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Abstract

For automatictheoremproversit is asimportantto disprove falseconjecturesasit is to prove
trueones,especiallyif it is not known aheadof time if a formulais derivableinsidea partic-
ular inferencesystem.Situationsof this kind occurfrequentlyin inductive theoremproving
systemswherefailure is a commonmodeof operation. This paperdescribesan abstrac-
tion mechanismfor first-orderlogic over anarbitrarybut fixedtermalgebrato second-order
monadiclogic with 0 successorfunctions. The decidabilityof second-ordermonadiclogic
togetherwith ournotionof abstractionyieldsanelegantcriterionthatcharacterizesasubclass
of unprovableconjectures.

Theresearchon automatedtheoremproving is inspiredby Leibniz’ dreamto developa “lingua
characteristica”togetherwith a “calculusratiocinator”in orderto mechanizelogical reasoning.
Headvocatedusingthepurelyrationalandincorruptiblemechanizedreasonersin orderto decide
whetheragivenlogical consequenceholdsor not. While this vision hasspurreda lot of research
devotedto proving true conjectures,disproving falseconjecturesthat occurfrequentlyin proof
assistants,inductive theoremprovers, and logical programmingsystemshasattractedfar less
interest.

In fact,in mosttheoremproving systems,thedefaultmodeof operationis failure:conjectures
areoften enteredin the hopethat they arecorrect,the proof by casesis typically triggeredby
failureto proveagivensubgoal,andevenin logic programming,backtrackingis alwayspreceded
by failureto constructaproof of a subgoalbeit in Horn logic or hereditaryHarroplogic [8].

In practice,the developmentof conjecturesis an evolutionaryprocessand typically a true
conjectureis the result of a sequenceof falseconjecturesand their disproofs. Thus, research
on automaticdisproving of falseconjecturesis equally importantasautomaticproving of true
conjectures.Automaticdisproving is of increasingrelevancein the context of formal software
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development[2, 3], whereearlydetectionof flaws in programsreducestheoverall development
cost.

The key ideaunderlyingour techniquepresentedin this paperconsistsof the definition of
a representationalabstractionfunctionof first-orderlogic formulasinto a decidablefragmentof
second-orderlogic, namelysecond-ordermonadiclogic without successorfunctions,S0S[9].
Theabstractionfunctionis effectively polynomial-timecomputable,preservesthestructuralform
of theoriginal formula,andmostimportantlypreservesnon-provability. Second-ordermonadic
logic is decidable,and thereforedisproving a conjecturein S0Simplies contrapositively that
the original conjecturecould not have beenprovableeither. The decisionprocedureof S0Sis
PSPACE-complete[13], but will alwaysreporttrueor false.Only if no proof in S0Sexists,we
canbesurethat theconjectureis indeedfalse. If a proof exists, in termsof provability, nothing
can be learnedfrom it. However, the proof may containvital information that can assistthe
theoremprover to try to provetheconjecture,aquestionwhichwewill considerin futurework.

In preliminarystudies[10], wehavedevelopedasimilarcriterionfor thefirst-ordermeta-logic��� for the logical framework LF [5], althoughwithout negation,disjunction,or implication.
Besidestruth andfalsehoodwe did not considerany otherlogical constantsor predicates.The
abstractionmechanismpresentedin this paper, on theotherhand,scalesto first-orderlogic with
equationaltheories(e.g.PeanoArithmetic)andis basedonLeibnizequalitywhich is prevalentin
many higher-ordertheoremproving systems[1, 12].

The paperis organizedasfollows: In Sec.1 we definesyntaxandsequentcalculi of first-
orderandsecond-ordermonadiclogics. Theabstractionof first-orderlogic formulasto second-
order logic formulasandthe relevant metatheory is presentedin Sec.2. In Sec.3 we extend
our techniquesto first-orderlogic with equalityandshow in Sec.4 that theclassof disprovable
formulasincludesformulaswith infinite counter-models.In Sec.5 we presentdetailsaboutthe
implementationof thetechniquebeforeconcludingandassessingresultsin Sec.6.

1 First-Order Logic and Second-OrderMonadic Logic

We recapitulatethe definitionsof first-orderandsecond-ordermonadiclogic with 0 successors
(S0S)aswell asthe decidability resultof second-ordermodal logic [9] that is relevant for the
techniquepresentedin this paper.

