)} andfor (4.2.2.1)thesubstitutiong z ™ — a7, yy " —rack(s(z}
and{zy"—s(z7"), yo —y, "} resultingin:

(4.2.1.1.1)less(z3 (z7", s(0 )),ack(:v1 ,5(0))), less(z3(s(x7™),0), ack(zy™,s(0))); wi(s(z?™),0)
(4.2.1.1.2)wi(2y"™, 5(0) <wi(s(zy"), 0). less(z5(s(a1"), 0), ack(wl ,5(0))); wi(S(fc‘{’W),O)
(4.2.2.1.1)—less (23 (z7", ack(s(z?™), vy )) ack(zy", ack(s(ay ) Yy ))),

less (25 (s(z1™), s(y1™)), ack(fc1 ,ack(( ")) wils(@i™),s(yr™))
(4.2.2.1.2)wj(z7", ack(s(zy )Zh )<w4(( "), s(u™)), -
(4.2.2.1.1. 1) less(23 (s(x7™), yr™), ack(s(x\fw),y\f ),

less(z3(a1", ack(s(e{"), 1)), ack(el", ack(s(™) yi™),

less (25 (s(27"), s(y1™")), ack(x1™, ack(s(z1™), y1™))); wi(s(zy™),s(yr™))
(4.2.2.1.1.2)wi(s(z}"), ™) <wi(s(z}"), s(y¥™)), ...
After setting wj(z,y) := (z,y), thegoals(4.2.1.1.2)(4.2.2.1.2)and(4.2.2.1.1.2fanbeclosed
dueto theirfirst formulas. The whole proof up to now is the “eagerinductionhypothesegener
ation” suggestedby recursionanalysisof (4).

Now, (4.2.2.1.1.1)riesfor alemmaapplicationof (less7). Indeed,theIemmacancloseit
providedthatwe canidentify thepairs(s(z3 (s(z7"), y1™)), 25 (s(z7™), s(yy™))) and(ack(s(x7™), y1™), 23 (2
whichis achiezedby thelrmostgeneral)\ﬁ unifier, the projectionzj(z, y) := v.

Now (4.1.1)reads

(4.1.7) less(yy™,s(ys")); (0,95")
which canbe closedby anapplicationof lemma(less4).
Theonly branchthatis still openis
(4.2.1.1.1") —less(s(0), ack(z}", s(0))), less(0,ack(z}",s(0))); (s(z™),0)
which canbe closedby anapplicationof lemma(less6).

This completeghe proof of (4) with the answerthat z; canbe the projectionto its second
argumenti.e. thelower boundis ;"

Notethatit is possibleto do this proofwith thefirst-ordersystemQUODL IBET becausét is
solazy thatonecanusea symbolfor anundefinedunctioninsteadof the 2nd ordervariablez;.
Thereis no 2nd orderunificationbut the usercansetthis functionto be the projectionduringthe
proof. SinceQUODL IBET guaranteesonsistenyg of thespecificatior(i.e. theexistenceof models
where semanticalequality of constructorgroundtermsimplies syntacticalequality) (provided
arithmeticis consistent,cf. Gentzer(1938)) and admits partially definedand non-terminating
functions,the actualproof in QuUoDLIBET differs from the presentedne by someadditional
subgoalghat canbe closedby a lemmastatingthatack is a total function, which hasa simple
inductive proof. For the detailscf. Kilhler& Wirth (1996).
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19 Example: Variable Induction Ordering

In this sectionwe are going to prove a generalizedsersionof alemmaof M. H. A. Newman,
namelythat local commutationof two relationsimplies their commutation,provided that the
reverseof their unionis wellfounded.

Our displayedsimply-typedhigherordersignatures usedto denotethe following: *(—)
containghetransitive closureof thebinaryrelation— onA, Rev(—) isits reverserelation,and
Union(—, —') is its unionwith —'. For all our Booleantermst we abbreviate the equation
t=true with ¢. For — : A — A — bool, insteadof —(z,y) wewrite z—y, insteadof
*(—, z,y) wewrite z——y, andinsteadof Union(—, —') wewrite —s U —'.

=2
(x1) V—s2,2. | 22 ¢& v 3 r—>Y
Y\ A y—>z
. , , T—Y
(Unionl) V—, — z,y. | 2(—U—")ye v a—y

(Rev1) V—, z,y. ( Rev(—, z,y) © y—z )

(Comm1l), (LComm1l), and(Wellfl) arethe propertiesof commutationJocal commutationand
wellfoundednessgesp.:

( Comm(—,, —,) \

»TL%Z/O \
A xlhyl

- vxayanl- %
= dz. yo—*>1z
N Y12 )

(Comml)  V—,, —,.

LComm(—,, —,)

B

T—,Yo ) \

(LComml) V—,,—,. N T—nY
~ vxayanl-

(Wellf1) Vr: A — A — bool.
Wellf(r)

Jz. p(x)

& VYp: A — bool.
p = dz. A ] p(y)
AN 1y

Notethatwellfoundednesandterminationareno first-orderproperties*
Thetransitvity lemma

vw x BV oy vw x BV oy vw * BV oy v,
5) ug"— " uy", —ug — " ut”, u —" uy", —“Wellf(Rev(—"%")); ug”

canbeshovn by inductiononug™ in —*¥. Notethatwe needthewellfoundednesbecaus@th-

. W . . "
erwise—  maybea propersuperrelationof thetransitive closureof —*". |.e. thetransitive
closureis the smallestsolutionof (x1) andin caseof wellfoundednesshereis only onesingle
solution.
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The following lemmashave very simple non-inductve proofs that expandthe definition
(Wellfl) twice. Note thatthe expansionof alogical equivalenceis nothingbut (v-stepsfollowed
by) a kind of Rewrite-stepbecausdormulascanbe seenashigherordertermsof typebool and
thelogical equivalenceasthe equalityof type bool.

(6a) =Wellf(Rev(— ;" U —7")), Wellf(Rev(—s3™))
(6b) =Wellf(Rev(—y" U —7")), Wellf(Rev(—1™))

Notethatcommutatvity of Union impliesthat(6a)and(6b) areequivalent,but to prove — ;" U
—" = —7" U —" we needextensionalitywhich we do notwantto discusshere.

Now we aregoingto shawv the generalizedNewmanlemma,namelythatwellfoundednessf the
reverseof theunionpluslocal commutatiorimpliescommutation.

—Wellf (Rev(—" U —7")), “LComm(—¢", —1"), Comm(—¢", —™)

Expandingthedefinition(Comm1), threeliberalized)-steps andtwo a-stepsyield
vs * WV
vs * BV ’

N 2 —>g %

—|We||f(Rev(—>g’W U _)\{,W))’ ﬁLComm(_%',w’ _>\11,W)

* BW yg * MW yg
ﬁ$v’s )0 ZO,’ _|.’L'V’S }1 Zl” 32

Now, sincewe wantto doinductionon z%*, we starta new prooftreefor

vw kMW
(7) ~a g2, ", 3z, ( A e )
Nz — 2
—Wellf(Rev(—g" U —7™)), =LComm(—5", —7™);

o™V <P g, 2, e, )
Note that this differs from the previous sequentwhich canimmediatelybe closedby lemma
applicationof (7)) notonly in thatall freeuniversalvariablesareweaknow (whichwe alsocould
have achieved by usingnon-liberalized)-stepsbheforeinsteadof the liberalizedones)but alsoin
thatz®" is includedin the weight, which is necessaryor our intendedinduction. Actually we
have settheweightdirectlyto %" for simplicity. Notethatif theheuristicknowledgeto recognize
theabove sequentsthelik ely inductionhypothesiss not presentpur calculi violate our design
goal of a naturalflow of information(cf. Sectior2.1) becauseve sometimdaterrealizethatwe
shouldhave starteda new proof tree. With implementedcalculi, however, this violation is no
problembecausenejust hasto implementa destructve inferencerule thatautomaticallysplits
a proof treeat a givenposition,reoiganizeshe former subtreeinto a new individual proof tree,
andcloseghecutbranchby lemmaor inductionhypothesispplicationof thesequenbf thenewn
tree.

Moreover, we have addeda free existentialvariablefor theinductionordering
<*:A—-A—A—(A— A—bool) - (A— A — bool) - A— A — bool
wherethe last two agumentswill be suppliedin infix notationbelon. Note that we have not
suppliedary induction quasi-orderingput insteadassumet to be the emptyrelationasin the
discussiomafter Theor 14.3, so that the sequentg5) and (6) canbe omittedfrom the set M in

Theor 14.3.

We setour variable-condition? := {<?} x {z%V, 25", 21", —¢", — " } in orderto have
all weakfree universalvariablesof (7) in thesetY of Theor 14.3.
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Expansionof the equivalence(x1) in the first formulaof (7), a 8-, aliberalizeds- andan
a-stepyield:

v,W % v,w
v, v, W vw_* OV vw ) SN .
(7.1) ™V £z, "™ — 2y, 3z vw * %W |y a3
N 27" —>g 2
Y,\w
%W VS vs * WV yw vw * PV vw o —>1Z
(7.2) 7a™—q" Yo, Yo —>0 2 » Ty 2, Fz. v |

A sz—>0 z
=Wellf (Rev(—y" U —7™)), —=LComm(—5", —7");
o™ <P g, 2, g, — )
Rewriting with thefirst formulaof (7.1)yields:
VWL)Z’Wz

v, W
(7.1.1) ~a™—5, 21", 3. .
N 2y —)0 z

which is easilyproved by settingz to 2" in ay-step. Expansiorof the equivalence(x1) in the
third formulaof (7.2),a 8-, aliberalizeds- andan a-stepyield:

£ YW

A z\fw—>0 z

£ YW

(7.2.1) 2%V #£27", =2 —" st st —— 20, Tz

3 ey

V,2W_ V,S Y\W _ V,S Y, W
(7.2.2) ~z*¥ — 7"y, _‘?h —>1 Z1 , T — 0" Yo, —'yo _>o 20 >
Pad * VWZ
Se (A ), - Wellf(Rev(—i U —")), —LComm(—", —");

AN 2=, 2
TV, <P g, 2, =g, — )
Rewriting with thefirst formulaof (7.2.1)yields:

vw % YW
2" — 2

*
(7.2.1.1) =™ —" s, vy —>o 2", e vw_* W

9 eeey

Now we have to regeneratehe literal —z%¥—, Wz (which atableauproofwould still have
availablefrom (7)) by applicationof (x1) andthenclosethls subtreeby settingz to z;™
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Expansiorof (LComml) in (7.2.2),v-, 8- andliberalized)-stepsyield two tautologieplus
(7.2.2.0) "y, gy .

v, YW Vs v, W v, Y,W Vs YW ouw
Y W_>1 Y Yy —>1 20, = Yy s yo ’0 2y s
£ YW
. o= 2 yw vw Yw o vwy,

A z\fw—>0 2
xv,w’ <3($ij’ z(\;’wa z\lj’wa —)\(';,Wa —)Y’W)
Applying (7) asaninductionhypothesisaccordingo Theor 14.3with substitution

{z™=y5", 27", )
yieldsfour tautologiesand

(7.2.2.1.1)—z" —>1 Ys', Wy —)0 3/3 ) _‘yo —>1 Yo, Ty —>;Wy§s,
_"/L.VW—)VWy\lisa _'yl —)1, Zl ’ _'xv’w—)gwy(\;sa _'y(\;’SL)E7 Z(\;,Wa
£ %W
3. Zgw_’éwz , “Wellf (Rev(—g™ U —7")), —LComm(—g™, —¥™);
N 2y —> 2
v, <P (@™, " 2, e, ")
(7.22.0.2)08 <@, 4%, 4%, —5", ) ¥, .., —a g,

(7.2.2.1.3)Vp : A — bool.
p(z)
Jdz. p(z) = Jz. P p(y)
WAy <@ g 2, e, — ) T
, “Wellf(Rev(—" U —7™)),

. p <, 25,2, i, )
(72214)V$, y . A ( <:> T <3(yg,s’ Z(\;’W, y;’,s, _)g,w’ _)Y,W) y bl
where(7.2.2.1.1)s presentedifterapplicationof aliberalizeds- andan a-step.The situationof
thefirst two linesof (7.2.2.1.1) seenasanantecedentyanbe depictedasfollows:

YV, W v,S * v,w
" H—yo T— ZO
A A A

Applicationof (5) asalemmayields (besidesa sequenthatcanbe closedby lemmaapplication
of (6a))

YW s
(7 2.2.1.1. 1)ﬂy1 —)0 y3 , _'ZO —>1 y3 ; ﬁyg —)0 ?/3 ) _‘yo —>1 y2 ) ﬁyl —)0 Ya s
V,W_ VS ww Y,W VS * W oyw
_‘-TV’W "1 Y1 s ﬁy1 51 z1 A 0 Yo > _‘yo )0 2y
. YW
—>1 z v, W v, W ww “wWY,
3z. . vw |, “Wellf(Rev(— " U —7")), -LComm(—;", —7");

A z\fw—>0 2
o™, <3, Y, 2, g, — )
Applying (7) asaninduction hypothesiswith substitution {z%"—y*, z5"—ys°} yields four
tautologiesand
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vw * WV yg viw ¥ BV ug vs * YW ys

v, vV, W
Y1 }0 Ys , 7% 31 Yy ---y Jz. viw kW

(7.2.2.1.1.1.2)y5° <3(2%, 25", 21", — ", —1 ) ¥, ., T — Tyt L
(7.2.2.1.1.1.3Wp : A — bool.
p(z)
Jz. p(z) = Jz. A 3y ( p(y) ) 5
ANy <@ Y Y, — Y, — )
oy Wellf(Rev(—p" U —77)), ...
T <™, 20", 2, e, ) y >

s <y ys, ", —, —y )
where(7.2.2.1.1.1.1)s presenteafterapplicationof aliberalizeds- andan«-step,which canbe
depictedas

v,w ¥ Viw
s ¥ v,w V.S * W v,S ZO )1 z
gy e

(7.2.2.1.1.1.4N¥x,y : A. (

Y, W vs v, W
T =07 % o A

V,S * V,S
yl, 0 y?’,

Y, W
2y > Yy

and after a lemmaapplicationof (5) (producinganothergoal closedby lemmaapplicationof
(6b)).
Now (7.2.2.1.1.1.1ranbe closedafter settingz to y;° in a~y-step. Whenwe finally apply

the existential R-substitution {<* — Avg, ..., vs. (Rev(vs Uwy))} andAp-reducewe getthe
following opengoals:
(7.2.2.1.2)Rev(—y" U —77, yo%, 2%Y), oo, =™ —0VyeS, ..
(7.2.2.1[.1.1].3")Vp : A — bool.
p(z)
Jdz. p(z) = Jz. A -3y p(y) ,
"\ A Rev(—;"U—7"y, 1)

.., “Wellf(Rev(—§" U —¥")), ...

, _ Rev(—g" U —7", z,y)
(7.2.2.1[.1.1].4")Ve, y : A. ( o Rev(im i o |
(7.2.2.1.1.1.2)Rev(—g" U —1", /%, 2%), ..., 2% — 1Yy, L

which canbeeasilyclosed.



