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Abstract

For automaticheoremproversit is asimportantto disprove falseconjecturessit is to prove
trueones especiallyif it is notknown aheadf timeif aformulais derivableinsidea partic-
ular inferencesystem.Situationsof this kind occurfrequentlyin inductive theoremproving
systemswherefailure is a commonmode of operation. This paperdescribesan abstrac-
tion mechanisnfor first-orderlogic over anarbitrarybut fixedtermalgebrato second-order
monadiclogic with 0 successofunctions. The decidability of second-ordemonadiclogic
togethemith our notionof abstractioryieldsanelegantcriterionthatcharacterizeasubclass
of unprovableconjectures.

Theresearchon automatedheoremproving is inspiredby Leibniz’ dreamto developa “lingua

characteristicatogethemwith a “calculusratiocinator’in orderto mechanizdogical reasoning.
He adwocatedusingthe purelyrationalandincorruptiblemechanizedeasoners orderto decide
whethera givenlogical consequenchkoldsor not. While this vision hasspurreda lot of research
devotedto proving true conjecturesdisproving false conjectureshat occurfrequentlyin proof

assistantsinductive theoremprovers, and logical programmingsystemshas attractedfar less
interest.

In fact,in mosttheorenmproving systemsthedefault modeof operations failure: conjectures
are often enteredin the hopethatthey are correct,the proof by casess typically triggeredby
failureto prove agivensubgoalandevenin logic programmingbacktrackings alwayspreceded
by failureto constructa proof of a subgoabeit in Hornlogic or hereditaryHarroplogic [8].

In practice,the developmentof conjecturess an evolutionary processand typically a true
conjectureis the resultof a sequencef falseconjecturesandtheir disproofs. Thus, research
on automaticdisproving of falseconjecturess equally importantas automaticproving of true
conjectures.Automaticdisproving is of increasingrelevancein the context of formal software
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development2, 3], whereearly detectionof flaws in programsreduceghe overall development
cost.

The key ideaunderlyingour techniquepresentedn this paperconsistsof the definition of
arepresentationabstractiorfunction of first-orderlogic formulasinto a decidablefragmentof
second-ordeftogic, namely second-ordemonadiclogic without successofunctions, SOS[9].
Theabstractiorfunctionis effectively polynomial-timecomputablepreseresthestructurafform
of the original formula, andmostimportantly preseresnon-pro/ability. Second-ordemonadic
logic is decidable,and thereforedisproving a conjecturein SOSimplies contrapositiely that
the original conjecturecould not have beenprovable either The decisionprocedureof S0Sis
PSRACE-completd13], but will alwaysreporttrue or false. Only if no proofin SOSexists, we
canbe surethatthe conjectures indeedfalse. If a proof exists, in termsof provability, nothing
canbe learnedfrom it. However, the proof may containvital information that can assistthe
theoremproverto try to prove the conjecturea questionwhich we will considetin futurework.

In preliminarystudieq10], we have developedasimilar criterionfor thefirst-ordermeta-logic
M for the logical framework LF [5], althoughwithout negation, disjunction,or implication.
Besidedtruth andfalsehoodwve did not considerarny otherlogical constantsor predicates.The
abstractiormechanisnpresentedn this paper on the otherhand,scaledo first-orderlogic with
equationatheorieqe.g.PeandArithmetic) andis basedn Leibniz equalitywhichis prevalentin
mary higherordertheoremproving systems[1, 12].

The paperis organizedasfollows: In Sec.1 we definesyntaxand sequenicalculi of first-
orderandsecond-ordemonadiclogics. The abstractiorof first-orderlogic formulasto second-
orderlogic formulasandthe relevant metatheoryis presentedn Sec.2. In Sec.3 we extend
our techniquego first-orderlogic with equalityandshawv in Sec.4 thatthe classof disprovable
formulasincludesformulaswith infinite countermodels.In Sec.5 we presentdetailsaboutthe
implementatiorof thetechniquebeforeconcludingandassessingesultsin Sec.6.

1 First-Order Logic and Second-OrderMonadic Logic

We recapitulatehe definitionsof first-orderand second-ordemonadiclogic with 0 successors
(S0S)aswell asthe decidability resultof second-ordemodallogic [9] thatis relevantfor the
techniquepresentedn this paper

1.1 First-Order Logic

Definition 1.1 (First-Order Logic Formulas) Let7(C,V) beatermalgebrafreely generated
from a setof constansymbolsC andal list of pairwisedifferentvariablesymbols). Let P bea
setof predicatesThenfirst-orderlogic formulasaredefinedby

First-orderLogic Formulas: F' == P(t;...t,) | T|L|Fi D F | A ANFy | -F
|Vo. F | dz. F
wherety, ..., t, € T(C,V) andP € P. In first-orderlogic, we write z, y, z for variables.For

formulas F' andtermst we write VC(F) and VC(t) to refer to the list! of free variablesand

we define VC(t) asalist of variablesandconstantssthe orderof the symbolssimplifiesthe proofs. However,
thereademaythink of VC(t) asaset.



