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¥¦ ^ÝD�#-�$e"� �ÝD*=«�+G�^�f+e3�1¬$��% #�f*=-=�qµh* ^-,*h�C���!¢�1��P+,*.-,*=$'+e*=�·1!�¯�%-e*A$'*=-e¡q q+,1��C���#�%+e3%*0�¤�#-,¥�"��¬ 
$D+,-e"%«�+e"�-,*��¦ø��qñ��!ø� ¦$'1!¥¦����*��¤�C-e¥ �^��$e1!¥¯�%��1�ºf«. ^+e1!�#�Å±

false ∨ A → A

A ∨ false → A

true ∨ A → true

A ∨ true → true

A ∨ A → A

A ∨ ¬A → true

¬A ∨ A → true

false ∧ A → false

A ∧ false → false

true ∧ A → A

A ∧ true → A

A ∧ A → A

A ∧ ¬A → false

¬A ∧ A → false

false ⇒ A → true

A ⇒ false → ¬A

true ⇒ A → A

A ⇒ true → true

A ⇒ A → true

A ⇒ ¬A → ¬A

¬A ⇒ A → A

false ⇐ A → ¬A

A ⇐ false → true

true ⇐ A → true

A ⇐ true → A

A ⇐ A → true

A ⇐ ¬A → A

¬A ⇐ A → ¬A

false = A → ¬A

A = false → ¬A

true = A → A

A = true → A

A = A → true

A = ¬A → false

¬A = A → false

¬false → true

¬true → false

¬¬A → A

(t=t) → true

ã«:+e"f ^�!��¢C�Åµ�*¦µ-,1[+,*
∧
 #�%�

∨
 C$���1¬$'+,$��#�0 C$e$e��«�1! ^+e1!¡#*¯�#�v*.-7 q+,�#-7$� #�%�£+e3�*��¬ #$'+�+e3�-,*.*

-e*=µ-e1�+e*¯-e"%��*A$¶�¤�C-�*= #«73®�^�G+,3�*=$e*¦�#�v*.-7 q+,�#-7$¶ ^-,*·+e�� f*¦"��%��*.-7$D+,�P���®¥¦�N��"����¾ #$,$e�N«.1! ^&
+e1!¡P1�+D¢� #�%��«��#¥¦¥·"�+, ^+e1!¡P1�+D¢#±

³´�#-,*.�q¡C*.-A�^+,3�*�-e*A$'"%�[+,1���¨¦$e*=�P"�*.�P+7$ ^-,*� #��µ0 R¢�$X1!¥¦¥¯*A��1¬ q+e*=��¢�-e*=µ-e1�+'+,*.�� q+¥¦�C$'+
�#��*�$'+e*.�¾¡N1¬ 

Γ true Π → true

Γ A ∆ ¬A Π → true

Γ ¬A ∆ A Π → true
Ü 3�*��¬ q+e+e*.-�+Dµh��-,"���*A$�$e3��C"��!�£ ^�¬$'�� #�����!¢¾µ3�*.�£+e3�*�+Dµ����N«=«�"�-,-,*.�%«.*=$»�#�

A
 C«:+,"% ^�!��¢

��1[¿|*.-� %"�+�«. ^�
 v*¯"%��1[ºf*=�® P¢$e*�+e+e1!��¨��¤-e*=*
γ
&¸¡q ^-,1! # ���*�$�+,3% q+����¾���#+���«=«�"�-�1��
�^+,3�*.-

��*A q��$e*=�P"�*=�C+7$.± Ü 3�*=¢*.¡C*.�£$e3��C"��!�£+e-,1!¨#¨#*=-� #"�+e�C¥¦ ^+e1¬«
α
&7�

γ
&7�| #�%�

δ
&T��*A«��#¥¦�v�C$e1[+,1��C�

1��¾�#-7��*=-�+,�� f*� #�����!1!«= ^ ��!*#±
Õ 1!�% #���!¢#��µh*�-e*=µ-e1�+e*�1!���¤*.-,*.�f«�*�$D+,*.�%$»1�����-,�P�#�²+,-e*=*=$» C«.«��C-,��1���¨�+e�¦+,3�*�«��C��ÿ%"�*=�C+» #�%�
+e*.-,¥¦1��f q+e1!��¨¦-,*.µ-,1[+,*�$e¢�$D+,*.¥¾ü

Γ

true
→

true

Γ

Π0 · · · Πm−1 true ∆0 · · · ∆n−1

→
Γ

Π0 · · · Πm−1 ∆0 · · · ∆n−1

ß»�^+,*¯+e3% ^+�1��
+e3%*¯�¬ #$'+�-e*=µ-e1�+e*¦-,"��!*¯*A #«73®�^�h+e3�*�à
Πi

Þ!��à
∆j

Þ!��à
true

ÞÅ��*=���^+,*=$� ¾$'*=�% q&
-, ^+e*�$e*=�P"�*=�C+A�%���#+� ��% #-'+��^�X ��!�#��¨�«.�#�%«= q+,*.�% ^+e*=�´$e*=�P"�*=�P+=±fß¶�^+,*�+e3% ^+�1!�´+e3%*�¨#�N���



�#�¬�
�% R¢N$�µ3%*.��+e-,*.*A$�¨#-,*.µë"��Nµh #-,�%$.�²õ�*=-e3% #-,��õ�*.��+e§.*=��µ��C"��!�
3% R¡C*¦1��N¡#*=-'+,*=�®+e3%*
1����¤*=-e*=�%«�*�-,"��!*=$»$e"%«73�+e3f q+»�% C$e$e1��%¨¦+e3�*��!1��%*�¥¦*= ^�f$»«��C�%$'*A�P"�*.�%«.*#±�¼T�´�C"�-»«. C$'*C��+e-,*.*A$
¨#-,�qµ°���qµ�Nµh #-,�%$� #�%���% #$,$'1!��¨¯+e3%*���1!��*���-,1��f«�1!�% ^�!��¢�¥¯*A ^�%$0-,*=��"%«:+,1��C�Å�� �"�+� C«:+,"% ^�!��¢
*=�P"�1!¡R #��*=�%«�*�+,-, #�%$D�¤�C-e¥� ^+e1!�#�Å±
/®*�µ1!���?«. ^�!�|+e3%1!$µ3%�#�!*�-,*.µ-,1�+e*�$'¢�$'+e*=¥ ûqñ�óTø���ûqó��Æ÷�î	�
������ �h÷7ûqó��Æøqò�±
/23�1��!*¾+e3%*´�! ^+'+e*=-�+e-,*.*¾-,*.µ-,1[+,1��%¨®�% #-'+��#�� #"�+e�C¥¦ ^+e1¬«¾$'1!¥¦����1�ºf«= q+e1!�#�	¥� R¢ª v*´3% ^-7�
µ1�-,*=����+,3�*��¤�C-e¥·"��¬ -,*.µ-,1[+,1���¨®�% ^-e+¯$e3��C"��!�© f*���-,�#¨C-, #¥¯¥� # ���*� P¢
+,3�*��!�#¨C1!«=$��%-e�#&
¨#-7 ^¥¦¥¦*.-A�P %"�+»���^+» N¢�+,3�*�"%$e*.-�#�²+e3%*�+e3�*=�#-,*.¥���-,�q¡#*=-=±



� ×P�����ÅØ��²��Û����	Ú�ì����
¼¸+�$e3��#"��¬�¾ v*·«��!*= #-»+,3% q+� ^�N¢�1!���¤*=-e*=�%«�*�-,"��!*����qµ�«��C¥¦*=$¶ C$¶ �$'1!��¨#�!*���*A«��C¥¯�v�C$e1�+e1!�#�
-e"��!*�Ï