1.1 First-Order Logic

Definition 1.1(First-Order Logic Formulas) Let !#"%$'&)(+* bea termalgebrafreely generated
from a setof constantsymbols$ anda list of pairwisedifferentvariablesymbols( . Let , bea
setof predicates.Thenfirst-orderlogic formulasaredefinedby

First-orderLogic Formulas: - ./.10 23"547698:8:8;4=<>*@?BAC?BDE?F-G6IHJ-LKM?F-G6ONP-LKM?BQ'-?SR9TU8V-C?BWXTU8V-
where 476Y&:8:8:8Z&)4=<\[]!^"%$'&)(+* and 2_[`, . In first-orderlogic, we write TU&)ab&Vc for variables.For
formulas - andterms 4 we write dfeg"h-i* and dfeg"54j* to refer to the list1 of free variablesand

1We define kmlonqpsr asa list of variablesandconstantsastheorderof thesymbolssimplifiestheproofs.However,
thereadermaythink of kmlontpsr asaset.
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Terms: dfeg"%Tb*I.u0wv Tmxydfez"s{S*'0wv|{Vxydfeg"~}�"5476Y&:8:8S8Z&)4=<�*)*I.10�� <�t� 6 dfeg"%4 � *
Formulas: dfeg"s2�"%476�&:8:8S8S&)4=<�*)*�.10�� <�t� 6 dfez"54 � *]dfeg"~A�*G0�dfeg"hDi*I.10wv�xdfeg"s-G6�HJ-LKY*G0�dfe�"h-G6ON�-�KY*I.u0_dfeg"h-'6)*O��dfeg"h-�K�*dfeg"hQ'-�*I.10�dfeg"s-�*]dfeg"�R9TU8V-i*o0�dfeg"~WXTU8V-i*I.u0_dfeg"h-i*O����TO�

Figure1: List of constantsandfreevariablesin formulasandterms,where v Tmx denotesthesingle-
ton list with thevariableT , v�{Vx thesingletonlist with theconstant{ , � denotestheconcatenation
of lists,and ������TO� denotesthelist obtainedfrom � by removing any occurrenceof thevariableT .

constantsin - and 4 (cf. Fig. 1).

Substitutionsarecaptureavoiding andplay an importantrole in this paper, especiallyin the
proof of thesoundnessTheorem2.7. We do not distinguishbetweensubstitutionsfor first-order
or second-ordermonadiclogic.

Definition 1.2(Substitutions) A substitution� is asyntacticallydefinedobject �y./.10���?�� &j4j¡FTU8
As usual,we write �G"%Tb* to apply � to thevariableT andthedomainof asubstitutionis thesetof
variablesfor which �G"%Tb* is defined.Thedomainof a substitutionis alwaysfinite.

Definition 1.3(First-Order Substitution Application) We denoteby v�� xq4 and v�� x�- the stan-
dardapplicationof � to first-ordertermsandformulas.

A sequentcalculusfor classicalfirst-orderlogic is given in Fig. 2. All rulesarestandard.The
subscript6 in the rule namesidentifiesthequantifierrulesasfirst-order. Thesuperscript¢ indi-
catesthat £ is freshin ¤¥0�¦§R9TU8V- for RU6 I ¢ andin ¤¥0�¦ ¨ for W96 E ¢ . First-orderlogic provides
a foundationof several theoremproving systems,Spass,INKA, andothers,andwe illustrateits
usewith our runningexampleaboutbinarytrees.

Example1.4(Binary tr ees) In first-orderlogic, propertiesof treesandpathscanbeexpressed
asformulasrangingovertermsgeneratedby atermalgebrathatconsistsof two constantsymbols
here (for theemptypath)andleaf (for leavesin atree),two unaryfunctionsymbolsleft andright
(for pathsdenotingrespectively left andright subtrees),andonebinaryfunctionsymbolnode (for
non-leafnodesof trees).Weusethevalidtree andvalidpath asunarypredicatesthatdescribethe
well-formednessof treesandpaths,respectively, mirror andreflect asbinarypredicates,where
mirror "%4�&)4=©t* standsfor 4=© is a treethat is derivedfrom 4 by subtreewiseexchangingleft andright
subtrees,andreflect "tª�&~ª«©u* for ª«© is a paththat is derivedfrom ª by exchangingconstantleft by
right andviceversa.A setof axiomsthatrelatetermsis givenin Fig. 3.

A propertyaboutbinarytreesthatonemaybeinterestedin is to show thatmirroredsubtrees
arepreservedunderreflectingpathswhichcanbeformally expressedasR94�8;R�¬�8;R­ªO8�" validtree "%4j*ON validtree "~¬�*ON validpath "®ª9*ON subtree "54�&~ª�&�¬�*)*H¯WX4=©°8�Wm¬S©°8�WBª«©°8�" validtree "54=©q*ON validtree "~¬S©q*ON validpath "®ª«©q*ON subtree "%4=©%&~ª«©�&�¬S©t*N mirror "54�&)4 © *ON reflect "tªO&~ª © *ON mirror "h¬>&V¬ © *
Without inductionprinciples,this theoremis notprovablein first-orderlogic. ±
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¤'&V-�0�¦ ²³&V- ax ¤´0 ¦ ²³&�A A R ¤G&VD�0�¦ ² D L¤´0�¦ ²¤'&V-�0�¦ ² weak L ¤\0 ¦ ²¤\0 ¦ -µ&V² weak R¤´0�¦ ²³&V- ¤\0�¦ ²³&V¶¤´0�¦ ²³&V-·NP¶ N R
¤'&V-µ&V¶¸&V0�¦§²¤'&V-]N¹¶º0�¦ ² N L¤\0�¦ ²³&V-µ&V¶¤´0�¦ ²³&V-`»P¶ » R