Terms: VC(z) :=[z] VC(c)=[c] VC(f(tr,...,tn)) :=D;_, VC(t;)
Formulas: VC(P(ti,...,t,)) =@, VC(t;) VC(T)=VC(L) :=]]
VC(Fl D) Fg) = VC(Fl /\FQ) = C(Fl) o Ve Fg)
VC(~F) = VC(F) VC(Vz.F) = VC(3z. F) := VC(F) \ {z}

Figurel: List of constantsindfreevariablesn formulasandterms,where[z] denoteshesingle-
ton list with the variablez, [¢] the singletonlist with the constant, & denoteghe concatenation
of lists,andL \ {z} denoteghelist obtainedrom L by removing ary occurrencef thevariable
Z.

constantsn F' andt (cf. Fig. 1).

Substitutionsare captureavoiding andplay animportantrole in this paper especiallyin the
proof of the soundnes3heorem2.7. We do not distinguishbetweersubstitutiondor first-order
or second-ordemonadiclogic.

Definition 1.2 (Substitutions) A substitutiory is asyntacticallydefinedobjecto ::= - | o,t/x.
As usual,we write o(z) to applyo to thevariablexz andthe domainof a substitutionis the setof
variablesfor which o (z) is defined.The domainof a substitutionis alwaysfinite.

Definition 1.3 (First-Order Substitution Application) We denoteby [o]t and[o]F the stan-
dardapplicationof o to first-ordertermsandformulas.

A sequentalculusfor classicalfirst-orderlogic is givenin Fig. 2. All rulesarestandard.The
subscript; in the rule namesdentifiesthe quantifierrulesasfirst-order The superscript indi-
catesthata is freshin I' = V. F for V,1* andin I' = H for 3,E". First-orderogic provides
afoundationof severaltheoremproving systemsSpassJNKA, andothers,andwe illustrateits
usewith our runningexampleaboutbinarytrees.

Example 1.4 (Binary trees) In first-orderlogic, propertieof treesandpathscanbe expressed
asformulasrangingovertermsgeneratedy atermalgebrahatconsistof two constansymbols
here (for theemptypath)andleaf (for leavesin atree),two unaryfunctionsymboldeft andright
(for pathsdenotingespectrely left andright subtrees)andonebinaryfunctionsymbolnode (for
non-leafnodesof trees).We usethevalidtree andvalidpath asunarypredicateshatdescribehe
well-formednes®f treesandpaths,respectrely, mirror andreflect asbinary predicateswhere
mirror(t, t') standgor ¢’ is atreethatis derivedfrom ¢ by subtregvise exchangingeft andright
subtreesandreflect(p, p’) for p' is a paththatis derived from p by exchangingconstanteft by
right andvice versa.A setof axiomsthatrelatetermsis givenin Fig. 3.

A propertyaboutbinarytreesthatonemay beinterestedn is to shav thatmirroredsubtrees
arepreseredunderreflectingpathswhich canbe formally expresseds

Vt.Vs. Vp. (validtree(t) A validtree(s) A validpath(p) A subtree(t, p, s))
D Jt'.3s'. Jp'. (validtree(t') A validtree(s") A validpath(p’) A subtree(t, p’, )
A mirror(t, t') A reflect(p, p') A mirror(s, s')

Withoutinductionprinciples,this theoremis not provablein first-orderlogic. O



T F=AF® T=A7T 'R T,i=att
%weakL %weakR

I'=AF I'=A,G LFG,— A
r=AafFrG ™R TrFrig=aNt

= AF,G NF=A I''G= A

r—a,Fvag VR rFvG—a Vb

IF= AG = AF I'G= A

r—Aar->g-R I F>oG—a -k
IF= A = A,F

Fr—=A-F R T-F=At
I' = A, [a/z]F [\ Va. F,[t/z]F = A

F— A vz F "R Ve F—=A "k
I' = A,3z. F,[t/z|F =R L, a/z]F = A 2 Lo
= A, F . [3z.F = A !

NF=—A I'=F A
— A Cut(F)

Figure2: SequentCalculusfor Classicalirst-Orderl_ogic

1.2 Second-OrderMonadic Logic without Successofunctions

Second-ordemonadiclogic without successofunctions(S0S)restrictsatomicformulasto the
form P(z) or X (x) wherexz € VUC is eitheravariableor aconstant P is aunarypredicateand
X isaunaryvariablethatrangesover unarypredicates.

Definition 1.5 (Second-OrderLogic Formulas S0S) Let 7(C, V) beatermalgebrawith con-
stantsandvariablesonly, andP be definedasabove in Definition 1.1 andW alist of pairwise
distinctsecond-ordevariablenames.Second-ordemonadiclogic formulasaredefinedby

SO0Sformulas: G = P(z) | P(c) | X(z) | X(¢) | T| L] G1 D Gse | Gy AGe
| -G |Vz.G | 2. G |VX.G | 3X.G

wherex € V,c € C, X € W andP € P. In second-ordemonadiclogic, we write x, y, z for
variablesand X, Y, Z for variableghatrangeover predicates.