↓
Ô� C$h"%$'"f ^�)������"f$ ·�!1¬$D+�^��-e"%��*A$�Ï

↑
ÔX�¤�#--,*=«.�#¥¦�v�C$e1[+,1��C��µ3��C$e*� ^���%��1¬«. # �1��!1�+D¢�1!$

+e*=$'+e*A��1���+e3%*���-e*A«�*A��*.�%«.*��¤-e�C¥���*.�J++e�¦-,1�¨C3C+µ3�*=��+e3�*�$'+e*=��3f #$h+e�¦ v*�"��%���C��*#±
ß»�#+e*�+e3% ^+X+e3%*

↓
 ^�%�

↑
�����%�^+01��%��1!«= q+e*� ^�N¢���1!-e*A«:+e1!�#���^�²«��C�%$e*=�P"�*.�f«�*#±Nã»�!�|�#"�-

1����¤*=-e*=�%«�*�-,"��!*=$0µ1!���Å v*�*=�P"�1!¡q ^�!*.�%«.*�+e-7 ^�%$'�¤�#-,¥� q+e1!�#�f$.±
¼T�¾¨#*.�%*.-7 ^�)�Pµh*�µ1��!�Å"%$e*��

↑ id�  #$ #�� # � �-,*.¡N1! ^+e1!�#���¤�#-0+e3%*�-e"��!*

↑
Ξ ′

Ξ ′+e3% ^+ C$'��$²ÝD"%$'+h+,�¦3% ^�%��"���+e3�*��!�qµ�*=-h$e*=�P"�*=�C+ #$h"��%�f*=-»$'*A�C"%*.�P+h�C��-,*=«.�#¥¦�f�P$'1�+e1!�#�²�
��-e�q¡N1¬��*=�¯+,3% q+h+e3%1!$h-,"���*�1!$0 #�����!1!«= ^ ��!*#�Pµ3�1¬«73�1!$�+,3�*�«= #$e*¶µ3�*=��+e3%*.-,*¶1¬$�*.Ä� #«:+,��¢¯�#�%*
���qµh*.-$e*=�P"�*.�P+

���! 
α "$#&%('*),+

öÅ*�+"%$0«.�#�%$e1!��*.-$'�C¥¦*
α
&)-,"��!*=$�º%-7$D+A±�ã¶$���C"� ��!*��%*.¨C ^+e1!�#�����N*=$h���^+��«.«."�- #«=«��#-7��1!��¨

+e�� ^"�+,�#¥� q+,1!«�$e1�¥¦���!1�ºf«. ^+e1!�#�Å�% #�����C"�-
α
&)-,"��!*=$03% R¡C*� ^+»��*A #$'+h+Dµh��$'1¬��*��¤�#-,¥�"%�! C$.±

↓
Γ (A0∨ . . .∨An+1) Π

Γ A0 . . . An+1 Π
↑

Ξ ′ (A′

0∨ . . .∨A′

n+1) Π ′

Ξ ′ A′

0 . . . A′

n+1 Π ′

ß»�^+,*�+,3% q+A�v��"�*�+,�� #"�+e�C¥� q+e1¬«�$e1�¥¦���!1�ºf«. ^+e1!�#�Å�v+e3%1!$�¥¦*= #�%$»+,3% q+�µ3�*.�®µ�*·"��%����+e3%*
��*=«.�#¥¦�f�P$'1�+e1!�#�	�#�� #�

α
&)�¤�#-,¥�"%�! ½ #�%�Â+e3�*®���qµh*.-�$e*=�P"�*=�P+�3% #$� f*=*.�°$e1�¥¦���!1�º%*=�Â+,�

à
true

Þ���µh*����¯���#+0 #�����!¢¦+e3�*
↑
&¸-e"��!*�$e1!�%«�*�+e3�*�-,*.µ-,1[+,1��%¨��^�� ^"�+,�#¥� q+,1!«�$'1!¥¦����1�ºf«= q+e1!�#�

µ1��!�² ^�!-,*= #��¢�3% R¡#*�-e*=¥¦�q¡#*=��+e3�*�µ3%�#�!*�1!���¤*=-e*=�%«�*�$'+e*=�Å±
ß»�#+e*¦+e3f q+�+e3%*�-e*A«��C¥¯�v�C$e1�+e1!�#�®$'+e*=�2Ï

↑
Ô�µ1!�!�G+e-,1!¨#¨#*=-� ^"�+,�#¥� q+,1!«¦$e1�¥¦���!1[ºv«. q+,1��C�

�¤�#-0+e3%�C$e*
A′

i

+e3f q+»3% R¡C*� v*=«.�#¥¦*
false

±
¼T�£ ^�N¢´«. C$'*C�%�C�-e*A«��C¥¯�v�C$e1�+e1!�#�´µh*��#�%��¢¾��"�+�+e3%*��¤�#-,¥�"%�! � % #«7��+e��1[+7$¶�C�!�´�v�^&

$'1�+e1!�#�¾1!���C-,��*=-0+e�¦ v*� ^ ��!*�+e�¦��-,*=$e*.-,¡#*�+e3�*�$'+e-,"%«�+e"�-,*��^��+e3�*��C-e1!¨#1!�% ^��$e*=�P"�*=�C+µ3�*=�
-e*=¥¯�q¡N1!��¨¦ ^�!���f�C1��P+e*=-,$=±

Ü *A«73���1¬«. #���!¢#�.+e3�*�µ3��#�!*���*A«��C¥¯�v�C$e1�+e1!�#�� ^�f��-e*A«��#¥¦�v�C$e1[+,1��C��«. #�� f*h #«73�1!*.¡C*=��+e3%*
�¤�#�!���qµ1!��¨´µ0 R¢vü�/23%*.�½µh*� ^�����!¢®+e3�*

↓
&)-,"��!*¦µ�*� #�����^+7 q+,*¦+e3�*�1!���¤*=-e*=�%«�*�$'+e*=�½µ1[+,3

n+1
 #�%��µ1�+e3�+e3%*��N"�¥� v*.-�+e3% ^+�1!�%��1¬«. q+,*=$�+e3�*��v�C$e1�+e1!�#�ÀÏÆ$, R¢

p
Ô��^�0+e3%*���-,1��f«�1!�% ^�

�¤�#-,¥�"��¬ ª$, R¢
(A0∨ . . .∨An+1)

1!�2+e3%*£"����v*.-¾$e*=�P"�*.�P+®ÏÆ�N"�¥� v*.-,1��%¨ª�¤-,�#¥ -e1!¨#3P+�+,�
��*.�J+7Ô:±v/23�*=�µ�*� #�����!¢�+,3�*�«.�#-,-e*A$'�v�#�%��1���¨

↑
&)-,"��!*�µ�*�-,*.¥¦�q¡C*�+,3�*��¤�C-e¥·"��¬ #$0�N"�¥� v*.-

p+n+1
�?±=±.±=�

p
�PÝD�#1!�+e3%*.¥ µ1�+e3£+e3�*¯�#�v*.-7 q+,�#-

∨
1��P+e�¾ ^�

∨
&x�¤�C-e¥·"��! %�v #�%�1!�%$e*.-e+�1�+

 q+��f�P$'1�+e1!�#�
p
± Ü 3P"f$.��µh*¦-e*A�C"%1�-,*·1!�
+e3�*� # f�q¡C*·-,"��!*� #$�µ�*=���G C$�1��
+,3�*� f*=���qµä-e"%��*A$

+e3% ^++e3�*��N"�¥· f*=-�^���¤�#-,¥�"��¬ #$h�^�
Π
1!$0*A�C"f ^�|+e�¦+,3�*��N"�¥� v*.-�#�?�¤�C-e¥·"��¬ #$h�^�

Π ′
±

¼T�À �¥� q+e-,1�Ä©-e*=��-,*=$e*.�P+, ^+e1!�#�Ë+e3�*´+,*=«73��%1!«= ^�»-,*= #��1!§= ^+e1!�#�Âµ��C"��!�Ë v*£ #$¦�¤�C���!�qµ»$=±
Γ (A0∨ . . .∨An+1) Π

µh�#"%�!�¾ v*�-,*.��-,*=$e*.�P+,*=�´ #$� ��!1!$'+��#�G�f�P$'1�+e1!�#�%$·Ï-�%ûqó/.%Ô�1!�´+e3%*
�#-,1�¨C1��% #��$'*A�C"%*.�P+»$e R¢

gm, . . . , g1, a, hp, . . . , h0

�¾ ^�f��+,3�*���*.µ �% ^+e3¾µ��C"��¬�� v*
gm, . . . , g1, a0, . . . , a(n+1), hp, . . . , h1

�
-e*=��-e*A$'*=�P+e1!��¨�+,3�*��!�qµ�*=-0$e*=�P"�*=�P+=±
³´�#-,*

α
&¸-e"%��*A$.ü

↓
Γ ¬(A0∧ . . .∧An+1) Π

Γ A0 . . . An+1 Π
↑

Ξ ′ ¬(A′

0∧ . . .∧A′

n+1) Π ′

Ξ ′ A′

0 . . . A′

n+1 Π ′



↓
Γ (A⇒B) Π

Γ A B Π
↑

Ξ ′ ( A′ ⇒B′) Π ′

Ξ ′ A′ B′ Π ′

↓
Γ (A⇐B) Π

Γ A B Π
↑

Ξ ′ (A′⇐B′ ) Π ′

Ξ ′ A′ B′ Π ′

���
0 132*4 )65�7�' 2!8 ),9 δ "$#:%;'!),+

↓
Γ ∀x. A Π

Γ A{x7→xδ} Π Vfree(A) × {xδ}
↑ id

ß»�^+,*�+,3% q+�+e3�1¬$�-e"��!*�-,*=�P"�1!-e*A$¶ �$'*=¥¦ #�P+e1¬«.$�¤�C-¶�¤-,*.*�¡R #-e1¬ ^ %��*A$�ÏÆ C$»+,3�*��C��*�1!�ªÌ�<AÎ¤Ô0+,�
¥¦ #�#*X$e*.�f$'*C± Ü 3�*

xδ
1¬$� »��*=µ��¤-e*=*

δ
&¸¡R #-e1¬ ^ %��*q�Aµ3�1¬«73�$'*=-e¡C*=$? #$² �$'�v*=«.1! #�#�% #-, #¥¦*�+e*=-²1!�

 ^��*=�P"�1!¡q ^�!*.�%«.*0+e-7 ^�%$'�¤�#-,¥� q+,1��C�Å± Ü 3�*
Vfree(A)×{xδ}

+e��+e3%*¶-,1�¨C3C+G3f #$�+,�� f*� #����*A�
+e�+,3�*�«."�-,-e*=�C+·¡R #-e1¬ ^ %��*.&¸«.�#�%��1�+e1!�#�²�Åµ3�1¬«73�+, ^�C*=$·«. ^-,*��#�+e3�*�$'�C"��%����*A$e$=±;=»�#"�¨C3���¢
$'�v*= #�P1!��¨f�?+,3�1¬$�¥¦*= ^�f$�+,3% q+�+,3�*��¤-e*=*

γ
&¸¡q ^-,1! # ���*�$¦1!�

A
¥·"%$'+����^+� v*�1!�%$'+, #�C+,1! ^+e*A�

µ1[+,3�+,*.-,¥�$h+e3% ^+¶«��#�P+7 ^1!�
xδ
±

³´�#-,*
γ
&¸-e"%��*A$.ü

↓
Γ ¬∃x. A Π

Γ A{x7→xδ} Π Vfree(A) × {xδ}
↑ id

���-> ?A@;BDCE@ 9 2*FG2!CE@ 7�'�H CE@�F )DI F %;7J'K#:)6LM5 2*FG2*@(N

öÅ*�+
s
 ^�%�

t
 v*·*=1[+,3�*.-� v�^+e3+e*.-,¥�$·ÏÆ�^��+,3�*¯$, ^¥¦*�+D¢N�v*AÔ¶�#-� f�#+e3´�¤�C-e¥·"��! C$.±vã¶$,$'"%¥¯*