(2.1) P(0); w3(0)

(2) P(zg"); w3(ag")

((nat1), v, 8,6, Rewrite’)

(2.2) P(s(z7")); w3(s(z7™))

(P2),7, 8,8

I

(2.2.1) P(z7"),
P(s(1")); w3(s(z™))

(2.2.2) Q(y", s(21™)), —P(a1"),
P(s(z")); w3(s(zt™))

(P3){zg"—a7™}

[nductionhypothesmppl.o}

inductionhypothesisapplicationof

|
[(Q3){y5”wh>wi”w, z —s(zi")}

(2.2.1.0) wi(2y")<wi(s(21™)),
P(‘Tl )a
P(s(z}")); w3(s(zi™))

@220 wi (@, o2l < w3 (e}
Q(.Z‘\{’ ,S(.’E\f ))a _'P('Il ):
P(s(z1™)); w3(s(a1"))

"),
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(3) Qye™ 20" ); wilyg",z)

((nat1), v, 8, 6, Rewrite”)

(32) Qyo”,s(=1™));
wi(yo™ s(21™))

(@2),7.8.9)

(3.2.1)

Y, W VW)
7

yO azl

Y
) ) w

4 w): ~Qus", 2),

P(yy"),
Qys™,s(21™));
§(y0 ) (1 )

(nd. hyp.appl.of (Q3){zy "+ 27 D Qnd. hyp. appl.of (P3){x‘3’wr—>y(‘§’WD
(B8-2.1.1) wi(yy ", 2" ) <wi(yy"ss(21")), (8.2.2.1) w3y ™) <wi(yy ", s(2r™)),
Q(yB’W,z}’W), P(yo"), ﬁQ(yEW,Zl’W),
Q(yo",s(21™)); Qyo",s(2™));
w3 (Yo" s(z™)) wé(yS’W,S(z\f’w))
(2.2)
—Vz. ( P(s(z)) < ( P(z) A Q(x,s(z)) ) ),
P(s(zy™)); w3(s(™))
=( P(s(z7™)) <= ( P(z7™) A Q(7",s(27™)) ) ),
P(s(21™)); w3(s(zy™))
ﬁP(S(ﬂ’?Y’W)),




Comm, LComm:

/I@|

~Q(u?, v7),

P(s(z1™)); wi(s(z1™))

Q(ay", s(xy™)), —P(at"

5(u, v%) <wj(s(21™)),
(27", s(z1™)), —P(a}"),
(s(21™)); wi(s(21™))

w
), Q
P

wi(ef")
~P(ai")
xgw_o/
-P(0)
PE(") Pl
/
Cafser)
o (o)

true, false

(A — A — bool) —
(A — A — bool) = (A — A — bool) — bool

Q7™ s(z7™))

WA (1" 5(a"))
Lws (xo’w)

Q(zy",s(z"))

w3 (21", s(zy™))

£ws(s(zy™))

oy £s(ay")

nat

nat — nat

bool

(A — A — bool) -+ A — A — bool
(A — A — bool) -+ A — A — bool

(A — A — bool) — bool



62

20 Optimizations

Notethat(asfarasTheor14.1andTheor 14.3areconcernedjhe choice-conditionslo not have
ary influenceon our proofswhenwe never instantiatestrongfree universalvariablesandwhen,
in theliberalizedd-stepswe alwayschoosea completelynew strongfree universalvariablez™*
thatdoesnotoccurelsevhere. Thus,thechoice-conditionsnaybeomittedin animplementation.
We could, however, usethemfor thefollowing purposes:

1. We couldusethe choice-conditionsn orderto wealken our requirementgor our setof ax-
ioms AX: Insteadof (weak) Vs x V,-validity of AX, (C, R)-strongvalidity of AX (which
is logically wealer, cf. Lemmal0.2)is sufficientfor Theor 13.6.

2. We cansimulatethebehaior of animprovedversionof thed* " -rule of Beckert&al. (1993)
by equatingdifferentstrongfree universalvariableswhoseC-valuesareinitially equalor
have becomdogically equivalentduringthe proof. Notethatthis doesnotanymorerequire
a functionaland extensionalbehaior of choice-conditionsasin Wirth (1998). Therewe
hadto requirethat, for (z**, A) € C, thevaluefor z%* is not just an arbitrary one from
thesetof valuesthatmake A valid, but a uniqueelementof this setgivenby somechoice-
function. In the presentersion(dueto the changechotion of strongvalidity) it is possible
to globally replacenot only a free existentialvariable,but alsoa strongfree universalvari-
ablez™® with ary termthat(if possible)makesC (%) true.

Expressedvith Hilbert's e-terms(asindicatedin Sectior9), our treatments similar to a
structuresharingversionof themerelyintensionalreatmenof e-termsin Giese& Ahrendt
(1999). Note that our choice-conditionsaven do not imply a functional dependencef
e(m)(7)(y**) from C(y™®); insteadthe choiceof a specialvalueis a stepin a proof similar
to theinstantiatiorof afreeexistentialvariable ,andwe do nothave to committo thischoice
for otheroccurrencesf the sames-term. This meanghatour choice-conditionsvork like
theword“some”in thein the EnglishlanguageE.g.,“Somehumanlovessomehuman”is
like Loves(z™,y*) with C'(z%) = Human(z**) and C(y*) = Human(y*®), orlike

Loves(ez. Human(z), ex. Human(z))

andfollows from Loves(Jack, Jill), Human(Jack), Human(Jill). Thereis moreon this
subjectin Wirth (2002).

3. Moreover, thechoice-conditionsnay be usedto getmoreinterestingsolutions:
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Example 20.1
Startingwith the emptyproofforestandhypothesizing
Vz. Q(z,z), Jy. (—Qy,y) A-P(y) ), P(27)
with therulesattheendof Sectior2.3we canproducea prooftreewith theleaves
Q7 y7), Q(z%,2%), Jy. ( Qy,y) A -P(y) ), P(z?)
and =P(y?), Q(z",z%), Jy. ( Qy,y) A —-P(y) ), P(z?)
andthe (-choice-condition{ (™, =Q(z"*, %)) }.

Theexistential()-substitution {y*—z"*, z*—z%*} closegheprooftreevia anlinstantiation
step.Thesolutionz™ for our queryvariablez? is notveryinterestingunlesshechoice-condition
tellsusto chooser™® in suchaway thatQ(z**, z%*) becomedalse.

Note thatif we hadappliedthe §-rule insteadof the liberalizedd-rule in the above proof,
i.e. if we hadintroducedz™" insteadof =%, thenwe would not only be unableto provide ary
informationon our queryvariable(becausé¢he choice-conditions empty),but we would evenbe
unableto finish our proof becausa@ueto the new variable-conditionk = {(2?, 2*%)} we cannot
apply {y*—z%", 2?—2z%"} arymore,becauset is not an existential R-substitution. With the
(weak)d-rule, all we canshow insteads
V. Q(z,z), Jy. ( ~Qy,y) A=P(y) ), Jz. P(2)

Thus,it is obviousthattheliberalizeds-rule is not only superiof® to the (non-liberalizedy-rule
w.r.t. theoremproving but alsow.r.t. computationof answersandsolutions.Neverthelessywhen
interestedonly in proving theoremanot containingstrongfree universalvariables,the choice-
conditionsdo not produceary overheadecausehey cansimply be omitted;therebyleaving the
strongfree universalvariablesunspecifiedust lik e the Skolem functionsin Skolemizingdeduc-
tion.

The only overheadcomparedo the standardramework of Skolemizationseemso be thatwe

haveto computdransitve closuresvhencheckingwhethera substitutions is really anexistential

R-substitutionandwhencomputingthe o-updateof R. But we actuallydo not have to compute
thetransitve closureatall, becausehe only essentiathing is the circularity-checkwhich canbe

doneon agraphgeneratinghetransitive closures.This checkingis in theworstcaseinearin

R+ (U] + |E,| )

andis expectedto performat leastaswell asan optimally integratedversion(i.e. one without
conversionof term-representation)f the linear unification algorithm of Paterson& Wegman
(1978)in the standardramenork of Skolemizationandunification. (Of course the checkingfor
existential R-substitutionganalsobeimplementedvith any otherunificationalgorithm.)
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20.1 Variable-Condition versusFreeUniversal Variables

Not really computingthe transitive closureenablesanotherrefinementhatallows usto go even
beyondthefascinatingstrongSlolemizationof Nonnengar{1996). The basicideaof Nonnengart
(1996)canbetranslatednto our framework in thefollowing simplifiedway.

Instead of proving Vz. (AVB) it may be adwantageousto prove the stronger
Vz. AV Vz. B, becausafterapplicationsof o- andliberalizedé-rulesto Vz. AV Vz. B, re-
sultingin A{z—z%}, B{z—=z}y}, the variable-conditionsntroducedfor z*} andz} may
be smaller than the variable-conditionintroducedfor y*° after applying theserulesto Vz.
(AvB), resultingin A{z—y*}, B{zx—y™*}, i.€. Viee(A) andVi..(B) may be proper sub-
setsof Viee (A, B). Thereforetheproofof Vz. A Vv Vz. B maybesimplerthantheproofof Vz.
(AVB). Theniceaspecbf strongSkolemizatiorroughlytranslatednto our frameworkis thatthe
intermediatelysized Vireo(A) X {775} U Viee(A, B) x {z};} is addedo thevariable-condition,
but only asingleSkolemfunction f isintroducedwith %’ representeds f(A4’, X) andz; repre-
sentedasf(A’, B'\ A’") whereX aresomenew freeexistentialvariables, A’ := VN R* (Viee (A)),
and B’ := V. N R*(Vkeo(B)). Thus,z}; still becomeslependenbn the free variablesof the
whole disjunction, so that—dueto this asymmetry’—it may make an importantdifferenceto

prove Vz. (AVB) or Vz. (BVA).

Now, if we do not really computethe transitve closuresin our strong version, we
canprove A{z—z7%}, B{z—z}} in paralleland may later decideto prove the stronger
A{z—y™}, B{z—y*} insteadsimply by meging the nodesfor z%° andz}; andsubstituting
x5 andzy with y%. Of coursewe have to paythe price of checkingwhetherall substitutions
arestill existential R-substitutions.

Finally notethatthe sameconflictandsolutionapplyto
Vz. (AAB) vs. Vx. AAVz. B,
althoughtheseformulasare logically equivalent: The latter in generalproducessmallervari-
able-conditiongunlessViee(A) = Viree (B)) but the former lessfree universalvariables(Skolem
functions)andeachof thetwo mayreducethe proof size.

20.2 Impr oving Multiple v-Rule Applications

Anotheroptimization,inspiredby theideasof Section7 of Giesg(1998)andAppendixB of Wirth
(1997),improvesthe behaior of multiple y-rule applicationgo the sameformula. It requiresa
new kind of free existentialvariableswhich arenot usedfor directinstantiationbut asgenerators
for the usualkind of free existential variables. In the tableaucommunity thesevariablesare
sometimescalled “universal” (cf. e.g. Beclert & Hahnle(1998)), but they have nothingto do
with our free universalvariableshere. Thus,we call themgeneratowvariablesand denotethem
with z#& andV; 4, &c.. Insteadof they-rule say

I' 9x. A 11
A{z—a*}y ' Jx. A 1T

wetake arulelike
' dz. A II

A{z—ax™e}y T' 11
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where Jz. A isremovedandz™8 is a new generatovariable. Other~-rulesarechangedanal-
ogously a-rulesarenot changedandthe g-rulesat the endof Sectior2.3 arerestrictedin their

applicability by the restrictionof Va,(A4) N Vs,(B) =0, which (togetherwith the condition
thatgeneratowariablesdo notoccurin root sequent®f Hypothesizingstepsandsubstitutionof

Instantiatiorsteps)guaranteethatfor eachgeneratorariablethereis alwaysa singlebranchin a

treethatcontainsall occurrencesf this generatowariable.To enableblocked 3-rule applications
andfor Instantiationwe needagenemtionrulelike

r A1
A{z*8z?} T A II

The ¢-rulesat the end of Sectior2.3 eithergetrestrictedby Vi .(A)=0 or otherwisewe can
proceedin the following less simple but more powerful way: We must treat generatorvari-

ableslik e free existentialvariablesandthe generatiorrule mustreplaceeachstrong(weakones
analogously)free universalvariable y* from V,4(A) N {z®8PHR* in A{z*&8—27} with a
new one,sayy,*°, andaddto the variable-condition? a copy of the graphof {z3&}) R* with

27 insteadof z¥& andy*® insteadof y*° &c., and addto the choice-conditionC' something
like (3", (C(y™)){z*8—2?, y*—y", ...}). Thenicetreatmentn Section7 of Giesg(1998)
makes the reasonfor this seeminglycomplicatedprocedureobvious by meansof Hilbert's e-

terms.

The crucial stepin orderto includethis into our framewnork hereis to changethe notion of
(1, e, A)-validity suchthata generatowvariablez™8 is treatedik e a free existentialvariablewith
the exceptionthatits value may alsobe chosenfrom the valuesof the free existentialvariables
thathave beengeneratedrom it; i.e. a valueof z*8 establishinghe validity mustexist among
e(e)(7)(2™8) andthee(e) () (x7) for thefreeexistentialvariablesc® generatedrom z¢. Without
this, the generatiorrule would not presere solutions.

Now, if the A in they-ruleis a literal or a blocked g-formula, thenthe new ~-rule plusn
generationstepshave the effect of n applicationsof the old v-rule and no improvementtakes
place.Otherwise however, severalinferencerulesmaybeappliedafterthenew ~-rule,andwhen
we suddenlydiscover that we needsay P(z™#) twice, thenwe canapply two generationsteps
insteadof repeatinghe whole subtreeup to the~y-rule application.

All in all, we have to admitthatthe possibilitiesto improve multiple v-rule applicationsare
poorin sequenandtableawcalculi. In amatrixrepresentatiotik ein Wallen(1990),however, it is
possibleto dynamicallyincreasehe multiplicity andto let all existentialvariablesbe generating,
no matterwhetherall occurrence®f eachvariableare on the samebranchor not. Thus, an
implementationshould use matrix calculi insteadof the presentationallysimpler sequentand
tableaucalculi usedin this paperbecausehenthe 5- andd-rulesdo not suffer from the severe
restrictionsexplainedabove.
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21 Conclusion

After introducingthe requiredinterdisciplinarybackgroundwe have presentech combination
of the following featuresin deductve theoremproving: raising, explicit variabledependeng
representatiomqreserationof solutions,andtheliberalizeds-rule. To our knowledgé” we have
presentean the onehandthe first soundcombinationof explicit variabledependengrepresen-
tation andthe liberalizedé-rule. And on the otherhandthe first framework for preseration of
solutionsin full first-orderlogic. The difficulties describedn Sectior8 with the combinationof
the preserationof solutionsandtheliberalizeds-rule revealunexpecteddetailson the natureof
theliberalized)-rule.

Theoriginal motivationfor ourwork, however, wasnotto combinetheseseeminglycontrary
featureshut to provide the foundationfor ITP, wherethe preseration of solutionsis indispens-
ablefor the possibilityto modeldescenténfinie.

In the presentversion lemmaapplicationandinductionhypothesisapplicationareincluded
for thefirst time in all calculi: Wirth (1999)includedonly hypothesisapplicationfor the weak
versionof the calculi of Wirth (1998). For the strongversionwe surprisinglyhadto changethe
notion of strongvalidity in orderto make lemmaor induction hypothesisapplicationpossible.
With this exceptionandbesidedots of minorimprovementsthe calculi of this paperaretheones
of the strongversionof Wirth (1998),althoughwe have omittedthe word “strong” in the names
of thenotionswherever we did not presentary weakversionin this paper

We have shovn how to integratedescentenfinie into state-of-the-artlassicalsequentnd
tableaucalculi. The following aspectsare novel comparedo the concreteinduction calculus
of Wirth (1997): The tableaupresentationthe possibility to usesequent®f full first-orderand
higherorderformulasinsteadof literals only, andtheimportantadditionof free existentialvari-
ables,i.e. the“dummies” of Prawitz(1960),makingthe major differencebetweenthe free vari-
ablecalculi of Fitting (1996) andthe calculi of Smullyan(1968). Contraryto Baaz&al. (1997)
we really integratedescentenfinie: Whenwe startaninductive proof we do not restrictthe ap-
plicableinductionhypothesesWe cando mutualinductionandinventcompletelynew induction
hypothesesyhich canbe sequentinsteadof literalsonly. Moreover, we canalsogeneratenduc-
tion hypothesegagerlyin the style of explicit induction,which enablegjoal-directednesa.r.t.
induction hypothesesFinally, we canhave variableinductionorderings. Thus,our calculi are
much*“f atter” thanthe“lean” calculusof Baaz&al. (1997)whereall thisis not possible Further
more,in Sectionl 7 we exemplifiedthatalthoughtableaucalculimay save repetitionof formulas,
sequentalculi have substantiahdvantages.