The sequentalculusfor classicalS0Sis obtainedby addingfour left andright rulesfor the
second-ordequantifierdo therespectre first-ordematuraldeductioncalculiasdepictedn Fig. 4
where P is ary predicatefrom P andp is new with respecto the sequent.Sincewe consider
second-ordemonadidogic withoutsuccessorg, € V U C in rules3; | andV, E, respectrely. For
the purposeof our paperthe mainresultaboutsecond-ordemonadiclogic is thatit is decidable,
which hasbeenprovedby Rabin[9].

Theorem 1.6 (Rabin, 1969) Second-ater monadiclogic with k& successofunctionsis decid-
able 0



validtree(leaf)

Vt,. Vto. validtree(t;) A validtree(t,) D validtree(node(ty, t2))
validpath(here)

Vp. validpath(p) D validpath(left(p))

Vp. validpath(p) D validpath(right(p))

mirror(leaf, leaf)

Vi1Vt . Vig. Vt,. mirror(ty, t7) A mirror(tg, t5) D mirror(node(ty, t2), node(t, t;)
reflect(here, here)

Vp.Vp'. reflect(p, p') D reflect(left(p), right(p'))

Vp.Vp'. reflect(p, p') D reflect(right(p), left(p’))

Vt. subtree(t, here, t)

Vit1. Viy. Vp. Vt'. subtree(t1, p, t') D subtree(node(t, t2), left(p), t')
Vi1. V. Vp. Vt'. subtree(ts, p, t') D subtree(node(ty, t2), right(p), t')

Figure3: Samplesetof axiomsdefiningpropertiesof trees

L= [p/X]AA o, DYXA[P/X]4= A

T— VX A4,A TVX.A— A
I' = [P/X]A,3X. A A I p/z]A= A _
I—3X.4A [ 37 A— A -t

Figure4: Additional Rulesfor second-ordelogic
2 Abstraction

It is well-known that brute force searchfor proofs of conjecturesnay easily exhaustsystem
resourcesegardingspaceandtime. If aconjecturds true,thetraversalof thesearchspacan one
way or anothelis necessaryo find the derivationthatis known to exist. Often,however, interim
conjecturesirenotnecessarilknown to bederivable. Thesesituationsarisefrequentlyin systems
whereinductionprinciplesarenotaxiomatizedut encodedia speciakliminationrules.In mary
inductive theoremprovers, therefore failure to find a derivation in the non-inductve fragment
indicatesthat subsequentaseanalysesare necessaryand failure is thereforethe predominant
way of operation.

Of course beforea theoremprover canmeaningfullyfail, it musthave visited every nodein
thesearchspacehatis potentiallyinfinite. Alternatively, following thealgorithmoutlinedin this
paper it is often possibleto disprove formally a conjecture.Our proposedechniquerelieson
an abstractionnto second-ordemonadiclogic without successofunctionsthatis known to be
decidable.If the abstractedormulais false,by the soundnessf abstraction(Theorem2.7),the
originalformulais falseaswell. Thereforefollowing the proposedlassification®f abstractions
by GiunchigliaandWalsh[4]?, our notionof abstractiorsatisfiegshepropertieof a Tl abstraction
with a consistent@abstractspace. For the domainof first-orderlogic, first-ordermonadiclogic

2This paperalsoprovidesanoverview of differentabstractioomechanisms.



would sufiice asabstracspaceput equality(seeSec.3) requireghe useof second-ordemonadic
logic.

Theabstractiorcanbeintuitively explainedasfollows. A derivation- = P(ty,...,t,) must
containinformationaboutthe individual ¢;’s in oneform or another Without axiomatizingthis
relation,we insteadproposeto approximatet, andwe rewrite P(ty,...,t,) to a conjunctionof
unary atomicformulas P(z) and P(c) for ary variablexz andary constantc thatoccursin the
terms.Theabstractiorpreseresthe structureof aformula,andis definedasfollows.

Definition 2.1 (Abstraction)

a(T) = T (1) Oé(Fl D) F2) = (F1) D O!(FQ) (5)
a(L) L 2 a(-F) = —(a(F)) (6)
a(F1V Fy) = alF)Va(F) (3) a(Vz. F) = Vz.aF) (7)
a(Fi ANFy) = alF) ANa(F) (4 a(dz. F) dz. a(F) (8)
a(P(ty, ... t,)) := /\ P(z) 9

TEVC (P(t1,e.istn))

Thecaseg1)—(8)arestraightforvard,whichleaves(9) to beexplained.In casg(9) theexpre-
SION A e ve(p,...y £ (2) 1s theconjunctionof formulasdefinedoy

.....

NP@):=T, AP P(z'), and [\ P(z):=P(z)A ( N P(x))
z€(]

z€[x'] z€[z'|PL zel

Example 2.2 Welillustratethetechniqueby abstractingheaxiomsdepictedn Fig. 3. Theresult
is shovnin Fig. 5.

Thefollowing lemmaensureghatthe abstractiorof ary first-orderlogic formulais alwaysa
second-ordemonadicformulawith respecto SOS.

Lemma 2.3 For anyfirst-orderlogic formulaF', a(F') is a second-oder monadicformulawith-
outsuccessofunctions,andit holds VC(F) = VC(«(F)).

Proof. Theproofis by inductionoverthe structureof theformulaF':

BaseCase: If F' is anatomicformula,thenF is eitherT, or L, or of theform P(ty, ..., t,). If

F € {T, L}, thena(F) = F andthusa(F) is a second-ordemonadiclogic formulaand
it holdsVC(F) = VC(«a(F)).