¤'&V-¼0�¦ ² ¤G&7¶º0�¦ ²¤'&V-]»P¶�0�¦ ² » L¤'&V-¼0�¦ ²³&V¶¤´0�¦ ²³&V-½HJ¶ H R
¤'&�0�¦ ²³&V- ¤G&7¶¼0�¦ ²¤'&V-½H¯¶¼0�¦ ² H L¤'&V-�0�¦ ²¤\0�¦ ²³&�Q'- Q R

¤´0 ¦ ²³&V-¤'&�Q'-º0�¦ ² Q L¤P0�¦ ²³&�v|£­¡FTmx�-¤\0�¦ ²³&;R9TU8V- RU6 R ¢ ¤G&¾R9TU8V-µ&�v�4j¡�Tmx°-º0�¦ ²¤'&;R9TU8V-�0�¦ ² RU6 L¤P0�¦ ²³&�WXTU87-+&�v�4j¡FTmx�-¤\0 ¦ ²³&�WXTU8V- W96 R ¤'&�v|£­¡FTmx°-�0�¦ ²¤'&�WXTU8V-º0�¦ ² W96 L ¢¤G&7-¼0�¦ ² ¤P0�¦ -µ&V²¤\0�¦ ² Cut "h-i*
Figure2: SequentCalculusfor ClassicalFirst-OrderLogic

1.2 Second-OrderMonadic Logic without SuccessorFunctions

Second-ordermonadiclogic without successorfunctions(S0S)restrictsatomicformulasto the
form 23"5Tb* or ¿À"5Tb* whereT´[´(³Á�$ is eitheravariableor aconstant,2 is aunarypredicate,and¿ is aunaryvariablethatrangesoverunarypredicates.

Definition 1.5(Second-OrderLogic Formulas S0S) Let !³"%$f&7(+* bea termalgebrawith con-
stantsandvariablesonly, and , bedefinedasabove in Definition 1.1 and Â a list of pairwise
distinctsecond-ordervariablenames.Second-ordermonadiclogic formulasaredefinedby

S0Sformulas: ¶ .q.u0 23"5Tb*�?B23"h{Z*�?�¿À"5Tb*@?�¿À"s{S*�?ÃAE?BDE?B¶�6IHJ¶MK�?F¶�6ON�¶MK?BQ'¶C?:R9TU8V¶C?BWXTU8V¶C?:R9¿P8V¶C?BWX¿´8V¶
where T`[Ä( , {�[Å$ , ¿ [`Â and 2_[À, . In second-ordermonadiclogic, we write TU&7a9&Vc for
variables,and ¿P&VÆo&VÇ for variablesthatrangeoverpredicates.

Thesequentcalculusfor classicalS0Sis obtainedby addingfour left andright rulesfor the
second-orderquantifiersto therespectivefirst-ordernaturaldeductioncalculiasdepictedin Fig.4
where 2 is any predicatefrom , and ª is new with respectto the sequent.Sincewe consider
second-ordermonadiclogic withoutsuccessors,4I[P(\Á¸$ in rules W96 I and RU6 E, respectively. For
thepurposeof our paperthemainresultaboutsecond-ordermonadiclogic is thatit is decidable,
whichhasbeenprovedby Rabin[9].

Theorem 1.6(Rabin, 1969) Second-order monadiclogic with È successorfunctionsis decid-
able. ÉÊ
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validtree " leaf *R9476Y8;R94¾K�8 validtree "%476j*ON validtree "%4¾K�*IH validtree " node "5476�&j4¾KY*)*
validpath " here *R­ªO8 validpath "tª9*IH validpath " left "tª9*j*R­ªO8 validpath "tª9*IH validpath " right "®ª9*)*
mirror " leaf & leaf *R9476Y8;R94 © 6 8;R94¾K�8;R94 ©K 8 mirror "5476Y&)4 © 6 *ON mirror "54¾K:&)4 ©K *�H mirror " node "%476Y&)4¾K�*�& node "54 © K &)4 © 6 *j*
reflect " here & here *R­ªO8;R­ª © 8 reflect "®ªO&~ª © *�H reflect " left "®ª9*Y& right "tª © *j*R­ªO8;R­ª © 8 reflect "®ªO&~ª © *�H reflect " right "tª9*�& left "tª © *j*R94�8 subtree "%4�& here &)4j*R9476Y8;R94¾K�8;R­ªO8;R94 © 8 subtree "5476Y&~ªO&j4 © *IH subtree " node "5476Y&)4¾K�*�& left "®ª9*Y&j4 © *R9476Y8;R94¾K�8;R­ªO8;R94 © 8 subtree "54¾K�&~ªO&j4 © *IH subtree " node "5476Y&)4¾K�*�& right "tªË*Y&)4 © *