We hopethat our examplesillustrate that our modelingof descentenfinie in sequentand
tableaucalculi can meetour designgoalsof Sectior2.1 andis of practicalrelevance. A more
convincing examplethatshows the featuresn their combinedpower requiresanimplementation
with a graphicaluserinterfacefor developmentaswell asfor presentation.

Acknowledgments: | would lik e to thankPaul Howardfor a shorte-mailcommunicatioron the
Principleof DependenChoicethatwasvery helpful to meandUIrich Kuhlerfor his fascinating
XQUODLIBET system.
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A Additional Lemmas

The following lemma—roughlyspeaking—onlysaysthat the Substitution-Lemmaanbe lifted
to existentialvaluationsasexpected.

LemmaA.1 Let R beavariable-conditionrandos an R-substitution.

1. Let R’ beavariable-conditiorwith RCR’'. Now:
Ead existential (A, R')-valuationis alsoan existential (A, R)-valuation.

2. LetR' theo-updateof R. For eadh existential(.A, R')-valuation ¢’ thereis someexistential
(A, R)-valuation e s.t.

Se = Se’ o (Vg\dom(o)ﬁd U EU' rv;,) U UO’ rVH
andforall § € V, — A:

€(€)(0) = (vs\dom(e)1id U vglo) o eval(Awe(e')(5) & d).

3. Let(C’, R') theextendedr-updateof (C, R). For ead existential(.A, R')-valuatione’ and
ead 7' thatis (e’, A)-compatiblewith (C’, R'), there is someexistential (A, R)-valuation
e S.t.

Se = (Sﬂ" U ngw1id) o (Se’ o (Vg\dom(a)ﬁd U Ea fva) U Ua fva)
andfor all § € V, — A, whenr abbreviatesy, 14:

€(e)(6) = (va\dom(e)1id U vy10) o eval(Awe(e’)(e(n’)(T) W) We(n')(T) W),
Notethat RU S, U (R' U Se U Spr)* lv, iswellfoundechere.

For dealingwith quasi-&istential R-substitutionssemanticallywe needthe following technical
sub-lemmao Lemmall.2(5)andLemmal2.3(5),whichwasremovedfrom theendof Sectiony.

Notethat,consideringhosevariableghatareconstrainedy thechoice-conditiorC andreplaced
by the substitutions, on the onehand,the setO containsthe variableswhosereplacementsre
supportedby the lemmas(O)Q¢, (cf. Definition9.4). On the otherhand,the set N contains
the variablesthat are not supportedby suchlemmas,plus all the variablesthat are constrained

by C andsuffer from this missingsupportin the sensehatthey depencnthesevariablesvia the
variable-conditionR.

LemmaA.2 Let C be an R-choice-condition, A a X-structule, o a quasi-«istential R-
substitution. Let (C’, R') be the extendedo-updateof (C, R). Assumethat we have O and
N with O € dom(C) Ndom(c) COWN, N Cdom(C)\O, dom(C)N(N)R* C N.
Now for any existential (A, R')-valuatione’ andany 7' thatis (e’, A)-compatiblewith (C', R')
s.t.{0)Qc¢, is strongly (7', ¢/, A)-valid, there are an existential (A, R)-valuatione anda 7 that
is (e, A)-compatiblewith (C, R) for which thefollowing holds:

1. For anytermor formula B (possiblycontainingsomeunboundvariablesfroma setWW C

Voouna) With N N V(B) = 0, andfor anyr € V,,, - Aandyx € W — A, whenwe set
0 =e(n")(r)WTandd = e(m)(7) W T

eval(A W e(e')(8") W' W x)(Bo) = eval(AWe(e)(d) W W x)(B).
2. For anysetof sequent&s with N N V(G) = 0:
Go is strongly (7', €', A)-valid iff G is strongly(r, e, .A)-valid.
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B Proofs

Proof of Lemma3.1
SinceR™ is clearlytransitive, it sufficesto shav thatit is wellfounded becausé¢henit is irreflex-
ive. Thus,supposehatthereis someclassA with Va € A. 30’ € A. o’ RTa. We have to shav
thatA isempty SetB := {b| Ja€ A. aR*b }.
Claiml: Forary b € B, thereis someb’ € B with b' Rb.
Proofof Claim1: By definitionof B andthepropertyof A, thereis somea € A with aR*b. Thus,
thereis someb’ with a R*' Rb. Q.e.d.(Claim1)
By Claim 1 andtheassumptiorthat R is wellfoundedwe get A C B=1).

Q.e.d.(Lemma3.1)

Proof of Lemma4.5

4.2= 4.4: Let < beanorderingwith Ya€ A. 30’ € A. a > o¢’. Set R:=>nN(AxA). Now
dom(R) = A D ran(R). Assume A# (). By thePrincipleof DependenChoice,R
is notterminating.This contradictsVersionl andVersion2 of the Principleof Descentdnfinie.

4.4= 4.2: Let R be abinaryrelationwith ran(R)Cdom(R)#(. We aregoingto shov that
R is notterminating.

setdi={ a|snen. (|, g0 vaon® ) L

A Vi<n. aiRaHl

. - dom(a) C dom(a’
DefineSonAby a 2 o if ( A Vz’eglo)m(a). a,-(:)a;
Claiml: Vae A. da' € A. a > d.

Proofof Claim1: For a:{0,...,n} - dom(R) we have to shov the existence of some
a:{0,...,n,n+1} — dom(R) with a > . Whenwe set a} := a; for i <n then(dueto
an, € dom(R)) thereexistsana;,,, with a, R a;_,, andthen o/, € ran(R)Cdom(R).

Q.e.d.(Claim1)
Since dom(R)#0 we have A#(. Thus,by Claim1 andthe Principle of Descentdnfinie
(Versionl) thereis somenon-terminatingsequencéa;), . in > andwe setC := ran(a) or (Ver
sion2) thereis someC C A totally orderedby < thathasno <-minimal element.But then| J C
is anon-terminatingsequencén R.

) . Let < betheorderingof <.

4.4(\ersionl) = 4.3: If <isnotwellfoundedthenthereis somenon-emptyclassA with Va € A.
da’ € A. a>d’. Thus,by thePrincipleof Descenténfinie, > N (Ax A) is
notterminating,whichimpliesthat > is notterminating.

4.3= 4.4(\ersionl): Let < beanordering.Then< N (AxA) is anordering,too. Thus,if > N

(Ax A) is terminating by the Principleof Wellfoundedness< N (Ax A)

is awellfoundedordering.In caseof Va € A. Ja’ € A. a>d’, thismeanghat A mustbe empty
Q.e.d.(Lemma4.5)
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Proof of Lemma?9.3

Set< := (RUS,)" andS; := <N (Vi xVys). As e is anexistential (A, R)-valuation,< is a
wellfoundedordering.With the help of a choicefunctionandby inductionony™ € V.4 in < we
candefiner (y**) € (S,{y*}) — A) — Ain thefollowing way:

Letr € S;{y*}) — A. In caseof y** € V,,\dom(C) wechoosenarbitraryvaluefor « (y**)(r)
fromtheuniverseof A (of theappropriataype). Notethatuniversesareassumedo benon-empty
cf. Sectior3.2.

In caseof y** € dom(C), we have the following situation: C(y**) = Avy. ...Av_1. B,
B is aformulawhoseunboundvariablesfrom Vyounq areamong {vo, ...,v-1} € Vhouna and
where,for vy : ag, ..., v 1 : a1, Wwehavey™ : ap — ... = 41 — «; for sometype oy, and
ary occurrenceof y** in B is of the form y™(vg) - - (v;—1). In this case,we let 7(y**)(7)
be the function f thatfor x € {vo,...,v_1} = A choosesa value from universeof A for
f(x(vo)) -+ - (x(vi—1)) suchthat,if possible,B is (e(n)(rW ") W W7 Wy, e, A)-valid for an
arbitraryr’ € (Vi \dom(7)) — A. Notethatthis definitionof f(x(vo))--- (x(v-1)) doesnot
dependonthevaluesof f(x'(vo)) - -- (x'(v,_1)) for adifferenty’ € {vo,...,v, 1} — A because
ary occurrencef y** in B is of theform y*(vp) - - - (v;_1).

Claim1: For z¥ € V, with 2" < y®, (e(m)(7 ¥ ') W1 7')(2") depend®nly 7, 7(z"), andz".
Claim2: For z# € V3 with 27 <1y™, e(e)(e(m)(r W)W 7')(27) dependonly 7, qy vy 17
ande(x?).

Claim3: Thedefinitionof 7 (y*°)(7) depend®nly on suchr (v™) with v%* < y%.

Claim4: Thedefinitionof 7(y*)(7) doesnotdependon 7.

Proofof Claim1: For z¥ € V,, we have (e(n)(r¥7)drw7')(2") = 7(2¥) dueto
2" € S {y*™}). Moreover, for z¥ € Vi, we have S;{z"}) C S;{y™}), and therefore
(e(m)(rWT)BTWT)(2") =m(2") (s, ¢y 1 (T WT")) = 7(27) (5, 02vp 17)- Q.e.d.(Claim1)
Proofof Claim2: As S.{2°}) C <{y™}, and e(e)(e(n)(r¥r)wryr)(z?) =
e(2?) (s, qz2p1(e(m)(r W) W 7')) thisfollows from Claim 1. Q.e.d.(Claim2)

Proofof Claim3 and4: Since C' is an R-choice-condition,we have 2z < y* for all z €
Viree (C(y**))\{y**}. Thus,thisfollowsfrom Claim1 andClaim2. Q.e.d.(Claim3, 4)

Now 7 is well-definedby Claim3 and Claim4 and obviously semantical. Thus, item1 of
Definition9.2 is satisfiedbecausg R U S, U S;)* = < is a wellfoundedordering. For shawv-
ing item2, let 7 € V,,, = A, y* € dom(C), and C(y*) = Avg. ...A\y_;. B, andas-
sumeto the contrary that, for somen € {y*} - A andx € {vy,...,v, 1} = A, Bis
(o\ sy 1 (e(m) (7)) W W 7 W& x, e, A)-valid, but not (e(r)(7) W 7 ¥ x, e, A)-valid. This con-
tradictsthe definitionof 7(y**) (s, ¢,vsy17) from above dueto Claim4. Q.e.d.(Lemma9.3)
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Proof of Lemma9.6

Herewe denoteconcatenatiofproduct)of relations o’ simply by juxtapositionandassumet to
have higherpriority thanary otherbinaryoperator R'* is awellfoundedorderingsimply because
R’ is the o-updateof R ando is an R-substitution. Now it sufficesto show the following two
claimsfor anarbitraryy* € dom(C"):

Claim1: Forall z¥ € V,(C'(y*))\{y™}: 2YR""y".

Claim2: Forall u® € V;(C'(y™)): vR'"y".

Proofof Claim1: Let 2¥ € V,(C'(y*))\{y**}. By the definition of C’ this means
2 eV (C(y™))\{y*} or thereis someu € V(C(y**)) with 2" U, u. SinceC' is an R-
choice-conditionywe have z¥ R* y* or 2V U, u R* y**. As R’ istheo-updateof R, we have
RUU, C R'*® Thus 2"R'"y". Q.e.d.(Claim1)
Proofof Claim2: Let u® € V5(C'(y**)). By the definitionof C’ thereis somev € V(C(y™))
with %* (v5\dom(s)1id U E,) v. SinceC is an R-choice-conditionwe have v R* y*°, i.e.
u? (va\dom(o)1id U E; ) R* . As R'is the o-updateof R, we have (v5\dom(s)1id U E,)R* C
(RUE,)" C R™.2 Thus u*R'"y". Q.e.d.(Claim2) Q.e.d.(Lemma9.6)

Proof of Lemma10.2
As G is V3 x V,-valid in A, thereis someexistential (A, V2 x V;)-valuatione s.t. G is (e, .A)-valid.
Claim1: e is anexistential (A, R)-valuation.
Proofof Claim1: As e is an existential (A, V3 x V)-valuation, S, o (V3xV,) is irreflexive. This
means S, =0, i.e. (RUS,)"™ = R*. As C is an R-choice-condition,R* is a wellfounded
ordering.Thismeanghat(R U S.)* is awellfoundedordering,aswasto be shavn.
Q.e.d.(Claim1)
By Claim1, G is immediately R-valid. Moreover, by Claim1 andLemma9.3, thereis somen
thatis (e, .A)-compatiblewith (C, R). AsG'is (e, A)-valid, G is also(e(r) (1) W T, e, A)-valid for
allT € Vi, = A. Then,asr is (e, A)-compatiblewith (C, R), G is (C, R)-strongly(e, .A)-valid.
Then,by Claim1, G is (C, R)-stronglyvalid in A. Q.e.d.(Lemmal0.2)

Proof of Lemma10.3

As G is (C, R)-stronglyvalid in A4, therearesomeexistential(.A, R)-valuatione andsomer s.t.
7 is (e, A)-compatiblewith (C, R) andG is strongly(r, e, A)-valid.

Set Se == (v, 1idU S;) o S, [Va\ranie) U Sz 0. Wedefinee' via:
Forz? € Vi\ran(¢): For7 € Sg{2*}) — A:

¢/(a?)(r) = e(a?) (s, gz (em) (r W) W 7 5 7))
wherer’ € (Vi \dom(7)) — A. Notethatthis right-handsideis okaybecausedom(7) C V,;
indeed,dueto z? gran(s), wehave Sy {z7}) = (Vo N Se{2?})) U (Sz 0 Se){27}) C Vi
Furthermore note that this right-handside doesnot dependon 7' because V,,, N S.{z*}) C
Se{{a7}) = dom(r), andfor y** € S.(z7}), wehave Sr{y*}) C (Sro Se){a”})) € Se ({27}
andtherefore 6(71') (’7’ 5 TI)(yV’S) = W(y\ts)(sﬂ({yv,s}ﬂ (7' 5 ’7")) = W(yws)(sﬂ{yv,s}ﬂ’i').
For 2? € ran(c): ForT € S {z7}) — A:

e'(2%)(r) = m(c " (2?))(7).

Note that this right-handside is okay becausedueto =z €ran(s), we have S,{z*}) =
Sef{< (@) ) € Vi

Claim1: ¢’ is anexistential (A, R')-valuation.