Otherwisejf F := P(ty,...,1,), thena(P(ty,...,t,)) IS

A P(z).

TEVC(P(t1,.tn))

By simpleinductionover the lengthof VC(P(t1,...,t,)) it follows thatthis formulais
indeeda second-ordemonadiclogic formula without successofunctions. Furthermore
VO(P(t1;-- -, tn)) = VO(Asegr_, vew, P(x)) follows directly from the definition.



validtree(leaf)

Vt,. Vto. validtree(t;) A validtree(t,) D validtree(t;) A validtree(ts)

validpath(here)

Vp. validpath(p) D validpath(p)

Vp. validpath(p) D validpath(p)

mirror(leaf) A mirror(leaf)

V1. Vt,. Via. V. mirror(t;) A mirror(t}) A mirror(¢2) A mirror(t)
D mirror(t;) A mirror(te) A mirror(t;) A mirror(t))

reflect(here) A reflect(here)

Vp.Vp'. reflect(p) A reflect(p’) D reflect(p)

Vp.Vp'. reflect(p) A reflect(p’) D reflect(p)

Vt. subtree(t) A subtree(here) A subtree(t)

Vi1. V. Vp. Vt'. subtree(t;) A subtree(p) A subtree(t') D
subtree(t;) A subtree(t,) A subtree(p) A subtree(t’)

Vi1. V. Vp. Vt'. subtree(tz) A subtree(p) A subtree(t') D
subtree(t;) A subtree(t,) A subtree(p) A subtree(t')

reflect(p’)

A
A reflect(p')

Figure5: Abstractionsof the samplesetof axioms

Induction Step: Assumehattheabstractionsf F;, F;, aresecond-ordemonadidogic formulas
andit holds VC(F;) = VC(«(F;)), i = 1,2. Thenfor all o € {A,V,D} obviously
a(Fy o Fy) := a(F) o a(F,) is a second-ordemonadiclogic formula. The analogous
algumentappliesto —Fy, Vz. Fy, anddz. F;.

For thesecondpartof thelemmait holdsfor Fy o F5:

VC(FioF,) = VCO(F) ® VC(F) 2 o(VC(F)) & a(VC(F))
= a(VC(F)) o a(VC(F))

andanalogouslyfor —=F;. ForQ € {V,3} it holds

VC(Qz. Fy) = VO(F)) \ {z} & VC(a(F)))\ {z} = VC(Qz.a(F}))

O

We now addresghe questionof how substitutionsand abstractioninteract. Following Def-
inition 1.2 the standarddefinition of substitutionamay containnon-monadiderms,which com-
plicatesthe interactionwith abstraction. Considerthe following example. Let P(f(x,y)) be
a predicateando = g¢(u,v)/z a substitution. Applying ¢ nawely to the resultof abstraction
P(z) A P(y) wouldyield P(g(u,v)) A P(y), whichis notan SOSformulaanddiffersfrom

a([o](P(f(z,y)))) = a(P(f(9(u, v),y))) = P(u) A P(v) A P(y).

Thus, substitutionapplicationof ¢ to ¢ differsfrom the standardorm of application,sinceit is
requiredto flattenthe structureof atomicformulas,aswell. It is definedover the structureof ¢
ando, simultaneously



Definition 2.4 (Flattening substitution application) We denoteby [o](t) and[o](F’) the ap-
plicationof the homomorphiaxtensionof ¢ to second-ordetermsandformulasdefinedby:

[ol(P(z)) = A\ Pl (10)
yeVC(a(z))
[o](=F) = ~([o](F)) (11)
foro e {A,V,D} [o](Fio Fy) = [o](F) o [o](F>) (12)
forQ € {V,3} [0](Qz.F) := Quz.[o,z/x](F) (13)

where(o, z/x) denoteghe substitutionthatmapsz to x andotherwiseis identicalto o.

Substitutvity in first-orderlogic and SOS commutewith abstractionwhich is the crucial
propertyusedat severaloccasionsn the proof of thesoundnes3heoren?2.7.

Lemma2.5 LetF beafirst-orderlogic formulaando a first-order substitution.Thenit holds:
a([o]F) = [o] (a(F))
Proof. by inductionon thestructureof F'. We only shav two representave cases.

Case: If F' is anatomicformulaof theform P(ty,...,t,) then

a([0]P(t,....ta)) = a(P([olts, ..., [0]ta))
= A P

Z‘E@?zl VC([U]ti)

_ A ( A P<x>)
ye@l_, VC(t;) \z€VC(a(y))
= /\ [e]P(y)

ye@?:1 VC(t:)

= [[0]]( N P(?/))
yedi, VO(4)
= [o)(a(P(ts,...,t)))

Case: F' = Qx .F'

a([0](Qz .F')) = a(Qz [o,z/z](F))
= Qz .affo, z/z|(F"))
= Qu .[o,z/x](a(F"))
= [0l(Qz (a(F")))
= [o](a(Qz .F"))



Unfortunately the proof theory of second-ordemonadiclogic is not definedin terms of
flattening substitutionapplication, but ratherin termsof the standardform of application,as
usedin the quantifierrulesin Fig. 2. However, thereis a directrelationshipbetweerflattening
substitutionapplicationandrenamingsubstitutions

p u= -|py/z|pc/.