Figure3: Samplesetof axiomsdefiningpropertiesof trees¤´0 ¦ v ª9¡F¿´x/Ì�&V²¤\0 ¦ÍR9¿P87Ì�&V² R RÎ ¤'&;R9¿´8)Ì�&�v|2Ï¡F¿´x/Ì�0 ¦ ²¤'&;R9¿´8)Ì�0 ¦ ² R L¤\0�¦ v�2Ï¡F¿´x/Ì�&VWX¿´87Ìi&V²¤\0�¦ WX¿´87Ìi&V² W R ¤'&�v ª9¡FTmx/Ì¯0�¦ ²¤'&�WXTU87ÌÐ0�¦ ² W LÎ
Figure4: Additional Rulesfor second-orderlogic

2 Abstraction

It is well-known that brute force searchfor proofs of conjecturesmay easily exhaustsystem
resourcesregardingspaceandtime. If aconjectureis true,thetraversalof thesearchspacein one
way or anotheris necessaryto find thederivationthatis known to exist. Often,however, interim
conjecturesarenotnecessarilyknownto bederivable.Thesesituationsarisefrequentlyin systems
whereinductionprinciplesarenotaxiomatizedbut encodedviaspecialeliminationrules.In many
inductive theoremprovers, therefore,failure to find a derivation in the non-inductive fragment
indicatesthat subsequentcaseanalysesare necessaryand failure is thereforethe predominant
wayof operation.

Of course,beforea theoremprover canmeaningfullyfail, it musthave visitedevery nodein
thesearchspacethatis potentiallyinfinite. Alternatively, following thealgorithmoutlinedin this
paper, it is often possibleto disprove formally a conjecture.Our proposedtechniquerelieson
anabstractioninto second-ordermonadiclogic without successorfunctionsthat is known to be
decidable.If theabstractedformula is false,by thesoundnessof abstraction(Theorem2.7), the
original formulais falseaswell. Therefore,following theproposedclassificationsof abstractions
by GiunchigliaandWalsh[4]2, ournotionof abstractionsatisfiesthepropertiesof aTI abstraction
with a consistentabstractspace.For the domainof first-orderlogic, first-ordermonadiclogic

2Thispaperalsoprovidesanoverview of differentabstractionmechanisms.
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wouldsufficeasabstractspace,but equality(seeSec.3) requirestheuseof second-ordermonadic
logic.

Theabstractioncanbeintuitivelyexplainedasfollows. A derivation �­0 ¦ 23"5476�&:8S8:8S&)4=<�* must
containinformationaboutthe individual 4 � ’s in oneform or another. Without axiomatizingthis
relation,we insteadproposeto approximateit, andwe rewrite 23"5476�&S8:8:8S&j4=<>* to a conjunctionof
unaryatomicformulas 2�"%Tb* and 23"h{Z* for any variable T andany constant{ that occursin the
terms.Theabstractionpreservesthestructureof a formula,andis definedasfollows.

Definition 2.1(Abstraction)Ñ "hAi*§.u0 A (1)Ñ "hDi*§.u0 D (2)Ñ "h-'6O»�-LKY*Ò.u0 Ñ "h-'6j*O» Ñ "h-�KY* (3)Ñ "h-'6ON�-LKY*Ò.u0 Ñ "h-'6j*ON Ñ "h-�KY* (4)

Ñ "h-'6IHJ-�K�*Ò.u0 Ñ "h-'6)*�H Ñ "s-LKY* (5)Ñ "~Q'-i*Í.u0 QÏ" Ñ "s-�*j* (6)Ñ "°R9TU8V-i*Í.u0 R9TU8 Ñ "s-�* (7)Ñ "~WXTU8V-i*Í.u0 WXTU8 Ñ "s-�* (8)Ñ "h23"5476�&:8S8:8Z&j4=<>*j*§.10 ÓÔ:Õ«ÖÃ×9Ø1Ù ØÛÚ°Ü=Ý�Þ�Þ�Þ Ý ÚtßSàqà 23"5Tb* (9)

Thecases(1)–(8)arestraightforward,which leaves(9) to beexplained.In case(9) theexpre-
sion á Ô:ÕmÖÃ×mØ1Ù Ø1Ú°Ü¾Ý�Þ�Þ�Þ Ý ÚtßSà/à 2�"%Tb* is theconjunctionof formulasdefinedby

ÓÔ:ÕBâ ã 2�"%Tb*�.u0�Ag& ÓÔ:ÕBâ ÔVä|ã 23"5Tb*I.10Ð23"5T © *�& and ÓÔ:ÕBâ ÔVä�ãÛå«æ 23"5Tb*�.10�23"5T © *ON ç ÓÔ:ÕSæ 2�"%Tb*;è
Example2.2 Weillustratethetechniqueby abstractingtheaxiomsdepictedin Fig.3. Theresult
is shown in Fig. 5.