Proofof Claim1: Herewe denoteconcatenatiofproduct)of relations o’ simply by juxtaposition
andassumet to have higherpriority thanary otherbinary operator As 7 is (e, .A)-compatible
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with (C, R), we know that(RU S, U S,)" is awellfoundedordering.Thus,its subset
: - +
( (Vv,wuva\ran(cﬂld U 57¢¢ 1)R+ rvv,wuvg\ran( ) (Vv 1id U Sr)Se rVg\ran(c) )
is awellfoundedordering,too.
Sincethedomainof this relationanddom(.S, ) aredisjointfrom ran(s), we know that
. _ . +
( (VV,WUVg\ran(gﬂ id U Sz 1)R+ rVV,WUV;|\ra,n(§) U (Vv,w1 id U SW)SG [Vg\ran(g) U Sr¢ )
is awellfoundedordering,too.
Sincethe domainof this relationandV; aredisjointfrom V5, we know that
( (VV,WUVE\I'aIl(§)1 1d U Sﬂ'ggil)R*’ rvv,wuva\ran(g) U VE Xv\?’,S U (VV,W1 1d U Sﬂ')Se rVE\ran(g) U Sﬂ_g )+
is awellfoundedordering,too. Sincea stepinsidethetransitive closureof the previoustermthat
canprecede ! canonly beastepwith S, (dueto dom(¢!) = ran(s) C V),
. _ i .
( (VV,WUVE\ran(cﬂld Ug 1)R+ er,wUVE\raH(C) U VHXVV,S U (Vv,whd U SW)Se rVg\ran(c) U Sﬂg )
is awellfoundedordering,too. The latter relationis a supersebf (R’ U S.)* which we hadto
shaw to beawellfoundedordering. Q.e.d.(Claiml)

As the universesareassumedo be non-empty(cf. Sectior.2), thereis somed € V,; — A by
the Axiom of Choice.Definer’ by 7/ (%) (@) := §(y**).

Claim2: 7" is (¢', A)-compatiblewith (), R").
Proofof Claim2: We have S,» =0. Thus,(R' U S. U S,/)" is equalto (R' U Se/)*, whichis a
wellfoundedorderingby Claim1. Q.e.d.(Claim2)

Claim3: For 7 € Vi = Aandz® € Vs(G): e(e')(e(n’) (1) W 7)(27) = e(e) (e(m)(7) & 7)(27).
Proofof Claim3: We have z* € Vi(G) C Vi\ran(s). Thus, by the discussionof the
first caseof the definition of ¢', we have e(€')(e(m')(T) WT)(2?) = €'(27)(s, quaylT) =
e(2?) (s, qarp1(e(m) (1) WT)) = e(e)(e(m)(7) W T)(27). Q.e.d.(Claim3)
Claim4: For 7 € V,,w = Aandy™ € V(G):  e(e)(e(n")(7) W 7)(s(y™)) = e(m)(7)(y™).
Proofof Claim4: Since ¢(y*) € ran(s), by the discussionof the second case of
the definition of ¢, we have e(e)(e(m)(T) & T)(s(¥™)) = €((¥™)) (s, qerop1T) =
T(sTHS W™ (s, ts-1 6wy 17) = T(Y™) (5, oy 17) = €(m) (1) (¥*). Q.e.d.(Claim4)
Claim5: Gs is strongly(#', ¢/, A)-valid.

Proofof Claim5: Let 7 € Vi, — A bearbitrary First by the Substitution-Lemmasecondby
Claim3, V(G) C dom(s), Claim4,andthird asG is strongly(r, e, .A)-valid, we get:

eval(A W e(e)(e(r") ()W T) W e(n") (1) W 7)(Gs) =

eval( A W e(e)(e(n") () W) >(G) _
© v \dom(o)|(€(T) (7)) & o (e(e)(e(m)(T)WT)) & T
eval( A & e(e)(e(m) ()W) W e(m)(r) W T )(G) =TRUE Q.e.d.(Claimb)

Claim6: G¢ is R'-valid in A.

Proofof Claim6: First note that by Claim1, ¢’ is an existential (A, R')-valuation. Let 7' €
V; — A bearbitrary Whenwe sets := v, 17" and7 := v, 17/, we get

eval(A W e(e)(7) W 7)(Gs) = eval(A W e(e)(e(n)(r)WT) W e(n')(r) W 7)(Gs) =
TRUE, wherethelatterstepis dueto Claim5. Q.e.d.(Claim6)
Now we concludethat Gs is (@, R')-stronglyvalid in A (by Claim1, Claim2, andClaim5) and
R'-valid (Claim6) in A. Q.e.d.(Lemma10.3)
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Proof of Lemma11.2
(1), (2), (3), and(4) aretrivial.

(5): Lete beanexistential (A, R')-valuationand be (e, A)-compatiblewith (C’, R'). Dueto
~ RCR',bylLemmaA.1(1), e is anexistential (.4, R)-valuation,too.

ClaimO: 7 is (e, .A)-compatiblewith (C, R).

Proofof Claim0: As 7 is (e, A)-compatiblewith (C’, R'), and CCC’, 7 is (e, . A)-compatible
with (C, R'). As RCR', = is (e, A)-compatiblewith (C, R). Q.e.d.(Claim0)
(5a): As Gy is (C', R')-stronglyvalid in A, thereis anexistential (A, R')-valuatione andsome
~ ws.txis (e, A)-compatiblewith (C’, R') and G| is strongly (m, e, A)-valid. Thus, by
Claim0, Gy is (C, R)-strongly(e, .A)-valid. As e is anexistential (A, R)-valuation,G is (C, R)-
stronglyvalid in A.

(5b): Lete andw begivenasin (5) abore andsupposehatG, is strongly(x, e, A)-valid. Thus,
by Claim0O andsincee is anexistential(.A, R)-valuationandG, (C, R)-reducego G4, also
G is strongly(r, e, A)-valid aswasto be shavn.

(6a): As Goo U (O)Q¢, is (C', R')-stronglyvalid in A, thereis an existential (A, R')-valua-
~ tionée' andsomer’ s.t.7' is (¢, A)-compatiblewith (C’, R") andGyo U (O)Q¢,s is strongly
(r',€', A)-valid. Let e andr be givenasin LemmaA.2. ThenG, is strongly (r, e, A)-valid.
Moreover, asr is (e, .A)-compatiblewith (R, C') andase is anexistential (A, R)-valuation,G,
is (C, R)-stronglyvalid in A.

(6b): Let ¢ beanexistential(.A, R')-valuation,n’ be (¢/, A)-compatiblewith (C', R'), andsup-
— posethatG1o0U(0)Qc,, isstrongly(r, ¢', A)-valid. Let r andtheexistential(A, R)-valu-
atione begivenasin LemmaA.2. Thenx is (e, .A)-compatiblewith (C, R), andG; is strongly
(m, e, A)-valid. By assumption(z, strongly(C, R)-reduceso G,. Thus,G| is strongly(w, e, A)-
valid, too. By LemmaA.2(2), thismeanghatGyo is strongly (7', ¢/, A)-valid aswasto beshawn.

Q.e.d.(Lemmall.2)

Proof of Lemma12.3
(1), (2), (3),and(4) aretrivial.

(5): Let A € K, S € G, let e be anexistential (A, R')-valuation,and be (e, A)-compatible
with (C', R'). Supposehat (S, 7) is an (7, ¢, A)-countergample. Dueto RCR', by Lem-
maA.1(1), e is anexistential (A, R)-valuation,too. As 7 is (e, .A)-compatiblewith (C’, R'), and
CCC', wis (e, A)-compatiblewith (C, R'). As RCR', = is (e, A)-compatiblewith (C, R).
By assumption, Go~c,r(G1, L1). Thus,thereis some(w, e, A)-countergample (S’, 7') with
S'eL; or §’€ (G, andin thelatter casethe long conjunctionof the definition of foundedness
aswasto beshawn.

(6): Let A € K, let e be an existential (A, R')-valuation, and 7’ be (¢’,.A)-compatible
with (C', R'). Let (I, (w, <, X)) € Gy andassumehat((I'o, (wo, <o, <o)),7) isan(n’, €', A)-
countergample. Assumingthatthereis no (', ¢/, A)-counter&ampleof Lo U L, we have to
find some(r', ¢’, A)-countergample((I"o, (w'o, <'o, <'o)), ") with (I, (w', <, <)) € Gy,
plusthelong conjunctionof the definition of foundednestor e, 7 replacedwith €', 7', resp.,and
< S, w, <! < w' replacedwith their o-instantiations.By our assumptioron no (7' €', A)-
countereamplesof Ly, we canapply LemmaA.2 to geta an existential (A, R)-valuatione and
ar thatis (e,.4)-compatiblewith (C, R). Moreover, by this lemma, ((I, (w, <, <)), 7) is an
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(m, e, A)-counter&gample. By assumption, Gor~vo,r(G1, L1). Thus,thereis some(r, e, A)-
countergample ((I', (w', <', <), ) with (I, (v',<', <) € Ly or (I, (w',<', <)) €
G1, plusin the latter casethe long conjunctionof the definition of foundedness.By Lem-
maA.2, this meansthat ((I"o, (w'o, <'o, <'0)), ') is an (7', €', A)-counter@ample. We only
have left to shav that in the latter casethe long conjunctionof the definition of founded-
nessholds when we replacee, © with ¢, 7', resp.,and <, <, w, <', <', w' with their o-

1 A~

instantiations. This is nearly implied by LemmaA.2(1); the only problemis that <, <, </,
<' are possiblyno terms(so that the B of LemmaA.2(1) cannotbe instantiatedwith them).
Thus, for arbitraryr € V., =+ A andé andd’ given asin LemmaA.2(1), we still have to
provesay eval(A W e(e') (") W 6') (<o) = eval(A W e(e)(d) W d)(<). After expandingtheshort-
handon both sidesfor somedistinctz,y € Viouna\V(<, dom(c), ran(o)), this follows from
eval( AW e(e')(§') W o' W {z—a, y—b})(z (<o) y) = (asz,y ¢ dom(o))
eval(AWe(e) (") W &' W {z—a, y—b})((z <y)o) = (dueto LemmaA.2.1)
eval(AWe(e)(0) W W {z—a, y—b})(r <vy).

(7): Let A € K, e be someexistential (A, R)-valuation, and 7 be (e, .A)-compatible
with (C, R). Let D be the classof (=, e, A)-countergamples(S,7) with S e H; for that
thereis no (m, e, A)-counter@ample(S’, ') with S’e L, or S’€ Gy, andin the latter case
the long existential quantificationof the definition of foundednessvith the secondalternatve
being valid. It sufficesto show that D is empty becausethis means Hy~¢ r(G1, L1). To
the contrary suppose ((I'", (w", <", <")),7") € D andset §" = e(m)(7") W 7",
<4 = eval(AWe(e)(0") W ") (<), and I = eval(AWe(e)(0”)wd")(<"). Set
(W, <, %)), 7)€ D

A = eval(AWe(e)(0) W) (w) Then

A S

AN <=eval(AWe(e)(d) wo)(<)
A Jd=eval(AWe(e)(d) W) ()
eval(A W e(e)(0") W 6")(w") € A. DuetotheassumedH; \,/~cr (Hi,G1, L) and D #4,
<t is a wellfoundedordering. Thus, A must have a <*-minimal elementw. Thus, there
mustbe some(([, (w, <, <)),7) € D with d=¢(m)(T) W7, <=eval(AWe(e)(d) W) (<),
J=eval(AWe(e)(0) Wo)(S), andw=eval(AWe(e)(d) Wd)(w). Then, dueto the assumed
H, \/~cr (Hi, Gy, L), theremustbean(r, e, A)-countereample((I”, (v, <', <')), ') with
(I', (w',<',<"N)eHy, < =eval(AWe(e)(d) W) (<), I = eval(AWe(e)(d)wd)(I),
and w'<tw for § = e(n)(7)w ' and @' = eval(AWe(e)(d)wd)(w). Thus,
since w is <*-minimal in A, ((I'",(v',<',<"),7") ¢ D. Thus, there must be some
(7, e, A)-countergample ((I'”, (w", <", <)), ") either with (", (w", <", <") e Ly,

or otherwise with (", (w",<",<"M) eqGy, < =eval(AWe(e)(0") W ") (<"),
Jd=eval(Ade(e)(0")wd")(<"), and @" (JU<)” @' for 6" = e(n)(r") ¥ 7" and
w" = eval(A W e(e)(6") wd”)(w"). In bothcasesthis contradicts (([, (w, <, <)), 7) € D; in
thelatterdueto @” (JU <)* w. Q.e.d.(Lemmal12.3)

Proof of Theor. 13.6

Let A € K bearbitrary SinceAX is VoxV,-valid in A (cf. Definition13.2)and C' is an R-
choice-condition, AX is (C, R)-stronglyvalid in A by Lemmal0.2. By definition, this means
thatthereis someexistential(.4, R)-valuatione andsomer thatis (e, .A)-compatiblewith (C, R)
s.t. AX is strongly(m, e, A)-valid.

Claim1: For ¢ with ' (LUH)*s andfor (¢, ((I",X'),t)) € F : I"isstrongly(m,e, A)-valid.
Proofof Claim1: By inductionon i’ in (LoH*)*: Setl := H*{i'}). Dueto I C (LUH)"{s})
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and by the closednessassumptionof the theoremwe have logic(Goals(Trees((I)F'))) C
logic(Goals(Trees({(LUH)*{i}))F))) C AX. Thus,logic(Goals(Trees({I)F))) is strongly
(m,e,.A)-valid. By inductionhypothesislogic(Hyps({L(I))F)) is strongly(r, e, .4)-valid. To-
getherthis meansthatlogic(Goals(Trees({I)F')) U Hyps({L(I))F)) is strongly (=, e, .A)-valid,
too. (Note thatthe last stepwould not be possiblefor (C, R)-strongvalidity insteadof strong
(m, e, A)-validity.) Since (¢, ((I",N'),t)) € F and(F,C, R, L, H) satisfiesthe soundnesi-
variantcondition, {(I",X")} ~¢ g (Goals(Trees({(I)F)), Hyps((L(I))F)). All in all, by Lem-

mal2.3(1b),/" is strongly(m, e, .A)-valid. Q.e.d.(Claim1)
For the specialcaseof i’ =, Claim1 saysthat I is (C, R)-stronglyvalid in A. Finally, by Lem-
mal0.3,s is ((, R')-stronglyvalid and R'-valid in A. Q.e.d.(Theor. 13.6)

Proof of Theor. 13.7
() is an(-choice-conditiorand (0, @, @, @, @) vacuouslysatisfiegthe soundnesmvariantcondition.

For the iteration steps,we let (", ((I™,R"),t")) € F' be arbitrary Assumingthe soundness
invariantconditionfor (F, C, R, L, H) andusingthe abbreviations

I = H{i"}) I' = H"{i"})
A = Goals(Trees({I'}F)) A" = Goals(Trees({I")F"))
B = Hyps((L'(I")F).

we have to show thatC” is an R'-choice-conditiorandthat {(I™, R")}~o g (A', B').

Hypothesizing:Notethat F” is apartialfunctionon N, justlike F becausef i € N, \ dom(F).
Notethat R is avariable-conditiorandthat R* is awellfoundedorderingbecause
C'is an R-choice-conditior(becausé F, C, R, L, H) is assumedo be a proof forest).
i" € dom(F): By assumption,

{(I", X"} ~e g (Goals(Trees((I)F)), Hyps((L{I)) F')).
As (C', R') is anextensionof (C, R) andby Lemmal2.3(5),this means

{(I",R")} ~orr (Goals(Trees((I) F)), Hyps((L(1)) F)).
Dueto H = H' wehave I =I', andthendueto L=L' and FFCF', we have

Goals(Trees((I)F)) C A" and Hyps({(L{I))F) C B'.
Thus,by Lemmal2.3(2),we have
Goals(Trees((I)F))~cr w (A',0) and Hyps((L{I)}F)~cr r (0, B').

Thus,by Lemmal2.3(3a,b)we have {(I'",RX")} ~er pr (A, B').
i"=1: Then{(I"",X")} = {(I,N)} = Goals({t}) = Goals({t"}) C A" C A’ U B'. Thus,by
Lemmal2.3(2), {(I'",¥")} ~erm (A, B).