A renamingp canonly substitutevariablesor constantgor variablesbecauseo successofunc-
tionsareavailable.

Thisrelationshigs capturedy extendingthenotionof abstractiony thatcurrentlymapsonly
atomicformulasinto conjunctionof monadicSOSpredicatesto mapsubstitutionsr into renam-
ing substitutionsp. Intuitively, (o) computesthe witnesssubstitutionfor the SOS quantifier
rules.

a(:) =

alo,t/z) = é(a),y/x for somey € VC(o(x))

If ¢ mapsz to ¢, the correspondingg mapsz to somevariable or constantthat occursin t.
Substitutionabstractionis hencea necessargtepto embedsubstitutionghat arisein first-order
logic derivationsin SOS,but is it theright choice?Doesit presere the derivability of abstracted
sequents?

Theanswetto this questions contingenbnasuitablechoiceof abstractiono first-orderogic
deriationsthatwe describanductively. Abstractinga derivationtreeproceedsy replacingeach
formulain thetreeby its abstraction Axioms I, P(t4,...,t,) F P(t1,...,t,), A, for example,
aremappednto a(l'), a(P(ty,...,t)) b a(P(ty,-..,t.)),(A). It remainsto shov thatthe
abstractedieriationis really an SOSderivationwhich we do in two steps.

First, we shav thatthe choiceof renamingsubstitutionis well chosenand compatiblewith
the previous notion of flatteningsubstitutionapplication(seeDefinition 2.4). In the interestof
brevity, we write [I'] for a context thatconsistof [o1] F . . . [0,] F,,, and|[['] for a context of the
form [a(oq)]F: . . . [a(0,)]F,. Secondwe prove soundnessf our abstraction.

Lemma 2.6 (Compatibility) If [I] = [A] is the result of abstracting a derivation then
Il =[A]

Proof. By inductiononthedervationofI' = A. The proofis quite straightforvard. We only
shaw threerepresentavie cases.

Case: [IT, [o]P = [0]P,[A] ¥
Similarly, we obtain[I'], [c]P = [0] P, [A] by theax rule.

[T], Vz. [0, 2/2]F, [t/a][o, z/2]F = [A]
Case: IT], V.o, z/z]F = [A]
Sincewe are consideringsubstitutionsn SOS,the termt mustalwaysbe a variableor a

constantBy renamingwe obtainthat(t/x|[o, z/z|F = [o,t/z]F, onwhichwe canapply
theinductionhypothesis.

vL

[[],Vz. o,z /x]F, [0,t/z]F = [A]
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We canalwaysrewrite theformula[o, t/z|F as[t/z][o, z/x]F by factoringouttherenam-
ing substitutionanda renevedapplicationof VL yieldsthe desired

[[),Vz.[o,z/x|F = [A]
[l = [a/z]lo, /2] FA]

Case: [I'] =, Vz. [o,z/z]F[A]

As abore, by renamingwe obtainthat|a/z|[o, x /x| F = [o, a/z]F, onwhichwe canapply
theinductionhypothesis.

VR*

[l = [0, a/x]F, [A]

We canalwaysrewrite theterm|o, a/z|F as[a/x]|o, z/x]F by factoringouttherenaming
substitution. After dischaging the parameten, a reneved applicationof YL* yields the
desired

[ = Vz.[o,z/z]|F, [A] 0

Thetranslationinto monadicsecond-ordelogic reducesanintrinsically undecidablgroblem
to adecidableoneandallows usto concluderom thedisproofof anabstracte@donjecturghatthe
original conjecturecouldnot have beentrue. The following theoremestablisheghatrelationship
with the benefitthatit definesimplicitly a procedureto disprove false conjectures:Using the
abstractiongonverta conjecturegrom first-orderlogic into second-ordemonadiclogic, andthen
run animplementatiorof a decisionprocedurgor SO0S.This insight canbe seenasthe central
contrikution of thiswork.

Theorem 2.7 (Soundness) Theabstractiona of derivationsin first-order logic into derivations
of first-order monadiclogic without successofunctionspreserveghe non-piovability of formu-
las: If I' = A theno(I') = «o(A).

Proof. By inductiononthedervationofI' = A. We only shav thetwo challengingcasedor
the universalquantifier All othersareanalogous.

' = A,Vx.F,[a/z]F
Case: ' = AVz. F

a

a(l) = a(A,Vz. F, |[a/z]F) by inductionhypothesis
a(l) = a(A,Vz. F), [a/z]a(F) by Lemma2.5
a(l') = a(A,Vz. F), [a/z]a(F) by Lemma2.6
a(l') = a(A,Vz. F) by VR

a(T, V. F, [t/z]F) = a(A) by inductionhypothesis
a(T,Vo. F), [t/z]a(F) = a(A) by Lemma2.5
a(T,Vo. F), [a(t/z)|a(F) = a(A) by LemmaZ2.6
a(l,Vz. F) = a(A) by VL

O
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Example 2.8 (Mirr ored subtrees) Let F, be the conjunctionof all axiomsfrom Fig. 3 and
a(Fp) theconjunctionof all axiomsfrom Fig. 5. Recalltheproblemfrom Examplel.4 of proving
thatareflectedpathp in amirroredtreet’ leadsto thesamesubtreeasmirroringthe subtrees that
is foundat p in theoriginal treet.