Thefollowing lemmaensuresthattheabstractionof any first-orderlogic formulais alwaysa
second-ordermonadicformulawith respectto S0S.

Lemma 2.3 For anyfirst-order logic formula - , Ñ "h-i* is a second-ordermonadicformulawith-
out successorfunctions,andit holds dfe�"h-i*'0�dfeg" Ñ "h-i*)* .
Proof. Theproof is by inductionover thestructureof theformula - :

BaseCase: If - is anatomicformula,then - is either A , or D , or of theform 23"5476V&:8:8:8Z&)4=<Ã* . If-é[À�BAz&�D�� , then Ñ "s-�*ê0ë- andthus Ñ "h-i* is a second-ordermonadiclogic formulaand
it holds dfe�"h-i*'0�dfeg" Ñ "h-i*)* .
Otherwise,if -½.u0Ð2�"%476�&:8:8:8Z&)4=<�* , then Ñ "s2�"%476V&:8:8S8S&)4=<�*)* isÓÔ:Õ«Ö�×mØ1Ù ØÛÚ°Ü;Ý�Þ�Þ�Þ Ý Útß:àqà 23"5Tb*Y8
By simple inductionover the lengthof dfe�"h23"5476�&:8S8:8S&)4=<Ã*j* it follows that this formula is
indeeda second-ordermonadiclogic formula without successorfunctions. Furthermoredfeg"h23"5476�&S8:8:8S&j4=<>*j*'0�dfeg"~á Ô:Õ�ì ßí1î Ü ÖÃ×9ØÛÚ í à 23"5Tb*)* followsdirectly from thedefinition.
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validtree " leaf *R9476Y8;R94¾K�8 validtree "%476)*ON validtree "%4¾K�*IH validtree "5476)*ON validtree "54¾KY*
validpath " here *R­ªO8 validpath "tª9*IH validpath "tªË*R­ªO8 validpath "tª9*IH validpath "tªË*
mirror " leaf *ON mirror " leaf *R9476Y8;R94 © 6 8;R94¾K:8;R94 ©K 8 mirror "5476j*UN mirror "%4 © 6 *ON mirror "%4¾KY*ON mirror "54 © K *H mirror "5476)*ON mirror "54¾K�*ON mirror "%4 © K *ON mirror "%4 © 6 *
reflect " here *ON reflect " here *R­ªO8;R­ª © 8 reflect "®ª9*ON reflect "®ª © *�H reflect "tª9*ON reflect "®ª © *R­ªO8;R­ª © 8 reflect "®ª9*ON reflect "®ª © *�H reflect "tª9*ON reflect "®ª © *R94�8 subtree "%4j*ON subtree " here *ON subtree "54j*R9476Y8;R94¾K�8;R­ªO8;R94 © 8 subtree "5476)*ON subtree "tª9*ON subtree "%4 © *IH

subtree "5476)*ON subtree "54¾K�*UN subtree "®ª9*ON subtree "54 © *R9476Y8;R94¾K�8;R­ªO8;R94 © 8 subtree "54¾KY*ON subtree "tª9*ON subtree "%4 © *IH
subtree "5476)*ON subtree "54¾K�*UN subtree "®ª9*ON subtree "54 © *

Figure5: Abstractionsof thesamplesetof axioms

Induction Step: Assumethattheabstractionsof -G6Y&V-�K aresecond-ordermonadiclogic formulas
and it holds dfeg"s- � *¥0 dfeg" Ñ "s- � *j* , ï´0 ð�&�ñ . Then for all òº[��BNI&�»I&:H�� obviouslyÑ "h-'6oò�-�K�*¹.10 Ñ "h-'6)*êò Ñ "s-LKY* is a second-ordermonadiclogic formula. The analogous
argumentappliesto Q'-G6 , R9TU8V-'6 , and WXTU8V-G6 .
For thesecondpartof thelemmait holdsfor -G6Oò+-LK :dfeg"h-'6Uò+-LK�*�0 dfe�"h-G6)*�� dfeg"h-�KY* I.H.0 Ñ "Ãdfe�"h-G6)*j*M� Ñ "Ãdfeg"s-LKY*j*0 Ñ "Ãdfeg"s-G6)*j*Oò Ñ "Ãdfe�"s-LKY*j*
andanalogouslyfor Q'-G6 . For Q [ó�SRL&�Wb� it holdsdfeg" Q TU8V-'6)*o0_dfeg"h-'6)*O�ô��TO� I.H.0 dfeg" Ñ "h-G6;*)*O����TO�M0�dfe�" Q TU8 Ñ "h-'6j*)* ÉÊ