Expansion:Notethat V.J. Hyps({(J)F) = Hyps((J)F").
~ Claiml: Hyps({I")F)~c r (A, B').
Claim2: AN,/~co r (Hyps({I')F), A’, B').
By Claim1, Claim2, andLemmal2.3(3a)we get
Hyps((I")F) \J/~c,r (Hyps((I")F), A’, B').

By Lemmal2.3(7),weget Hyps({I") F)~¢ r(A', B'). Since {(I"",X")} C Hyps({I')F'), we
have {(I',N")}~o r(Hyps((I')F'),0) by Lemmal2.3(2).Thus,by Lemmal2.3(3a)we get
(" X} verm (4, BY).
Proofof Claim1: By Lemmal2.3(4)it sufficesto shav Hyps({:" ) F)~c r (A, B') for ary
i" e I'. We have

Hyps({i" ) F) ~c,r (Goals(Trees((I") F')), Hyps((L(I")) F'))
for I := H*{i""}) by assumptionAs (C’, R') is anextensionof (C, R) andby Lemmal2.3(5),
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Hyps({i" ) F) ~err (Goals(Trees((I") F)), Hyps((L(I")) F))).
Dueto HCH', wehave I" C H*{i"}) C H™(I'y = I'. Thus, Goals(Trees({I"')F)) C A
and (dueto LCL'") Hyps((L{I"))F) C Hyps((L'{I"))F ) = B'. Thus, by Lemmal2.3(2),
we get Goals(Trees((I")F))~cr m(A,0) and Hyps((L{I"))F)~c g (0, B"). By Lem-
mal2.3(3a,b): Hyps({i" H F)~cr r (A, B'). Q.e.d.(Claim1)
Proofof Claim2: If i¢I', thenwe havte A= A" andClaim2 follows from Lemmal2.3(2).

Thus,we mayassumes € I'. By constructiorof ¢’ we have A\{(4,3)} C A". Thus,by Lem-
mal2.3(2),

A{(4, D} \/~or (Hyps((I') F), A', BY).
By assumptiorwe have

{(4,2)} \/~e rm (Hyps((Nu)F), G, Hyps((NL) F)).
By Lemmal2.3(4),we getClaim2 dueto Hyps({(Nu)F') C Hyps({I')F), G C Goals({t'}) =
Goals(Trees({i})F")) C A', and Hyps({(N.)F) C Hyps((L'(I"))F) = B’, which hold due
to Ny C H'{i}) C H'(I') = I', theconstructionof ¢/, and Ny, C L'{i}) C L'(I'), resp..
Q.e.d.(Claim2)

Instantiation: By Lemma9.6,C" is an R'-choice-condition.
SetO := D(i") andN := dom(C) N ((dom(C) Ndom(o)) \ O)R*.

Claim3: O C dom(C)Ndom(c) COWN, dom(C)N(N)Rt* C N, N Cdom(C)\O, and
N NV (Goals(Trees({I)F)), Hyps(({#"}UL{I))F)) = 0.

Proofof Claim3: By definition of D(i) and N, the first, second,and third statementre triv-
ial with the exceptionof NNO = (), which we will shav togetherwith the last statement:Set
M := R*(Vys(Goals(Trees((I)F')), Hyps({({i" }UL(I))F))). It now sufficesto shov NNM =.
If 27°€ N, thereis somez;® € (dom(C) N dom(c))\O with zy° R* 2*, butthen,if e M,
weget z,° € M andthecontradictory z;* € O by definitionof O. Q.e.d.(Claim3)

By assumption Hyps({i"DF) ~cr (Goals(Trees((I)F)), Hyps((L(I))F)). SetB" :=
Uyvs c o Hyps({7yws H F'). Thenwe have logic(B”) = (O)Qc,, accordingto therequirements
of thelnstantiationrule. By Claim3 we canapplyLemmal2.3(6)to get:
{(I",N")} = Hyps({i"HF)o e r (Goals(Trees((I)F))o, Hyps((L(I))F)o U B")
= (Goals(Trees({I)F")),Hyps({L{I))F") U B")
= (A, Hyps((L{I"))F') U B"),

thelatterstepbeingdueto 7=1".

By definition of L' we have {jv | y*€0O} C L'{d"}) C L'(I'). Thus, we have
B"CB'. Moreover, dueto LCL', we have Hyps((L{I"))F') C B'. Togetherthis im-
plies Hyps((L{I'))F') U B" ~c g (0, B'), by Lemmal2.3(2). By Lemmal2.3(3b)we get
{(I", X"} ~er g (A, B). Q.e.d.(Theor. 13.7)
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Proof of Theor. 13.10
Theemptyproofforesttrivially satisfieghe safenessvariantcondition.

Hypothesizing:Whenwe assumehe old treesfrom F' to satisfy the safenessnvariantcondi-
tion for (C, R), thenthey alsosatisfyit for (C', R') by Lemmall.2(5b)because
(C', R') isanextensionof (C, R). Thenew tree(s, (I, X), t)) satisfiegshesafenesgvariantcon-
dition becauselogic(Goals({t}))={I"} and{I'} (C', R)-reducedo {I"} by Lemmall.2(2).

Expansion:Whenwe assumeéhe non-pandedreesto satisfythe safenessvariantcondition

for (C, R), thenthey alsosatisfyit for the extension(C’, R') of (C, R) by Lem-
mall.2(5b).Forthenewtree(s, (I, t')) wehaveto shaw thatlogic(Goals({t'})) (C', R')-reduces
to{I'}.
Claim1: logic(G) (C', R')-reduceso {A}.
Proofof Claim1: In caseof asequentalculusthisis givenby theadditionalrequiremenbf safe-
nessof the Expansiorstep.In caseof atableaucalculuswe have logic(G) = { IIA | I € M },
andthe claim follows becauséecausestrong(, e, A)-validity of A implies strong(r, e, .A)-
validity of IT A. Q.e.d.(Claim1)
Claim2: logic(Goals({t'})) (C', R')-reduceso logic(Goals({t})).
Proofof Claim2: As Goals({t'}) \ G C Goals({t}),

logic(Goals({t'})) \ logic(G) (C', R')-reducedo logic(Goals({t}))

by Lemmall.2(2). Thus, by Claiml, the claim follows by Lemmall.2(4) due to
A €logic(Goals({t})). Q.e.d.(Claim2)

Whenwe assumeheold tree(s, ((I, R), ¢)) to satisfythe safenessvariantconditionfor (C, R),
thenlogic(Goals({t})) (C', R')-reducedo {I'} by Lemmall.2(5b).By Lemmall.2(3)together
with Claim2 this impliesthatlogic(Goals({¢'})) (C’, R')-reducedo {I'}, aswasto beshaowvn.

Instantiation: Assumeary old tree(i, ((I,R), t)) € F to satisfythe safenes#variantcondition
for (C, R), i.e. logic(Goals({t})) (C, R)-reducesto {I'}. SetO := D(i) and

N := dom(C) N {(dom(C) Ndom(c)) \ O)R*.

Claim3: O C dom(C)Ndom(cs) COWN, dom(C)N{(N)R* C N, N Cdom(C)\O, and

N N V(Goals(Trees((I)F)), Hyps({({i JUL{I))F)) = 0.

Proofof Claim3: Justlike the proof of Claim3in theproofof Theor13.7. Q.e.d.(Claim3)

By Lemmall.2(6b)andClaim3, logic(Goals({tc'})) (C', R')-reducego {I'c} U (O)Qc,. AS

the Instantiationstepis safeby assumptionby Theor 13.7andTheor 13.6,(0)Q¢, is (C', R')-

stronglyvalid. Thus,logic(Goals({tc})) (C', R')-reducedo {I'c}, aswasto beshaowvn.
Q.e.d.(Theor.13.10)
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Proof of Theor. 14.1

We only prove oneexampleof eachkind of rule to be a safesub-ruleof the Expansiorrule and
leave the othersasanexercise.

Dueto ran(G) = {3}, for thea-, 8-, v-, Rewrite-, andCut-rulesjt sufiicesto shawv that,for each
Y-structureA, eachexistential (A, R)-valuatione, eachr thatis (e, .A)-compatiblewith (C, R),
eachr € V,, = A, andfor § := () () W T, the (4, e, A)-validity of { A} is logically equivalent
to thatof logic(G).

a-rule: (4, e, A)-validity of {I" (AvB) II'} is indeedlogically equivalentto thatof {A B I" IT}.

g-rule: (4,e, A)-validity of {I" (AAB) II} is indeed logically equivalent to that of
{Armo, B[A]|rIY}.

v-rule: (4,e,.A)-validity of {I" 3Jz. A 1II} is indeed logically equivalent to that of
{A{x—2*} ' Jx. A II}. Theimplication from left to right is given becausehe
formersequents a sub-sequentf thelatter. For the otherdirection,notethatalthoughit is clear
that (6, e, A)-validity of A{z—z”} implies (9, e, A)-validity of Jz. A, we shouldbe a little
moreexplicit herebecausehe standardsemanticatlefinition of 3 (cf. e.g.Wirth (1997),p. 188,
or Enderton(1973),p.82) usesa free universalvariableinsteadof a free existentialvariableand
is somavhatmorecomplicatedhanit could bein termsof free existentialvariables.Moreover,
in the noteabove the rule we remarled thatthe restrictionon =7 is not really necessaryThus,
in orderto be moreexplicit here,assumehat A{x—z?} is (4, e, .4)-valid. Lety” € V,\V(A).
Then,since A{z—y"}{y"—2*} isequalto A{z—z7}, weknow that A{z—y"}{y"+—2?} is
validin Awe(e)(d)wd. Then,bytheSubstitution-LemmaA{z+—y"} isvalidin Awe(e)(§)wd’
foré' € V;, = Agivenby v, (,v110" := y\qyv310 and §'(y¥) := €(e)(6)(«7). By thestandardse-
manticaldefinitionof 4 andsincebindingof = cannotoccurin A (as3z. A isaformulain ourre-
strictedsensecf. Section3.1),thismeanghat3z. (A{z—y"}{y"—z})isvalidin A¥e(e)(0)Wd.
Sincey” doesnotoccurin A, thisformulais equalto 3z. A, whichmeanghattheformersequent
is (4, e, .A)-valid.

Rewrite-rule: We have to shaw that (6, e, .A)-validity of {I" A[s] I B A} islogically equi-
valentto thatof {A[t] I' II B A}.

If eval(AWe(e)(0)Wd)(s) # eval(AWe(e)(d) Wd)(t), thenbothare(s,e, A)-valid because
Bis.
Otherwise,we seta := eval(AWe(e)(d) Wd)(s), choosesomez” € V,\V(A[s]), anddefine
irev,—A by VV\{zV}15I = Vv\{zv}15 and 5,(ZV) := a. Then a:eval(ALirJ 6(6)(5) (] 5)(t)
Moreover, by the Substitution-Lemma:

& 6)(Als]) =

5

eval(A W e(e)(9)

eval(A W e(e) (0) W 0)(A[z"]{z"—s}) =
eval(AWe(e)(0) W) (A[z"]) =
eval(A W e(e)(0) W 0)(A[z"[{2"—=t}) =
eval(AWe(e)(0) Wa)(A[t]).

Notethatthe usualproblemswith variablesgettingcapturedoy binderscannotoccurin our con-
text, becausehe unboundoccurrenceof variablesfrom Vyoung in formulas(like (s#t)) is not
permittedcf. Sectior3.1.

Cut: Trivial.

o-rule: Notethatin this proof, we only make useof the wealer conditionson the occurrenceof
%W givenby Note4.

F

F

J
J
J
0) W
J
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Claim1: (C', R') is anextensionof (C, R).

Proofof Claim1: Since(F,C, R, L, H) is aproofforest,C' is an R-choice-conditionMoreover,
CCC'" and RCR' aretrivial. Thus,we only haveto shav thatC" is an R'-choice-conditionAs
C'=C, weonly haveto shav that R'* is awellfoundedordering.

As ran(R")={z*"} and {z*"}Ndom(R) =0 isrequiredwehave R"oR=1{. As ran(R")N
dom(R") C Vi, N (V;UVy,) = 0, wehave R"oR"=1(. ThereforeasR* is a wellfounded
ordering,R'* is awellfoundedordering,too. Q.e.d.(Claim1)

Now, we have to shav that
{(I' Ve. A 11, D)} o ({(A{z—2™} ' 1T, 2)},0)

Let e and 7 be arbitrary s.t. e is an existential (A, R')-valuationand 7 is (e, .A)-compatible
with (C', R"). Assumethat ((I" Vz. A II, 3),7) is an (m,e, A)-counter&ample. Then, I"I]
isinvalidin AW e(e)(e(m)(7) W 1) We(m)(r) W

Claim2: I'IT isinvalidin AW e(e)(e(m) (") W ') We(n)(r') W' and

eval(A W e(e)(e(m)(m') W 7') W e(m)(7') W 7') (3)
= eval(Awe(e)(e(m)(7) W 1) We(n)(r) ¥7)(3)

forall 7' e VV,W — A with VV,W\{Z'VW}1TI = W \{$Vw}17—

Proofof Claim2: Otherwise there must be some v € Vy(I'II,3) U V5(I'I1,3) with
v S, oS, u (thefirstoccurrencef 7' makesadifference)r z%% S, u (thesecondccurrence
of 7’ makesadifference)or z%% S, v whenthethird occurrenceof ' makesa difference.Note
thatthe fourth occurrenceof 7' cannotmale a differencesimply because:*" doesnot occurin
V(I'Il, D). Sinceu R" %V, weknow that(R' U S, U S,)" is notawellfoundedordering,which
contradictsr being(e, .A)-compatiblewith (C', R'). Q.e.d.(Claim2)

Now, if thereis ary 7’ € Vi, — A with Ve o 1T = v \(av 17 St A{z—2*V} isinvalid
in Ade(e)(e(n)(m) W) W e(n)(r") W 7', thendueto Claim2 ((A{z—z*"} I I1, J),7")
is the (m, e, A)-countergamplewe are searching‘or. Otherwise, A{z+—x*"} isvalid in AW
ele)(e(m)(7) W)W e(m)(r) W’ forall 7' € Vi — AWith  \ (v} 17" = v\ (2%} 17
Claim4: A{z—z""}isvalidin Awe(e)(e(n)(r) W 1)We(n)(r)wr’ forall 7' € Vyy — A with
Ve e 1T = v\ oy 17

Proofof Claim4: Otherwisetheremustbe someu € Vg (A{z—2""}) U Vs(A{z—2""}) with
"V S, oS, u (thefirstoccurrencef - makesadifference)r %" S, u (thesecondccurrence
of 7 makesadifference)or z*% S, u whenthethird occurrenceof - makesadifference.Since

u R" %", we know that (R’ U S, U S,)" is not a wellfoundedordering,which contradictsr
being(e, A)-compatiblewith (C’, R'). Q.e.d.(Claim4)
By thestandardgemanticatiefinitionof V (cf. e.g.Wirth (1997),p. 188,0r Enderton(1973),p.82)
and since binding of x cannotoccurin A (asVz. A is a formulain our restrictedsense cf.
SectiorB.1),Claim4 meanghatVz. (A{z—z*¥ }{z*"—z}) isvalidin Awe(e)(e(r)(r) W)W
e(m)(r) W, i.e.(e(r)(r) W, e, A)-valid. Sincez*" doesnotoccurin A, this formulais equal
toVz. A, which contradict{(I" Vz. A II, J),7) beingan(r, e, A)-countergample.