F, D Vt.Vs. Vp. (validtree(t) A validtree(s) A validpath(p) A subtree(t, p, s))
D 3t'.3s'. Jp’. (validtree(t') A validtree(s") A validpath(p’) A subtree(t, p’, )
A mirror(t,t') A reflect(p, p') A mirror(s, s'))

In second-ordemonadiclogic without successorthe abstracted/ersionof this formulais not
provableeither

Fy D Vt.Vs. Vp. (validtree(t) A validtree(s) A validpath(p)
A subtree(t) A subtree(p) A subtree(s))
D Jt'. 3¢'. 3p'. (validtree(t’) A validtree(s’) A validpath(p’)
A subtree(t') A subtree(p’) A subtree(s’)
A mirror(t) A mirror(t') A reflect(p) A reflect(p’) A mirror(s) A mirror(s’))

Consequentlythereis no needto invoke a first-ordertheoremprover, becausdy Theorem2.7
it is determinedo fail. On the otherhandwith induction, analyzingcasesover p yields three
conjectureswvhoseabstractionsare all provablein SOS assuminga few necessaryut simple
lemmasaboutbinarytreesandtheir abstractionsywhich we omit from this presentation. O

Theabstractiorhasmary applications.For example,by trial anderrorit canbe helpful to deter
minewhich axiomsareindispensabléor proof search We alsosuspecthatthe proof derivations
of the abstractedormula containsmuch information that is usefulto guide a theoremprover
duringtheproof searclprocess.

3 Treating Primiti ve Equality

The decisionproceduredefinedin the previous sectionsis restrictedto first-orderlogic without
primitive equality Thus,equalityis treatedik e any otherbinary predicateandanequations = ¢
is abstractedo themonadicformula (A ¢ v ;= = (2))-

In orderto supportprimitive equalityin anadequatevay we extendthe abstractiorfunction
to primitive equalityandabstracequationgo

a(s =1) = VX (Asevery X(@) O (Aveveq X(@))
X (Aseven X(@) 2 (Asevo X))

Differentlyto thefirst-ordercasewithoutequality second-ordequantifiersarenecessaryo range
over predicatessuchassubtree, mirror, or reflect.

Remark 3.1 Thismappingsinspiredby theLeibniz’ definitionof equalityin higherorderlogic,
whichis s =preipni, t := VP. P(s) D P(t) with the only differencethat besideghe covariant

it alsoinvolvesthe contravariantdirection of implication. Without VX. (/\we Vc(t)X(x)> D
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(/\mE ve(s) X(x)) , for example,primitive equalitywould not be adequatelycapturedn S0S.In

higherorderlogic P maybeinstantiatedvith ary predicatep,_,, aswell aswith Az. —p(z), while
in SOSthelatteris not possible.However, thelatteris necessaryn orderto obtainfor eachp not
only p(s) D p(t), but alsothecorversep(t) O p(s), asusedin thebasecaseof Lemma3.2.

It can be easily seenthat the abstractionof a first-orderequationis a second-ordemonadic
formuladueto the quantifierover X.

In the presenceof primitive equality we add the following rulesto completethe sequent
calculusfor first-orderlogic with primitive equality For thoserules we denoteby C),., the
replacemenof exactly oneoccurrencef v with v in C.

Faszt:ﬂh—s:A
r=i=ia™® T, 2i=Fa

Fa-Fit%saszt:>A 1 Faﬂs%taszt:A
T Fs—i—A > "TFr,—i—=A

Faszt:ﬂs(—taA
MNs=t= F,A

Sub; Sub;

Sub.
wherefor Sub-rulesnoneof thevariablesn s andt areboundin F'.

Lemma 3.2 Any SOSsequentof the form I', (s = 1), a(Flst) = a(F),A or I',a(s =
t),a(F) = a(Fjs), A is provable

Proof. Theproofis by inductionoverthe structureof F.

BaseCase: F' = P(ty,...,t,): In thatcaseit holds

o(Foc) = a(Plt t)wed = N P)
zTE VC(P(tl ..... t")ls(—t)

ando(F) = a(P(t,....t) = Neeverp,.i) P (@). Notethatby definition of VC
thereexistlists L, L' suchthatVC (P(t,...,tn)st) = LOVC(t)®L andVC(P(ty,. .., t,)) =
L@ VC(s)® L'. Furthermore,

a(s =t) = VX. (/\zcEVC(t)X(x)> > (/\wEVC(s)X(x))
AVX. (/\wEVC(s)X(x)> 2 (AweVC(t)X(‘T))

By instantiatinghefirst X with P andtheobserationthatVC (s) isasublistof VC (P (t1,...,t,))
andVC(t) isasublistof VC(P(t1,...,tn)st), it iStrivial to seethatthereis a prooffor