We now addressthe questionof how substitutionsandabstractioninteract. Following Def-
inition 1.2 thestandarddefinitionof substitutionsmaycontainnon-monadicterms,which com-
plicatesthe interactionwith abstraction. Considerthe following example. Let 2�"h}f"5TU&)a«*j* be
a predicateand ��0öõ "5÷�&)øù*j¡FT a substitution. Applying � naively to the resultof abstraction23"5Tb*ON¹2�"5a«* wouldyield 23"5õ "5÷�&)øù*j*bN�2�"5a«* , which is notanS0SformulaanddiffersfromÑ "jv|� xú"h23"~}�"5TU&7aù*)*j*)*�0 Ñ "h23"~}�"5õ "s÷U&7øX*Y&)a«*j*)*U0Ð23"s÷b*�NP23"søX*�N�2�"5a«*�8
Thus,substitutionapplicationof � to 4 differs from thestandardform of application,sinceit is
requiredto flattenthestructureof atomicformulas,aswell. It is definedover thestructureof 4
and � , simultaneously.
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Definition 2.4(Flattening substitution application) We denoteby v v|�bx x="%4j* and v v|�bx x="s-�* theap-
plicationof thehomomorphicextensionof � to second-ordertermsandformulasdefinedby:

v v|�bx x="s2�"%Tb*)*§.u0 Óû�Õ«Ö�×mØ1ü�Ø1ÔYàqà 2�"5a«* (10)v v�� x x="hQ'-�* .u0 Q+"jv v|� x xú"h-i*)* (11)

for ò¸[ý�BNµ&V»µ&SH��Ðv v�� x xú"h-G6UòÏ-�KY*Ò.u0 v v�� x xú"h-'6)*Oòiv v�� x xú"h-LKZ* (12)

for Q [þ�SRL&�Wb�Ðv v�� x x=" Q TU8V-i*Ò.u0 Q TU8�v v�� &)Tb¡�Tbx xú"h-i* (13)

where "s�b&)Tb¡FTb* denotesthesubstitutionthatmapsT to T andotherwiseis identicalto � .

Substitutivity in first-order logic and S0Scommutewith abstraction,which is the crucial
propertyusedat severaloccasionsin theproof of thesoundnessTheorem2.7.

Lemma 2.5 Let - bea first-order logic formulaand � a first-ordersubstitution.Thenit holds:Ñ "jv|� x�-i*'0½v v�� x x=" Ñ "s-�*j*
Proof. by inductionon thestructureof - . We only show two representativecases.

Case: If - is anatomicformulaof theform 2�"%476�&:8:8:8Z&)4=<�* thenÑ "jv|� x�23"5476�&:8S8:8S&)4=<�*)*�0 Ñ "h23")v�� xq476�&:8:8:8Y&�v�� xq4=<>*j*0 ÓÔ:Õ:ì ßíÛî Ü ÖÃ×ËØ/â ü�ã|Ú í à 23"5Tb*
0 Óû�Õ:ì ßíÛî Ü ÖÃ×mØ1Ú í àIÿ� ÓÔ:Õ«ÖÃ×mØuü�ØÛû7àqà 2�"%Tb*���0 Óû�Õ:ì ßíÛî Ü ÖÃ×mØ1Ú í à v v�� x x�2�"5a«*
0 v v�� x x ÿ� ÓûYÕ:ì ßíÛî Ü ÖÃ×ËØÛÚ í à 23"saù*���0 v v�� x xú" Ñ "h23"5476�&:8S8:8S&)4=<�*)*j*

Case: -¼0 Q T´8Û-ô© Ñ ")v�� x=" Q TP81- © *j*ö0 Ñ " Q T´8�v�� &)Tb¡FTmxú"h- © *j*0 Q TP8 Ñ ")v�� &)Tb¡FTmxú"h- © *j*0 Q TP8°v v�� &)Tb¡�Tbx xú" Ñ "h- © *)*0 v v|� x xú" Q T´8�" Ñ "h- © *)*j*0 v v|� x xú" Ñ " Q T´8Û- © *)* ÉÊ
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Unfortunately, the proof theory of second-ordermonadiclogic is not definedin termsof
flatteningsubstitutionapplication,but rather in termsof the standardform of application,as
usedin the quantifierrulesin Fig. 2. However, thereis a direct relationshipbetweenflattening
substitutionapplicationandrenamingsubstitutions�� .q.u0 ��?��m&)a«¡FTy?��m&V{Z¡FTU8
A renaming� canonly substitutevariablesor constantsfor variablesbecauseno successorfunc-
tionsareavailable.