For the safenesgproof, assumethat I Vz. A II is strongly (w, e, .A)-valid. For arbitrary
T € Vyw — A wehaveto show that A{z—a™"} I' IT is (d,e,.A)-valid for § := e(n)(7) W 7. If
someformulain I'I1 is (0, e, A)-valid, thenthe latter sequents (4, e, .A)-valid, too. Otherwise,
Vz. Ais (4, e, A)-valid. Then,by thestandardgsemanticatlefinitionof V, A{z+—z%"} is (4, e, .A)-
valid, too, aswasto be shawvn.
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Liberalizedd-rule: Note thatin this proof, we only make useof the wealer conditionson the
occurrencef ** givenby Noteb.

Claim5: (C', R') is anextensionof (C, R).

Proofof Claim5: Since(F, C, R, L, H) is aproofforest,C' is an R-choice-conditionMoreover,
CCC'" and RCR' aretrivial. Thus,we only have to shav thatC” is an R’-choice-condition.
As 2% € V,\dom(C) isrequired,C’ is alsoa partialfunctionon V.

As ran(R")={z*} and {z**}Nndom(R)=0 isrequiredwehave R"oR={. As ran(R") N
dom(R") = {z%} N Viee(4) = {z} N V(A) = () isrequiredwe have R"oR" =({. Therefore,
asR* is awellfoundedordering,R'* is awellfoundedordering,too.

Moreover, for y* € dom(C"), we eitherhave y** € dom(C) andthen (Vie.(C'(y™))\{y*}) x

{1} = Me(CH®)\{y™}) x {y*} C R* C R", or y*=z% and then
Ve (C' (5™ )\ {y™}) X {y™} = Mree(A{z=a P\{2™}) X {25} C Vheo(4) x {25} =
R" C R'™". Q.e.d.(Claim5b)

Now, dueto ran(G)={3}, it suficesto shav that, for eachX-structureA, eachexistential
(A, R')-valuatione, eachr thatis (e, .A)-compatiblewith (C’, R'), eachr € V,,, — A, andfor
d :=e(m)(7) W T, the (4, e, A)-validity of

I' Vz. A 1I islogically equivalentto thatof A{z+—z"%} I' II.

For the soundnesslirection,we have to show thatthe formersequents (9, e, .A)-valid underthe
assumptiorthatthelatteris. If someformulain I'I1 is (4, e, A)-valid, thenthe formersequents
(0,e,.A)-valid, too. Otherwise this meansthat A{z—z%} is (J, e, A)-valid. Sincer is (e, .A)-
compatiblewith (C', R'), by item2 of Definition9.2, we know that A{z—x%*} is (¢, e, A)-valid
forall ¢ € V, = A with y\(pv}10" = w\(z%s310. This meansthat A{zx—2z"} is valid in
Ad 6(6) (5,) wd' forall &' € V, — A with Vv\{;cv‘s}151 = VV\{-’EV’S}1 0.

Claim6: A{z—z*} isvalidin Awe(e) () W' forall & € Vy — A With v\ (pve116" = v\ fzvs3 1.
Proofof Claim6: Otherwisewe have z*°S.u® for someu® € V;(A{z—z"*}). Butthen u? €
Viree(4) andthen w?R"z¥. This meanshat (R’ U S,)" is not a wellfoundedordering,which
contradicts beinganexistential(.A, R')-valuation. Q.e.d.(Claim6)

By thestandardemanticatlefinitionof V (cf. e.g.Wirth (1997),p. 188,0r Enderton(1973),p.82)
and since binding of x cannotoccurin A (asVz. A is a formulain our restrictedsense cf.
SectiorB.1), Claim6 meansgthatVz. (A{z—z"}{z*—zx}) is validin AW e(e)(d) W 4. Since
x%% doesnot occurin A, this formulais equalto Vz. A, which meanghatthe former sequents
(0, e,.A)-valid aswasto be shavn.

For the safenesglirection, we have to show that the latter sequents (9, e, .A)-valid underthe
assumptiorthatthe formeris. If someformulain I'I1 is (4, e, A)-valid, thenthe latter sequent
is (4, e,.A)-valid, too. Otherwise,Vz. A is (J,e,.A)-valid. Then, by the standardsemantical
definitionof V, A{z—2%} is (4, e, . A)-valid, too, aswasto beshown. Q.e.d.(Theor. 14.1)

Proof of Theor. 14.3

Let G := { (IIA,J) | I1 € M } asin the Expansionrule of the tableaucalculusof Defini-
tion 13.4. Accordingto this definitionof an Expansiorstepwe have to shav

{4, \/~er {(2,7)}G,0)

in caseof “induction hypothesisapplication’and

{4, \/~er (0,G.{(2,)})

in caseof “lemma application” Accordingto Definition12.2 anddueto ran(G)={3}, it
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is sufficient to shav that, for A € K, e an existential (A, R')-valuation, and 7 (e, .A)-

compatiblewith (C', R'), for ary (m, e, A)-countergample ((4A, 3), 7), underthe assumption
that logic(G) is (d,e, A)-valid for ¢ := €(x)(7) & 7, thereis an (r,e, A)-countergample
((@,7),7") s.t. (in caseof hypothesisapplicationonly), for < := eval(A W e(e)(0) W) (<),

J = eval(AWe(e)(0)Wo)(S), w := eval(AWele)(d)Wo)(w), § = e(n)(r") W 7,
and w' := eval(AWe(e)(d) W) (w'), wehave < = eval(AWe(e)(d) W) (<), I =
eval(AWe(e) () W) (), w'<atw, <od C <, and< iswellfounded.

Since, for all IITe M, IIA € logic(G) is assumedo be (4, e,.A)-valid whereasA is as-
sumedto be not, we know that M is (4, e,.A)-valid. By the definition of M, this means
that @ is not (4, e, A)-valid (dueto (1)) and (in caseof hypothesisapplicationonly) < =
eval(AWe(e)(0) wo)(<'o) (dueto (4)), J = eval(AWe(e)(d)Wd)(S'0) (dueto (5)),
eval(AWe(e)(d) Wo)(w'o) <w (dueto(2)), <o J C <t (dueto (6)), and< is wellfounded
(dueto (3)).

A v, W
Define 7/(y*") := { j_((z)v,(g;(g(y ) ]]:g:: zv’wgiff\‘w\l/ } and ¢ := e(m)(7') W .
Claim2: For v™ € Vys(®, TT) we have €(r)(7)(v*) = e(m)(7") (v™).
Proofof Claim2: Otherwisethere mustbe somey*" € Y with "V S, v*. Since v%* €
Vus(®, 1) wehave v** R’ y»¥ by definitionof Y. Butthen R’ U S, U S, is notwellfounded,
which contradictsr being(e, .A)-compatiblewith (C’, R'). Q.e.d.(Claim2)

Claim3: For 2z € V4(®, ) wehave ¢(e)(0)(z?) = e(e)(d") (z7).

Proofof Claim3: Otherwisewe have e(e)(e(m)(7) W 7)(z?) # e(e)(e(w) (") w')(2?). Then
theremustbesomey™™ € Y with %V S, o S, 27 (i.e.thefirst occurrenceof 7' makesa differ-
ence)or y** S, z° whenthe secondoccurrencef 7' makesa difference.Since z7 € V;(®, 1)
we have 2z R’ y*¥ by definitionof Y. Butthen R' U S, U S, is not wellfounded,which
contradictsr being(e, .A)-compatiblewith (C’, R'). Q.e.d.(Claim3)

Theresp.valuesof @, w', <’, and<’ undereval(A & e(e) (6') W ¢') arethesameasthevaluesof @,
w', <', and<" undereval(A We(e)(0) W e(m) () W ') by definitionof ¢, Claim2, andClaim3,
which againare the sameas the valuesof @, w'p, <'p, and <'p undereval(A W e(e)(0) W J)
by the Substitution-Lemmaand the definition of §. Thus, dueto @p not being (4, e, .A)-valid,
((®,7),7") is an (7, e, A)-countergamplewith (in caseof hypothesisapplicationonly) < =
eval(AWe(e)(0) Wo)(<'o) =eval(AWe(e)(d') W) (<), J=eval(AWe(e)(d) Wo)(<So) =
eval(AWe(e)(d) W) (<), and o' = eval(AWe(e)(d) Wo)(w'p) <w. Q.e.d.(Theor.14.3)
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Proof of LemmaA.1

Herewe denoteconcatenatioifproduct)of relations'o’ simply by juxtapositionandassumet to
have higherpriority thanary otherbinaryoperator

(1): Whene is an existential (A, R')-valuation, R' U S, is wellfounded. In caseof RCR’', we
~ have RUS, C R"US, andR U S, is wellfounded too.

(2): Set o' := v,\dom(e)1id U v;10. Let €' be an existential (A, R')-valuation. Define
S = Se(va\dom(e) 11d U Ej [y,) U Us Iy, andtheexistential(A, R)-valuatione by (z € Vs,
7€ Sz} — A): e(z)(7") ;== eval(AWe(e') () W) (o' (z)) wherer € V, — A isanarbitrary
extensionof 7. For this definitionto be okay, we have to prove thefollowing claims:

Claim1: Forz € Vs, y € V,(0'(z)), thechoiceof 7 O 7' doesnotinfluencethe valueof 7(y).
Claim2: For x € Vi, z' € V,(o'(z)), the choiceof 7 O 7' doesnot influencethe value
of e(e’) (1) ().
Claim3: R U S, is wellfounded.
Proofof Claim1: y € V,(o'(x)) means(y,z) € U, [,. By definitionof S, wehave (y, z) € S,
i.e. y € Se{z}) = dom(7'). Q.e.d.(Claim1)
Proofof Claim2: '€ V5(o'(x)) means (2',2) € vi\dom(e)lid U Esly, . Thus by defini-
tion of S, we have S.{(z',z)} C S., i.e. Se{z'}) C Sc{z}) = dom(7'). Therefore
e(e)(r)(z') = €'(2') (s, qarp17) = €' (') (s, gy 17")- Q.e.d.(Claim2)
Proofof Claim3: R’ U S, is wellfoundedbecause’ is an existential (A, R')-valuation. More-
over, asR' is thes-updateof R, wehave®® R'=RUE, UU,. Thus,(RUE,UU,US.)" isa
wellfoundedordering,justlikeits subset( R U Se (vy\dom(o)1id U By [v) U Us [V3)+,which is
equalto (RU S.)". Q.e.d.(Claim3)
Now, for 7 € V, - A and z € V; we have

(€)(7)(z) = e(z) (s, (a7 = eval(A W e(¢')(r) & 7) (o' (2)),

ie. e(e)(1) =o' oeval(AWe(e)(T) WT).
@ Set o' := Vg\dOI’Il(a’)1id U VﬂU.
~ Define S, := (SwUw,1id)(Se (va\dom(e)1id U Es[\,) U Us[y,)  and the existential

(A, R)-valuatione by (z € V3, 7' € S.{z}) — A):

e(z)(1") = eval(AWe(e)(e(n") () W T)We(n")(T) WT)(0"(x))
wherer € V., — A is anarbitraryextensionof 7.
For this definitionto be okay, we have to prove thefollowing claims:

Claim4: For z € V; andy € V(o'(x)), thechoiceof 7 O 7' doesnotinfluence:

(a) In caseof y € V., thevalueof 7(y).
(b) In caseof y € V4, thevalueof e(7) (1) (y).
(c) In caseof y € V;, thevalueof e(e') (e(7') (7) W T) (y).

Claim5: RU S, U (R'U S U Sp)" Iy, is wellfounded.
Proofof Claim4: Exercise! Q.e.d.(Claim4)

Proofof Claim5: R' U S U S, is wellfoundedbecauser’ is (€', A)-compatiblewith (C’, R').
Moreover, as R' is the o-update of R, we hae’® R =R U E, U U,. Thus,
(RUE,UU,U R'US, US)" isawellfoundedordering justlike its subset
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(R U (Sw Uw,, 1id) (Se (va\dom(e) 11d U By Ivy) U Us Iyy) U (R U S U S) T 1y,)
whichis equalto (RU S, U (R'U Se U Sx)"Iy,)".  Q.e.d. (CIaim5) Q.e.d.(LemmaA.1)

Proof of LemmaA.2

Assumingo, C, R, C', R, O, N, A, €, n' as describedin the lemma, we set A :=
(Vys Ndom(0)) \ (NWO). As o is quasi-aistential,we have V, N dom(c) C NWOWA C V.
This leavesusin thefollowing situation:

ﬁ<
)
~-
—
A

V; >I

Notethatwe arenotreally interestedn A because¢hevariablesn A shouldnotoccuranywhere
andthustheir substitutionis not of ary interest.But, aswe do not addrequirement®n this, we
have to includethe possibility of anonemptyA, althoughwe do not spendmuchthoughton A in
this proof.

NotethatC' is an R'-choice-conditiordueto Lemma9.6.
As 7' is (¢', A)-compatiblewith (C’, R'),

=(R'USsUSy)*
is awellfoundedordering.

Let e betheexistential(.A, R)-valuationgivenby LemmaA.1(3) for ¢’. Then

Se = (S U Wo,w 11d) (S r O (Va\dom(a)1id U E, fvg) U Us fvg) (A21)
andfor all § € V, — A, whent abbreiatesy;,  14:
€(€)(0) = (vo\dom(e)1id U vlo) o eval(AWe(e')(e(n') ()W 1) We(n')(T) W T) (A.2.2)
and
RU S, U«ly, iswellfounded. (A.2.3)

Claim1: For ary term or formula B (possibly containing some unboundvariablesfrom a
setW C Viound) andary 7€ Vyw = A x € W— A ands,é, 6 € V, - Awith v, 16 =T,
V(2B = vy 18, 8 = e(n’)(T) YT
eval(A W e( )(5’) W' W x)(Bo)
= eval(AWe(e)(0) W10 0eval(AWe(e')(6) W) W vidom(o) 16 & X)(B).
Proofof Claim1: eval(A W e(e’)(6') & &' & x) (B o) = (by the Substitution-Lemma)
eval(A W (v\dom(s)11d & 0) 0 eval(A W e(e’) (6") W &' W x))(B) = (by the Explicitness Lemma
(asthevariablesof W donotoccurfreein ran (o)) andby v, vs(8))0) 10" = vy(va(B))e)10")
A
(Va\dom(a)ﬁd & V31O-) © eval(_.A & e(el) (61) & 51) ( B ) -
W wlooeval(AWe(e)(d) wd)
W Vidom(e) 10" W X

eval

(by (A.2.2),v,,16 = 7,andd’ = e(n')(7) W T)
eval(e(e)(6) Wy, 10 o eval(A W e(e’)(6") W ') W \\dom(e) 16" & X)(B). Q.e.d.(Claiml)
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Claim2: ,1(R*) € «, U,oR* C «, and ScoR* C <.
Proofof Claim2: As R’ is the o-updateof R, we have’> R'=R U E, U U,. Thus,Claim2
followsfrom (A.2.1). Q.e.d.(Claim2)

SetS; 1= <N (Vi X Vis)-
Claim3: RU S, U S, iswellfounded.
Proofof Claim3: Thisfollows from (A.2.3). Q.e.d.(Claim3)

The ideafor the definition of the 7 we have to find is—roughly speaking—adollows: For

Yy € NJOWA we take 7(y*°) to ben'(y**). For y** € O we evaluateo(y**) in the updated
ervironmentbecauseve know that (O)Q¢,, is valid thereby assumptiorof the lemma. For

y™ € A wetakethesamebecauseave do notthink muchaboutthis case. For y* € N, however,

we have to take careof (e, .A)-compatibilitywith (C, R) explicitly in an <-recursve definition.