FaVX (/\:{:GVC(t)X(x)) 2 (/\wEVC(s)X(m)>
VX (/\wGVC(S)X(x)) - (/\weVC(t)X(x)> s Naeve i, tn)nco ()
= Necvepi, ) P@), A

The casefor I', a(s = t),a(F) = a(Fj,—), A is analogousexceptthat we mustin-
stantiatehesecondX . This is werethe adequay of the abstractiorof anequatiorto both

VX (Asevon X@)) 2 (Avever X(@) andiX. (Aevon X(@)) 3 (Asever X@)
is formally visible.
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Induction Step: We proceedby caseanalysisoverthestructureof F':

1. F = —F': It is obviousto seethato(—=(F")|st) = —(a(F

[st

))- Then

I, a(s = 1), a(F') = a(Fl,_), A "H'L
I, —(a(F, ) als = t),a(F) = A

I, ~(a(E], ), als = ) = ~a(F),A

2. F = F| N F5: Withoutlossof generalitywe assumeahats occursin Fy. Again, it is
obviousto seethata((Fi A F) set) = a(Fist) A a(F3). Thenwe have to prove
I a(Fiset) AN a(F), afs =) = o F1) Aa(F), A.

I. H.
Fla a(Fl\s(—t)’ a(s = t)
- Oé(Fl),A
; weak L
r 7a(F1\s<—t)7 OA(FQ),O((S = t)
— Ol(Fl),A
; AL ; ax
r 7a(F1\s<—t) A a(FQ)a OZ(S = t) r 705(F1\s<—t)7 Oé(FQ),CY(S = t)
— o(F),A — o), A i
A

I a(Fyjst) N a(F2), a(s = 1) = a(F1) A a(Fy),A

3. F =Vz. F': Again, it trivially holdsthate((Vz. F') st) = Vz. a(F;,_,). Notethatz
doesneitheroccurin s norint. Thenwe haveto provel”, Vz. a(Fj, ), a(s = t) =

V. alF'), A:
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I.H.
Lemma 2.5 x 2

I, of[a/2]F},, ), ols = 1) = alla/z]F), A
I, [a/z]a(F,_,), a(s = 1) = [a/]a(F), A
I, [a(a) /e]a(F,, ), a(s = ) = [a(a) /z]a(F"), A
I Vz. a(F, ), [a(@) [ala(F,,_)al(s = 1) — [ala)/zla(E"), & 2"
¥z o(F, ), a(s = 1) = [a(a) /z]a(F), A
IV, Vz. of ‘s(_t),oz( s =1t) = Vz.a(F'),A

Q
»
Il

Lemma 2.6 x 2

Q
@
Il

4. Theremainingcasesareanalogous. O
The soundnestheoremwith respecto first-orderlogic with primitive equalityis then

Theorem 3.3 Theabstractiona of first-order logic formulaswith primitive equalityto second-
order monadiclogic formulaspreserveghe non-piovability.

Proof. Againwe haveto provethatwheneerthereis aprooffor theoriginalformulain first-order
logic with primitive equality thensothereis for the abstractedormula. The proofis essentially
the sameasbefore,exceptthatthereare5 additionalcasego consideroneasanadditionalbase
caseandfour additionalcasesn theinductionstep:

BaseCase: Assumethereis a dervationl” - t = t, A, thenwe have to prove thatthereis a
dervationfor o(T') b a(t = t),a(A). Letp(X) = A,eveqr X (2), thena(t = t) :=
(VX. o(X) D ¢(X)) AVX. p(X) D ¢(X), andwe mustfind a derivationin second-order
monadiclogic for a(I') = (VX. p(X) D ¢(X)) A (VX. p(X) D o(X)), a(A).

oD). ¢p) - pp).a(B) ° o(D). ¢(p) = ¢(p). o(A) °

a(l') = ¢(p) 3 ¢(p), o(A) ol) = ¢(p) O plp),(d) — ',
a(l') = VX. o(X) D ¢(X),a(A) o(T) = VX. p(X) D p(X),a(A)
a(l') = (VX. o(X) D (X)) A (VX. o(X) D ¢(X)), (D)

DR

VRP

Induction Step:

1. Assumehereis aderiationforl', s = t = Fj,, A andby inductionhypothesisve
canassumehatthereis an S0SdervationD for a(I'), a(s = t) = a(Flst), a(A).

Then we have to prove that thereis a second-ordemonadiclogic deriation for
al),a(s =t) = a(F),a(A).

o). =0) LLH.
Lemma 3.2 — aFser), o(B) weak R
e ety ) ), o)
= o(F), « — a(Flyy), a(F), e
al’),a(s =t) = a(F),a(A) CUt(a(F|s<—t))

2. Theproofsfor the othercasesareanalogous. O
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Example 3.4 Let Fy, anda(Fp) asin Example2.8. A formulain first-orderlogic thatconcludes
thatary subtrean atreet at pathp is uniqueis

Fy, D Vp.Vp'.Vt.Vs.Vs'. subtree(t, p, s) A subtree(t, p',s') D s = ¢'.
Its abstractiorexpandsthe equalitypredicateasdescribedabove.