Thisrelationshipis capturedby extendingthenotionof abstractionÑ thatcurrentlymapsonly
atomicformulasinto conjunctionsof monadicS0Spredicates,to mapsubstitutions� into renam-
ing substitutions� . Intuitively, Ñ "s�O* computesthe witnesssubstitutionfor the S0Squantifier
rules. Ñ ";�u* 0 �Ñ "s�b&)4j¡FTb*�0 Ñ "5�U*Y&)a«¡FT for somea^[ºdfeg"5�G"5Tb*j*
If � maps T to 4 , the corresponding� maps T to somevariableor constantthat occursin 4 .
Substitutionabstractionis hencea necessarystepto embedsubstitutionsthatarisein first-order
logic derivationsin S0S,but is it theright choice?Doesit preserve thederivability of abstracted
sequents?

Theanswerto thisquestionis contingentonasuitablechoiceof abstractionto first-orderlogic
derivationsthatwedescribeinductively. Abstractingaderivationtreeproceedsby replacingeach
formula in thetreeby its abstraction.Axioms ¤'&V23"5476�&:8S8:8Z&j4=<>*��Å2�"%476�&:8:8:8Y&)4=<�*Y&V² , for example,
aremappedinto Ñ "h¤�*Y& Ñ "h23"54767&:8:8:8Z&)4=<Ã*)*	� Ñ "h23"5476V&S8:8:8S&j4=<>*j*Y& Ñ "h²¸* . It remainsto show that the
abstractedderivationis reallyanS0Sderivationwhichwedo in two steps.

First, we show that the choiceof renamingsubstitutionis well chosenandcompatiblewith
the previous notion of flatteningsubstitutionapplication(seeDefinition 2.4). In the interestof
brevity, we write v v�¤�x x for a context thatconsistsof v v|� 6;x x�-G6 8:8:8:v v|�«<Bx x°-U< , and v�¤�x for a context of the
form v Ñ "s� 6)*¾x�-G6b8:8S8�v Ñ "s�«<�*¾x�-�< . Second,weprovesoundnessof ourabstraction.

Lemma 2.6(Compatibility) If v v|¤Ox xý0 ¦ v v|²�x x is the result of abstracting a derivation thenv|¤�x90�¦ v|²�x .
Proof. By inductionon thederivationof ¤Å0�¦ ² . Theproof is quitestraightforward. We only
show threerepresentativecases.

Case: v v|¤Ox xh&�v v�� x x�2�0 ¦ v v�� x x°2µ&�v v|²�x x ax

Similarly, weobtain v�¤�xh&�v|�bx°2¼0 ¦ v�� x°2µ&�v|²�x by theax rule.

Case:
v v|¤Ox xh&;R9TU8�v v�� &jTb¡FT x x�-µ&�v�4j¡�Tmx=v v�� &)Tb¡�T x x�-¼0�¦ v v|²�x xv v|¤�x x~&¾R9TU8�v v|�b&)Tb¡FTbx x°-º0�¦ v v|²gx x R L.

Sincewe areconsideringsubstitutionsin S0S,the term 4 mustalwaysbe a variableor a
constant.By renamingweobtainthat v 4j¡FTmx=v v�� &jTb¡FTbx x�-º0wv v�� &)4j¡�T9x x�- , onwhichwecanapply
theinductionhypothesis. v|¤Oxh&;R9TU8�v�� &jTb¡FTËx°-µ&�v�� &)4j¡�T9x�-¼0�¦ v�²�x
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Wecanalwaysrewrite theformula v|�b&)4j¡FTËx°- as v�4j¡FTmxúv�� &)Tb¡FT9x�- by factoringout therenam-
ing substitutionanda renewedapplicationof R L yieldsthedesiredv|¤Oxh&;R9TU8�v�� &jTb¡FTËx°-¼0 ¦ v|²gx

Case:
v v|¤Ox xb0 ¦ v|£X¡�Tmx=v v�� &)Tb¡�Tbx x�-�v v|²�x xv v|¤�x x�0 ¦�&;R9TU8�v v�� &)Tb¡FT9x x�-�v v|²�x x R R ¢ .

As above,by renamingweobtainthat v�£­¡FTmxúv v|�b&)Tb¡FT9x x°-º0½v v|�b&V£­¡FTËx x°- , onwhichwecanapply
theinductionhypothesis. v|¤�xb0�¦ v�� &V£­¡FTËx�-µ&�v�²�x
We canalwaysrewrite theterm v|�b&V£­¡FTËx°- as v|£X¡�Tmx=v�� &)Tb¡�T9x�- by factoringout therenaming
substitution. After discharging the parameter£ , a renewed applicationof R L ¢ yields the
desired v|¤Oxb0 ¦ÍR9TU8�v�� &jTb¡FTbx�-µ&�v|²gx ÉÊ

Thetranslationinto monadicsecond-orderlogic reducesanintrinsicallyundecidableproblem
to adecidableoneandallowsusto concludefrom thedisproofof anabstractedconjecturethatthe
original conjecturecouldnot havebeentrue.Thefollowing theoremestablishesthatrelationship
with the benefitthat it definesimplicitly a procedureto disprove falseconjectures:Using the
abstraction,convertaconjecturefrom first-orderlogic into second-ordermonadiclogic, andthen
run an implementationof a decisionprocedurefor S0S.This insight canbe seenasthe central
contributionof this work.