Let 7 bedefinedby (y** € Vis, T € Ve — A)

f if y“e N
T(Y*) (s, qywsp17) = eval( AW e(e) (e(n')(r) W) We(n') (1) WT)(o(y*)) if y*° € OWA
7' (Y™*) (s qyvep17) otherwise

where(for detailscf. the proof of Lemma9.3) f is chosers.t.,for
C(y™) = Avg. ... 1. B, andforary x € {vp,...,v_1} = A

B becomes—ipossible—(y, ,\ gy 1 (e(m) (7)) W {y™— f} & 7 W x, €, A)-valid.
Notethatthis definitionis okaybecaus¢heonly partof 7 thatis relevantontheright-handsideis
s.qyvsp 1T andbecausét is recursvein <i; indeedwe have (E, UU,)ly, € R' dueto R’ being
theo-updateof R, andfor 27 € V5(C(y**)) wehave 27 R* y** (asC is an R-choice-condition)
andthenfor v¥ S, z° we have v¥ < y* by Claim2, andfor z¥ € V,(C(y**))\{y*} we have
2" Rt y» 2" <y® byClaim2.

Claim4: For all y** € OWA andr € V,, — A, whenwe setd’ := e(7')(7) W 7:
e(m)(7)(y*) = eval(A W e(e)(8") & 6") (o (y*)).

Proofof Claim4: Immediatelyby the definitionof . Q.e.d.(Claim4)
Claim5: For all ™ € Vi \(NwOWA) andr € Vi — A = €(m)(7)(y*) = e(7') (1) (y**).
Proofof Claim5: Immediatelyby the definitionof . Q.e.d.(Claim5)

Claim6: For ary termor formula B (possiblycontainingsomeunboundvariabledrom aseti C
Vbound) With NNV(B) =0, andforary 7 € Vi, > Aandy € W — A, whenwe setd :=
e(m)(r) W andd’ := e(n')(7) W T, we have
eval(A W e(e')(§") W' W x)(Bo) =eval(AWe(e)(d) WoW x)(B).

Proofof Claim6: eval(A W e(e')(8') W §' W x)(Bo) = (by Claim1)
eval(A W e(e)(6) Wy, Jooeval(Ad e(e)(6') W) W vidom(e)16' 8 x)(B) =

(by OwA C V, Ndom(c) C NWOWA and NNV(B) =0)
eval(A W e(e)(6) W pwalo oeval(A W e(e)(8') W) & v\ (vwowa) 16" W x)(B) =

(by Claim4 andClaim5)

eval(A W e(e)(0) W oW x)(B). Q.e.d.(Claim6)
Claim7: For ary setof sequent&’ (possiblycontainingsomeunboundvariablesfrom aseti C
Voound) With NNV(G') =0, andfor ary 7 € (Vy,y UW) — A:
(e(m)(T) W T,e,.A)-validity of G islogically equialentto (e(7')(7) w , €, .A)-validity of G'o.
Proofof Claim7: Thisis atrivial consequencef Claim6. Q.e.d.(Claim7)
Claim8: For y* € dom(C) \ N wehave N N V(C(y*%)) = 0.
Proofof Claim8: Otherwisethereis somez** € NNV(C(y*)), but then 2% R* y** asC is
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an R-choice-conditionandthen,as dom(C) N (N)R* C N, we would have the contradicting
Yy eN. Q.e.d.(Claim8)

Claim9: Let y* € dom(C) and C(y™) = Avg. ... 1. B. LetT € V,y > Aandy €
] {vg,...,v_1} = A andsupposehat, for somen € {y*} - A, Bis (9,e, .A)-valid
for 6 := v \gyws) 1(e(m) (7)) @ n W T Wx. Now: Bis (4,e, A)-validfor § := e(m) (1) & 7 & x.

Proofof Claim9: Setd’ := v\ (s} 1(e() (7)) @ 7 x andd’ := e(n')(1) & 7 & x.

Yy € OWN: Inthiscasewehave y** ¢ dom(o) becausef dom(C)ﬂdom(a) C OuN. Thus,
as(C', R') is theextendeds-updateof (C, R), we have C'(y™) = ((J(y"s))a By
Claim8 we have NNV(B)=0. For laterapplicationof Claim1, notethat 15 =
W((va(B)e)19'; otherwisetherewould besomez® € V(B) = V,5(C(y*)) with 3% U 3: , and
then,asC is a R-choice-condition,y™ U, o R* y*, andthen,by Claim2, y% < 3%, which
contradictghewellfoundednessf <.
Note that , (p)lo o eval(AW e(e')(8") W ') =y, (m)lo o eval(AWe(e')(0') Wd'); otherwise
therewouldbesomez™ € V,s(C(y*)) with y* € V(o (2%)), whichimplies y** R’ 2% R* y™
(asR' istheo-updateof R andC' is an R-choice-condition)andthen,by Claim2, y** <1 2% <Jy**,
which contradictghe wellfoundednessf <.

pl16= (dueto y* € dom(c), N U (dom(c)NV,) = NWOWA, NNV(B)=0, Claim5)
V(B)\dom(o) 10" W (0waywy,(B)1(e(m)(T)) = (by Claim4)
V(B)\dom(0) 10" W (owaywy, ()]0 oeval(A W e(e')(d) W d') = (cf. above)
V(B)\dom(c) 1(5 O&JA)OVV,S(B)1O- o eval(A %) 6(6’)(5’) %) 5’)
Now: TRUE = (by assumptiorof Claim9)
eval(A W €(e)(6) W 0)(B) = (by theabove and dom(c) NV (B) = (OWA) N Vys(B))
eval(A W e(e)(d) W v Jooeval(AWe(e) (') W) W vidom(e)10')(B) = (by Claim1)
eval(A W e(e’)(0") W ¢')(Bo) = (asotherwisefor somez? € V,(Bo) = V4(C'(y™))

) . we have y* Sy 2 R'™ y™, i.e. y*s<y™)
eval(A W €(e’)(0") W 0')(Bo). Asr'is (¢, A)-compatiblewith (C’, R"), we know that Bo is
(8', €', A)-valid. Thus,by Claim7, Bis (4, e, .A)-valid.

y*e€O: NNV(B)=0 by Claim8. Lety € Vhouma\V(C(y**)) and D be the formula Jy.

(B{y*(vo) - - - (v1—1) = y}) S.t. Qe (y*®) is equalto Vuy. ... V1. (D= B)o. We
have NNV (D) = 0. As B is valid in Awe(e)(5)wd, by thestandarctemantlcadefln|t|onof 3 (cf.
e.g. Wirth (1997),p.188, or Enderton1973), p.82) andthe Substitution-Lemmap is valid in
A e(e)(§) wd, too,andthen(asy™ doesnotoccurin D arymore (asall occurrencesf
in B areof theform 5" (vy) - - - (v,_1) accordingto Definition9.1))alsovalidin AW e(e) () W 6.
Moreover, D is evenvalid in A W e(e)(d) W §; otherwisetherewould be somev? € V(D)
with y* S, v?, butthen v® € V(C(y**))\{y**} and(asC is an R-choice-condition)v® R* y**,
which contradictgshewellfoundednesef RU S, which contradicts beinganexistential(.A, R)-
valuation.By Claim7, Do is (¢', ¢/, A)-valid. But by assumptiorof thelemmaon )¢, andby
the standardiefinitionof V, we know that(D = B)o is (¢, ¢/, .A)-valid. Thus,Bo is (&', €', A)-
valid. By Claim7, B is (4, e, A)-valid.

y** € N: By definitionof . Q.e.d.(Claim9)

By Claim3 andClaim9, 7 is (e, .A)-compatiblewith (C, R), andthenitems1 and2 of thelemma
aretrivial consequencesf Claim6, Claim7, resp.. Q.e.d.(LemmaA.2)
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C Notes

Notel: Indeed,despiteSieg & Byrnes(1998),the old fashionof Shanin&al. (1965),namelyto
find a proof in a sequentalculusin disguiseandthento translatet into naturaldeduction still
seemdo bethe stateof theart of proof searchn naturaldeductionin classicalogic.

Note2: We attribute o, 3, v, andd to inferencerules (asit seemso be intendedin Smullyan
(1968))andnot to formulas(asin Fitting (1996)). This hasthe advantagethat nothingchanges
whenwe switchfrom positive to refutationaltheoremproving, e.g. 5 alwaysstandgor “branch-
ing’, asalreadyindicatedin Smullyan(1968),contraryto the strangebranchinga-rulesin Fitting
(1996),p.51.

Note3: Notethat 27 ¢ V5 (F) isnotrequiredfor soundneser safenesgcf. theproofof Theor 14.1),
but only in ordernotto losepossibleproofs.

Note4: Note thatfor soundnesandsafenes®f the é-rule =%V ¢ V(A, I'Il,3) U dom(R) is
sufiicientfor 7 = (F,C, R, L, H), cf.theproofof Theor14.1.Neverthelesswerequire %" ¢
V(F) in ordernotto losepossibleproofs.

Note5: Notethatfor soundnesandsafenessf theliberalizeds-rule % ¢ V(A) Udom(CUR)
is sufficientfor F = (F,C, R, L, H), cf. theproof of Theor14.1. Neverthelesswe require
z% ¢ V(F) in ordernotto losepossibleproofs.

Note6: The notation{A)R is in the tradition of Bourbaki(1954),Chapitrell, § 3, Définition 3,
where R(A) is written in orderto clearly distinguishrelation application{A) R from function
applicationR(A). In Wirth (1997)we still usedto write R[A] insteadof (A)R. In this paper
however, this notationwould leadto confusionwith our useof optionalbraclets.

Note7: NotethatR~" isaninverse(in thesenseghat RoR ™" = 4om(r)1id and R™'oR = (s 1id
holds) iff R is aninjective function.

Note8: We donotneedthemorecomplicateddefinitionsof asequenasapair of lists of formulas
or asa T/F-taggedist of formulasbecausave do not considercalculi wherethe separatiorof a
sequentnto antecedenandsuccedenis important,like LJ in Gentzer(1935)or the “symmetric
Gentzersystems’in Smullyan(1968).

Note9: Thename'syntacticalconstruct’'wasalreadyusedbeforeWirth & Becker(1995)andwe
will keepit in orderto avoid extra confusionuntil we find areally betterone.

Notel10: It may be objectedthatin the modallogics of, say Fitting (1999),Cerrito & Cialdea
(2001),Fitting (2002),the Substitution-Lemmas not valid becauset only holdsfor the substi-
tution of rigid andrigidified (grounded,annotatednon-relatvized) terms. This is, however, a
wrong view: Thosesubstitutiongfor that the Substitution-Lemmaloesnot hold are no proper
substitutionsThey cannotoccurin proof stepsbecausasuchproof stepsvould beunsound And
thereforewe do not needthemat all, and simply do not call them substitutionswhich renders
the Substitution-Lemmaalid again. Indeed,the substitutiongor that the Substitution-Lemma
doesnot hold whenappliedto a certaintermor formula B, arenot “free” for B in somesense.
The problemis thatanimplicit variableis capturedoy somequantifier We will explain this for
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the higherordermodallogic of Fitting (2002) becauseherethe relatvization operator| makes
this obvious. For atermt of intensionakype 1«, theterm |¢ hasthe extensionaktype «. Instead
of |t onecould alsowrite tw wherew is a variablevaluatedto the currentworld, sothattw is
the extensionof ¢ atworld w. The quantifiers, ¢ andthebinder\ implicitly bind thisimplicit
variablew. Let usnow have alook on the standardexamplefor theviolation of the Substitution-
Lemma. Let z, y be variablesof the extensionaltype 0, let &, p be constantf the intensional
type10 standingfor theintentionalnotionsof Hesperugmorningstar)andphosphorugevening
star),andassumehat] means'the ancientknew”. Then
r=y = O@=y)

is valid becausehe ancientsknew thattwo identicalthingsareidentical. On the otherhandits
instance

th=1lp = O(h=1p)
viathe“substitution”{z — |h, y+— |p} isnotvalidin ourworld becauséerethe extensions
of Hesperusaandphosphorusareidenticalbut the ancientsdid not know that. But with the vari-
ablew madeexplicit, thefirst formulareads

r=y = Ow.(z=y)
for which the “substitution” {z +— hw, y — pw} is obviously not “free” becausehe w is
capturedby the quantifierCw.

Note11: Indeed the problemsof higherorderlogic do notinterferebecauseave do not Skolem-
ize, the word “completenesswill not occuranymorein the restof the whole paper and we
considerefficiengy (like unification)only in sofar asthatwe do notinhibit it.

Notel12: 2% € V,, is in solvedformin the syntacticalconstruct I (z*V#¢) II; 3 if 2%V ¢
V(t, I'I1,3) and Vs (¢, I'I1,3) U Vs5(t, I'I1,3) C R {a*V}).

Note13: In orderto show thatthereis nothingoutof theordinarywith lexicographiccombination
up to m, let usindicatehow it could be modeledwith fixed-arity mary-sortedfunctionsin the
specificatiorformalismof QUODL IBET.

For m =2 thelexicographiccombinatiorupto m canbeinductively definedn thefollowing way
thatcanbe easilygeneralizedo any naturalnumberm. In our signaturewe need,for ary user
definedtype s, theconstructosymbol lex : nat —+ s — s — ORD representinghelexicographic
combinationof length0, 1, or 2 asindicatedby thefirst agument,e.g.lex(s(0), z, y) modelsthe
1-tuple (z) while lex(0, z, y) modelsthe 0-tuple or emptyword (). Moreover, lex(s(s(n)), z,y)
modelsthe n+2-tuple zy™ !, whereonly n=0 is intended,but n >~ 0 doesnot destry well-
foundednesslt is importantthat s is differentfrom ORD becausetherwisewe canform tu-
ples of arbitrary length via the old idea of settheoryto constructtuplesfrom pairs, namely
(Tna2, Tngts---,%0) = (Tni2, (Tni1,---,20)), therebydestrging the wellfoundednessNow
we caninductively define< : ORD — ORD — bool asfollows,where n; : nat and z;,y; : s.
(<1) Vni,xo, 21,90, y1- lex(0,z9,v0) < lex(ng, z1,y1)

(<2) Vng,xo, T1,Y0, 1. —( lex(s(no), o, yo) < lex(0,z1,y1) )
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lex(s(no), o, Yo) < lex(s(n1), x1, Y1)
(53) Vng, n1, o, T1, Yo, Yi.- N 3305431
A (z1STo = lex(ng, Yo, Yo) S lex(n, y1,y1) )
lex(nOa Zo, yO) < |eX(’]’L17 T, yl)
(<1) vnOanlaxO,xlayO,yl- ( IEX(TI,O,.IO,yo) 5 |eX(7’Ll,.7)1,y1) )
=
A —(lex(ng, z1,y1) S lex(ng, 2o, Yo) )

(<1) and (<2) saythat the empty tuple is smallest. (<3) saysthat for non-emptytupleswe
comparethe first elementsand have to comparethe rest of the tupleswhen they turn out to
be equialent. (<1) is just the standardway to definethe orderingof a quasi-ordering. The
analogouslefinitionsfor booleanfunctionsareadmissiblan QUODLIBET. Notethatwe getthe
following theoremsthat have beenprovedin QUODLIBET deductvely and without using ary
orderingproperties:
(<2) Vni, To, T1, Yo, y1-  lex(0, g, yo)<lex(s(n1), 1, y1)
lex(s(no), Zo, yo)<lex(s(n1), 1, y1)
<
(<3)  Vno, n1, %o, 21, Yo, Y1- - Tt 21 <14
A ~
< = lex(ng, Yo, Yo)<lex(n1, y1,91) >

Usingreflexivity of < ontheuserdefinedtypesandthedefinitionof < astheorderingof <, we
getthefollowing consequencesf (<3) thatareimplementedbesideg<2)) asspecialinference
rulesin QUODL IBET insteadof (<3) sincethequasi-orderingarenotimplementedn QuobDL -
BET for pragmatiaeasonsTheorderingshowever, areavailablefor ary types of thesignature:
via predicatesymbols< : s — s — bool of ¥.