Fy D Vp.Vp'.Vt.Vs.Vs'. subtree(t) A subtree(p) A subtree(s)
A subtree(t) A subtree(p') A subtree(s’)
D (VX. X(s) D X(s) AN(VX. X(s") D X(s))-

Theresultingformulais not provablein SOSandcanthereforenot be provedin first-orderlogic
with primitive equalityby Theorem3.3. Ontheotherhandwith induction,if onewould consider
casesver p, abstractioryieldsthreecaseseachof whichis provablein SOS. O

4  About the Subclassof Unprovable Formulas

The questionnow ariseswhich classof falseconjecturesanbe tackledby the presentedech-
nigue. Althoughwe have no formal characterizatiorior that classof formulas,we know that it
includesfirst-orderlogic formulasthathave only infinite countermodels.To seethis consideithe
non-\alid first-orderlogic formulain Fig. 6 andassumeZ is a countermodelthat falsifiesthat
formula. ThenZ(¢) = L entailsthat(1) Z validatesthe left-handsideof theimplicationand(2)
falsifies3z. =P (z). From(1) it followsthattheinterpretation®f P, >, and= mustbeinfinite. A
possibleinfinite interpretatiorfor P is Az.T. Theabstractionx(y) is alsoinvalid with respecto

FOLformula:¢ :=  (3z. P(x) AVx.3y. P(z) D (y > x A P(y)) A
Ve,y,2.(x >yAy>2) Dx>zAVz.x # z) D 3z. ~P(x)
SOSformula:a(y) :=  (3z. P(x) AVz.3y. P(z) D (> (y)A > (x) A P(y)) A

Vz,y,z. (> (2)A > (Y)A > (2)) D> (2)A > (2) A
Vr.~(VX. X (z) D X(z) AVX. X(z) D X(x))) D Jz.-P(z)
Figure6: Disprovenfirst-orderlogic formulawith infinite countermodel.

S0S,alsoby interpretingP asAz.T. Thus,with our techniquewe candisprove first-orderlogic
formulasthathave nofinite countermodels.

5 Implementation

The procedurdor disproving falseconjecturehasbeenimplementedn the MAYA system[3].
MAYA is anin-the-lageverificationtool for structuredspecificationslt is basednthenotionof
developmentgraphsandincorporatesan efficient managementof changeto presere andadjust
proof informationwhenchangingthe specification.Eachnodeof the developmentgraphcorre-
sponddo anaxiomaticallydefinedtheoryandthe proceduregresentedn this papercanbe used
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to disprove falseconjecturesvith respecto sometheory Theimplementatiorabstractshefirst-
orderlogic subset® of the axiomsdefininga theoryto second-ordemonadiclogic. To disprove
afalseconjecturey, thevalidity of the SOSformulaa(® D ) is checled.

In orderto decidethe validity of an SOSformula, ratherthan implementingour own S0S
decisionprocedurewe have linkedMAYA with the MONA system[7]. AlthoughMONA imple-
mentsonly adecisionprocedurdor weaksecond-ordemonadiclogic, it is still usefulsinceit is
consenrative over full second-ordemonadiclogic without successofunctions. Countermodels
foundin MONA arealsocountermodelsin the moregeneralsetting. To our knowledgethereis
no availableimplementatiorof afull SOSdecisionprocedure.

6 Conclusion

We have outlineda techniqueto disprove falseconjecturesn first-orderlogic with andwithout
equalityover a given andfixed term algebra. The centralideais that of abstraction.Formulas
aretransformednto second-ordemonadiclogic without successofunctions,which is known to

be decidable We have shown thatthe abstractions sound ,which meanst preseresprovability.

Thusthe absencef a proof in second-ordemonadiclogic entailsthat the initial conjectureis

unprovable,aswell.

As relatedwork we considerthe tableaumethod[11] aswell ascombinationsof modelgen-
erationwith automatedheoremprovers,suchasthe SCoTT system[6]. Thetableaumethodnot
only detectsunsatisfiabilityof the negatedconjecturebut also generatesnodelsfor it. This is
similar to the useof modelgeneratingsystemsduring refutationproofs,asdonein the ScoTtT
system.Thus,certainclasse®f falseconjecturecanbe detectedoy generatingcountermodels.
However, the relationshipbetweentheseclassesand the classcharacterizedy the procedure
presentedh this paperis unclearyetandis left for future work.

Furtherfuture work is plannedin differentdirections: First, we plan to investigatehow to
obtainfrom a counterexamplefor a non-valid SOSformula a counterexamplefor the original
first-orderlogic formula, which would be highly beneficialespeciallyin MAYA's application
context which is formal software development. Also we assumeit to be helpful to develop a
characterizatiorfor the subclassof unprovable first-orderlogic formulas. Secondly we plan
to experimentwith abstractionghat presere more of the term structuresvhen mappingfirst-
orderlogic formulasto second-ordemonadiclogic formulas. Therebywe would leave the SOS
fragmentandemploy larger fragmentsof second-ordemonadiclogic, e.g. SkS.Preservinghe
structureshouldresultin anincreasedefficiency for equationafirst-orderlogic theories.A third
line of researctwill consistof usingsecond-ordelogic proofsasproof plansto guidetheactual
proof searcHor theinitial first-orderlogic formulas.
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