+e3% ^+�+e3�*��¤�#-,¥�"��¬ 
B
1¬$��!1!$'+e*A��1���+,3�*�$e*=�P"�*=�C+

ΓΠ
±Àö²*�+

A[t]
��*.�%�^+e*�+e3�*��¤�C-e¥·"��¬ 

A[s]
µ1�+e3´$e�#¥¦*���«.«�"%-e-,*.�%«.*=$h�^�

s
-,*.���¬ #«.*=��µ1[+,3

t
±�ß»�qµ µ�*�«. #�� #�����!¢�+e3%*�-e"��!*

↓
Γ A[s] Π

Γ A[t] Π
↑ id

1��´ ^�N¢��#�²+,3�*��¤�#�!���qµ1!��¨�«. C$'*A$.ü

Í#±
B
1!$0�C��*��^�?+e3�*��¤�C-e¥·"��¬ #$

(s6=t)
�#-

(t6=s)
±

O ±
B
1!$

s
 #�%�

t
1¬$

false
±

Ñ�±
B
1!$
¬s

 #�%�
t
1!$

true
±

Ü 3�*��! ^+'+,*.-+Dµh���N1��%�%$�^��-e*=µ-e1�+e1!��¨�$e3��#"%�!�¾ #«�+e"% #���!¢� v*��% #-'+»�#�� #"�+e�C¥¦ ^+e1¬«�$'1!¥¦���!1[º�&
«. q+,1��C���¤�C-0+e3�*�«= #$e*�+e3% ^+

A[s]
1¬$h+e3%*��¤�#-,¥�"��¬ ·�¤�N«."%$e*=���#�Å±



���P�
γ "$#:%;'!)6+

↓
Γ ∃x. A Π

Γ ∃x. A A{x7→xγ} Π
↑

Ξ ′ (A′

0∨A′

1) Π ′

Ξ ′ A′

0 A′

1 Π ′

ß»�^+,*¶+,3% q+1!�� ·¥� q+e-,1�Ä¦-,*.�%-e*A$'*=�C+7 q+,1��C���#-h1��f��*�Ä�*=���¤�#-,¥�"��¬ �+e-,*.*¶µh*�3% R¡#*¶+e�¦«73% ^��¨C*
+e3�*�$e"� ��¤�C-e¥·"��¬ 

∃x. A
��*=$'+e-,"%«:+,1�¡C*.�!¢�1!�C+,�

(∃x. A ∨ A{x7→xγ})
 v*��¤�#-,*�µh*�+e3�*=�

¨#�����qµ��1��P+e�
A{x7→xγ}

±
³´�#-,*

γ
&¸-e"%��*A$.ü

↓
Γ ¬∀x. A Π

Γ ¬∀x. A A{x7→xγ} Π
↑

Ξ ′ (A′

0∨A′

1) Π ′

Ξ ′ A′

0 A′

1 Π ′

ß»�^+,*�+e3% ^++e3�*��%*.µ�!¢�1��P+,-e����"%«.*=�£à
∨
Þf ^-,*·î.ø'ý7óRQ3SPTUS!óVSG÷7øqò=ù:ñ#úCû^ó!�Æø^ò£1!��+,3�*�$e*.�%$e*�+e3% ^+

+e3�*�«��C¥¦����*=¥¦*.�P+�#�v*.-7 q+e�C-$'3��C"��¬��+e"%-e��1[+»1!�P+e�� ¯$'�#�J+�à
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