(<4) Vno,nl,xo,xl,yo,yl. ( - .ITe:is:S]:O)’$0’y0)<|ex(s(n1)7$17yl)
lex(s(n), Zo, Yo)<lex(s(n1), Zo, Y1) )

<5 Vn »y M1, To, ’ :
(<b) 05 M1, Zo, Yo, Y1 < < lex(ng, Yo, yo)<lex(n1,y1, Y1)

Note14: An anorymousrefereeof a previousversionof this text wrote:

A minoritem: After statingtherelevantinductionprinciple the authorwrites: “Now
by thePrincipleof Dependen€Choice(cf. Rubin& Rubin(1985))....” | find thisref-
erencequite inappropriate:Of course oneneedssomeform of the axiom of choice
to prove the existenceof minimal elementsn geneal, howeverin the context of in-
ductive reasoninghe usedorderingis alwaysconcietelygivenandconsequentlyhe
factthat“a classwithout minimal elementgontainsa chainwithout a leastelement”
is alwaysobviousin ary particularscenariocof theoremproving.

| do notfollow this agumentation:

Theproblemis thattheremaybeseveralcounter@amplesandtheinductionordering
be partial. So you have to pick and pick and pick smallercountergamplesfrom
unstructurechon-emptyclasses.

Neverthelessit wastheabore remarkwhichfinally mademechangemy definitionof wellfound-
ednesdrom non-terminationof the reverserelationto existenceof minimal elementswhich
resultedn atautologicalsoundnessf the Methodof Descentdnfinie.
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Note15: Considerthe valid HenkinquantifiedlF logic formula

V. Vy. Jyo/z1. Jy1/xo. ( To=Yo N\ T1=11 )
or its logically equivalentraisedform

Fyo. Jyi. Vay. V. ( 2o=%o (o) N x1=y1(z1) )
Theideato representhisin our framevork astheformula zj=yg A z=y; with variable-condi-
tion R = {(yg,zY), (v7, )} failstobe R-valid. Indeedwhile {y5—=z{} and {yj—zj} are
existential R-substitutionstheir combinationo = {yg—zj, yi—=z]} isno R-substitution:

U,

3 g v
Yo Lo
R R
U,

3 g 4
Y1 Ty

Now, if youwantto turnthis wrongrepresentatiomto a properone,you have to usethe notions
from the weakversionof Wirth (1998)instead.Reformulatecaccordingto the slightly different
notion of a substitutionusedin this paperthey read:

Definition Note15.1(Weak Variable-Condition) (Cf. Definition4.6)
A variable-conditionis asubsebf V5 x V..

Definition Note15.2(Weak R-Substitution) (Cf. Definition5.2)
Let R beavariable-condition.
o isan R-substitutionif o is asubstitutionfor that U, o R isirreflexive.

Definition Note15.3(Weak o-Update) (Cf. Definition5.3)
Let R beavariable-conditiorando bea substitution.
Theo-updateof RS (vi\dom(e)1id U E;) o R.

Notethatfor this weakversionwe have to paythe pricethatwe cannotusea liberalizedversion
of thed-rule, which makesour proofsdependenon the orderin which we eliminatedquantifiers,
therebyseverelyviolating our designgoal of a naturalflow of information,cf. Sectior2.1.

Notel6: If you neverthelessvantto have re-useand permutationof free existential variables
you have usethefollowing alternatve notionsinstead.

Definition Note16.4(Alter native Variable-Condition) (Cf. Definition4.6)
A variable-conditionis asubsebf Ve X Vy.

Definition Note16.5(Alter native R-Substitution) (Cf. Definition5.2)
Let R beavariable-condition.o is anR-substitutionif o isasubstitutiorfor that (v, u(vs\dom(o))1id U E; U Uy )0
R U (E,UU,)ly, iswellfounded.

Definition Note16.6(Alter native o-Update) (Cf. Definition5.3)
Let R beavariable-conditiorando bea substitution.
Theo-updateof R is (v,u(va\dom(e)1id U E; UUs) o R U (E; UUy) Iy, -

In animplementationsubstitutedree existentialvariablesshouldgetnew nodeswhile their old
nodeslose their labels. E.g., (wherewe have boxed the old occurrence®f the re-usedfree
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existentialvariablesz® andw?) for

R:={(27}y"), (=7 2), (&7} 2), (27}25), (u}v"), (w?, ")}
andthe existential R-substitution(in the alternatve sense!)

o:={z*— (vV+0), |u?|— 27, l—H)V}

we shouldupdate

kA 21 2
firstto
Us
e e vY R w?
E, R
Us
Y R e Es e
R g
R
kA 2] k24
andthento
3 ° A w?

representinghe o-updateof R in the alternatve sense.Note thatthe edgefrom »" to has
beencompletelyremoved in the last stepbecause,” hasno out-going R-edge. This may be
anefficiengy advantageover the non-alternatre version,cf. alsoSectionl5. Therefore we have
sparecho effortsandincludedthetreatmentn caseof thealternatve definitionsof R-substitution
ando-updatein all our proofs!

Notel7: Theotherreasoris thatwe donothaveto insert R{z2"}) x {y*} into thevariable-con-
dition R arymore(aswasthe casein Wirth (1998))becauséhetransitive closurenow takescare
of this.
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Note18: It shouldbe pointedout thatthe “somex” in this definitionis somethingwe canplay
aroundwith. Indeed,in Wirth (1998), Definition5.7 (resp.Definition4.4 in shortversion),we
canread“eachz” insteadwhich is justthe otherextreme. The reasonwhy we prefer“somen”

to “eachz” hereandin Wirth (2002)is thatthe latterresultsin morevalid formulas(e.g.(E2) in

Wirth (2002))andmakestheoremproving easier Contraryto the formerandto all semanticgor
Hilbert's¢ in theliterature thelatterfreesusfrom consideringall possiblechoices:We just have
to pick asingleoneandfix it in aproof step.As themajornotionhereandin Wirth (2002)is not
strongvalidity but reduction(cf. Definition11.1),wherethe quantificationof = mustbeuniversal
no matterhow we quantify in the notion of strongvalidity, changingthe quantificationof = in

Definition10.1would only have very local consequencesRoughlyspeakingjn Sectionl0 and
Sectionl1only Theor 11.2(6a)for thecaseof O # () aswell asTheor 11.2(5apecomealsefor
adifferentchoiceon the quantificationof 7 in Definition10.1.

Note19: Sincethe definition of wellfoundednessvas changedrom non-terminatiorof the re-
verserelationto existenceof minimal elementsthe soundnessf this stepdoesnot requirethe
Principleof Descentédnfinie, cf. Definition4.4,anymore.

Note20: Note thatin Wirth (1998)the (non-liberalized)j-ruleswereno sub-rulesof Expansion
rule of the sequentalculusof Definition13.4becauseherewasonly onekind of free universal
variablesandthe §-rule hadto usethe samekind of free universalvariablesasthe liberalized
o0-rule, cf. thediscussioron p. 25 of Wirth (1998).

Note21: Indeed for the alternatve notionsin Notel6,we getR := () herebecauséz?, z3) gets
removedjustastheedgefrom ™ to y? in the exampleof Note16.

Note22: Indeed, for the alternatve notionsin Notel6, our variable-conditionwould still be
empty

Note23: Or, moreformally, usingthelexicographiccombinatiorof Notel3accordingo w;(x) :=
lex(s(0), z,0) and w3(z,y) := lex(s(s(0)), z,y), orevenmoreformally we applytheexistential
R-substitution {w3 — Az. lex(s(0), z,0), w3 — Az,y. lex(s(s(0)), z,y)}.

Note24: If it wellfoundednessr terminationwereafirst-orderproperty thefirst-ordertheoryof
the Peanaalgebraof naturalnumberswould be first-orderaxiomatizableandenumerablebut it
is notevenarithmeticallydefinable cf. e.g.Enderton(1973),p.228.

Note25: Thereis one disadwantage,however, of the liberalized §-rule comparedto the non-
liberalizedd-rule. Sometimeghe liberalizedd-rule resultsin a bigger variable-conditiorthan
the non-liberalizedone becausehe liberalized one additionally introducesdependenciefrom
the weak free universalvariablesof the principle formula, which are necessaryor lemmaand
induction hypothesisapplication. One consequencef this is that simplificationbecomesnore
difficult: E.g.,in item2 attheendof Sectiord.1we safelyremovedtheliteral z%V#s(y*") from
rV£s(y™), 0+s(y*™) =s(y*v); wi(s(y*")) because*™ wasin solvedformin this sequent,
cf. Notel2. If wehadappliedtheliberalizedd-ruleinsteadwewouldhave got z%%#s(y*), 0+ s(y*) =
s(y™); wi(s(y™)), wherez"¥ is notin solvedform becaus¢his sequentontainghestrongfree
universalvariabley® whichis notin R*{z"%"}). Moreover, we cannotextendthevariable-condi-
tion R s.t. R*{«™"}) containsy™ becauseheliberalizeds-rule hasintroducedthe dependeng
(z*", y**) into R, sothat R would becomecyclic. Note thaty™ standsfor ey. (z%V=s(y)),
which meansthat z*" still occurshiddenthe latter sequent. Indeed,underthe variable-con-
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dition R := {(z*",y**)}, the choice-conditionC' := {(y™, (z*%¥=s(y**)))}, and(natl) from

Sectio.1,theremoval of z%%+#s(y**) from z*V#s(y™), y™+#0; ... isnotsafein thesense
of Definition13.9; to wit, let A have the universe {+, -} x N with s*(+,n) = (+,n+1),
sA(—,n+1) := (—,n), s*(—,0):= (+,1), and 04 := (+,0), andset
(+,0)  ifr(2"V)=(+,0)
wy(r) . d (500 i r(@)=(+1)
TN =N (g i r(a*)= (+.n+2) ("
(=, n+1) if 7(z%V)=(—,n)

whichis compatiblewith (C, R) andmakes z%V#s(y**), y*#£0 valid, but not y*#0.

Thereis, however, a generalway to overcomethis shortcomingfor constructve domains. For
our specialcaseof naturalnumberst looksasfollows: Whenwe addthe axiom (nat2) or (nat3)
(which togetherwith (natl) is strictly strongerthan (nat2)) from below, thenthe removal of
x¥VW£s(y™) from z%V#£s(y™), I'; ... is alwayssafebecauseahe imageof the predecessor
functionon the universewithout 04 is thewhole universeandif I" is falsefor 7(z%¥) =04 then
T*V#£s(y%), I isfalsefor ther’ whichdiffersfrom 7 in 7/(2%") = s4(7(y*)(7)) becaus¢hen
m(y*)(r') =7 (y**)(7).

(nat2) Vz,y. ( s(z)=s(y) = z=y )

(nat3) Vz,y. (z—y e a=s(y) ) A —"iswellfounded

Note26: In terms of Hilbert's e-operatoy this asymmetrycan be understoodfrom the argu-
mentationof Nonnengar(1996), which, for somenew variablez € V,,uq @andt¢ denotingthe
term ez. (mA{z—z} A (AV z=2)), employs the logical equivalenceof Vz. (AVB) with
Vz. AV Vz. (B{z—t}) andthenthelogical equivalenceof Vz. A with Jz. (A{x—t}).

Note27: Thesecalculiwerepresentedt the 2nd Int. Workshopon First-OrderTheoremProving

(FTP)in Nov. 1998in Vienna(cf. Wirth (1998)),wherenobodyin theaudiencevasableto point

out otherwork in this direction besidesthe unsoundcalculi in Kohlhas€1995) and Kohlhase
(1998),cf. Sectio.7.

Note28: For thealternatve notionsin Note16, we have to replacethis sentencevith thefollow-
ing: As R’ is theo-updateof R, we have

UsR* Iy, € UsRR* UU, |y, = UsR(w1R)" U U, [y, € R,
theseconcbtepbelngdueto ran(R) C V, for ary alternatve variable-conditionR. Similarly,
wl(RY) = (w1R)" C R'". Q.e.d.(Claim1)

Note29: For thealternatve notionsin Note16, we have to replacethis sentencevith thefollow-
ing: As R’ is theo-updateof R, we have
(Vg\dom(a)1id U EO')R* er - (Vg\dom(a)1id U EO')RR* U Vfree1 id U Ea er =
(Vg\dom(aﬂ id U EJ)R(VV1 R)* U Vfree1 iduU EO' er - Rl*a
thesecondstepbeingdueto ran(R) C 'V, for ary alternatve variable-conditionR.
Q.e.d.(Claim2)

Note 30: For the alternatve notionsin Notel6, we have to deviate herein the following way:
Moreover, asR' is theo-updateof R, we have
R' = (VvU(Vg\dOIn(O’))1id U EO' U UO’)R U (EO' U UO’) rVV
s (R'uUS.)* isawellfoundedordering,sois its subset
(VVU(Vg\dom(U)ﬂ RU Se rVg\dom U Se By r aR U Us rVa R)+
Thealternatve versionof a variable- condltlorguarantee&an(R) C V,. Thus,additionalsteps
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With v ndom(s) | 2 Mustcausemmediatetermination;i.e.
(R U Se/ rVg\dOIn(O') U Se’Ecr rVgR U Ua— rVEI R)+
is awellfoundedordering,too. As ran(E, [y, U Us[,) € Vi3 and dom(Sy UU,) € Vg
(R U Se’ rVg\dOm(J) U Se’Erf rVg U Ua rvg)Jr
is awellfoundedordering,whichis equalto (R U S,)* by definitionof S,. Q.e.d.(Claim3)

Note31: For the alternatve notionsin Notel6, we have to deviate herein the following way:
Moreover, asR' is the o-updateof R, we have
R' = (VvU(Vg\dOm(U))1id UE; U UO’)R U (EO' U Ua) er-

As (R'U S, US)" isawellfoundedordering,sois its subset

VvU(Va\dom(ff)ﬂR U (SW’ U Vv,wﬁd) (Se’ (Va\dom(a)“d U E, rvg) U Us rVg)(R U RI) "

U (R'USe USw) Iy, '
The alternatve versionof a variable-conditiorguaranteesran(R U R') C V,. Thus,additional
stepswith v, ndom(s) | 2 Mustcausemmediatetermination;i.e.

(RU (Sw Uy, 1id)(Se (vy\dom(e) 11d U Eg Ivg) U Ug Iy )J(RU R U (R'U S U Sp) 1y )"
isawellfoundedordering too. As ran(Se: (vo\dom(e) 11d U Eo [v5) U Us [vy) € Va anddom(Sy Uy, 1id U Se U S
\

(RU (S U v, 1id) (Ser (vo\dom(o) 11d U B Iv,) U Uy Iy,) U (R'U Ser U Sp) Tl )
is a wellfoundedordering,which is equalto (RU S, U (R' U Se U Sx)"1y,)" by definition of
Se. Q.e.d.(Claimb)

Note32: For thealternatve notionsin Note16, we have to deviate herein thefollowing way: As
R is theo-updateof R, we have

R' = (VvU(Vg\dOm(U))1id U EO' U UU')OR U (EO' U UO’) rVV-
Asthealternatve versionof avariable-conditiorguaranteesan(R) C V, and< istransitve,we
have v, 1(R*) € < and (v,u(vs\dom(o))1id U E; U Uy )oR* C <. Thelatterimplies ScoR* C <
by (A.2.1). Q.e.d.(Claim2)
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