Theorem 2.7(Soundness) Theabstraction Ñ of derivationsin first-order logic into derivations
of first-order monadiclogic withoutsuccessorfunctionspreservesthenon-provability of formu-
las: If ¤\0 ¦ ² then Ñ "h¤�*'0�¦ Ñ "s²3* .
Proof. By inductionon thederivationof ¤ó0�¦ ² . We only show thetwo challengingcasesfor
theuniversalquantifier. All othersareanalogous.

Case:
¤´0 ¦ ²³&;R9TU8V-µ&�v|£­¡FTmx°-¤\0 ¦ ²³&;R9TU8V- R I ¢ :Ñ "h¤�*'0�¦ Ñ "s²#&¾R9TU8V-µ&�v�£­¡FTmx�-i* by inductionhypothesisÑ "h¤�*'0�¦ Ñ "s²#&¾R9TU8V-�*�&�v v|£X¡�Tmx x Ñ "h-i* by Lemma2.5Ñ "h¤�*'0�¦ Ñ "s²#&¾R9TU8V-�*�&�v|£X¡�Tmx Ñ "h-i* by Lemma2.6Ñ "h¤�*'0�¦ Ñ "s²#&¾R9TU8V-�* by R R

Case:
¤'&;R9TU8V-µ&�v 4j¡FTmx�-¼0�¦ ²¤'&;R9TU8V-º0�¦ ² R E:Ñ "h¤'&;R9TU87-+&�v�4j¡FTmx�-i*'0�¦ Ñ "h²¸* by inductionhypothesisÑ "h¤'&;R9TU87-�*�&�v v�4j¡�Tmx x Ñ "h-i*'0�¦ Ñ "h²¸* by Lemma2.5Ñ "h¤'&;R9TU87-�*�&�v Ñ "54j¡FTb*=x Ñ "h-i*f0�¦ Ñ "h²¸* by Lemma2.6Ñ "h¤'&;R9TU87-�*'0�¦ Ñ "s²¸* by R LÉÊ
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Example2.8(Mirr ored subtrees) Let -�
 be the conjunctionof all axiomsfrom Fig. 3 andÑ "h-�
V* theconjunctionof all axiomsfrom Fig.5. Recalltheproblemfrom Example1.4of proving
thatareflectedpathª in amirroredtree 4=© leadsto thesamesubtreeasmirroringthesubtree¬ that
is foundat ª in theoriginal tree 4 .-�
ÏHÄR94�8;R�¬�8;R­ªO8�" validtree "54j*ON validtree "~¬�*ON validpath "®ª9*ON subtree "54�&~ªO&V¬F*j*H¯WX4=©°8�Wm¬S©°8�WBª«©°8�" validtree "54=©q*ON validtree "~¬S©q*ON validpath "®ª«©q*ON subtree "%4=©%&~ª«©�&�¬S©t*N mirror "54�&)4=©q*ON reflect "tªO&~ªù©t*ON mirror "h¬>&V¬:©®*)*
In second-ordermonadiclogic without successorsthe abstractedversionof this formula is not
provableeither.-�
�HÄR94�8¾R�¬>8¾R­ªO8�" validtree "%4j*ON validtree "h¬�*ON validpath "tª9*N subtree "54j*ON subtree "tªË*ON subtree "~¬�*)*H¯WX4 © 8�Wm¬ © 8VWBª © 8�" validtree "54 © *ON validtree "h¬ © *ON validpath "tª © *N subtree "54=©q*ON subtree "tªù©t*ON subtree "~¬S©t*N mirror "54j*ON mirror "54=©q*ON reflect "®ª9*ON reflect "tªù©t*UN mirror "h¬F*ON mirror "~¬S©t*j*
Consequently, thereis no needto invoke a first-ordertheoremprover, becauseby Theorem2.7
it is determinedto fail. On the otherhandwith induction,analyzingcasesover ª yields three
conjectureswhoseabstractionsare all provable in S0Sassuminga few necessarybut simple
lemmasaboutbinarytreesandtheir abstractions,which weomit from this presentation. ±
Theabstractionhasmany applications.For example,by trial anderror it canbehelpful to deter-
minewhichaxiomsareindispensablefor proofsearch.Wealsosuspectthattheproofderivations
of the abstractedformula containsmuch information that is useful to guide a theoremprover
duringtheproof searchprocess.

3 TreatingPrimiti veEquality

Thedecisionproceduredefinedin theprevioussectionsis restrictedto first-orderlogic without
primitiveequality. Thus,equalityis treatedlikeany otherbinarypredicateandanequation¬�0¯4
is abstractedto themonadicformula "~á Ô:ÕmÖÃ×ËØ�
 � Úqà 0½"5Tb*j* .

In orderto supportprimitiveequalityin anadequateway we extendtheabstractionfunction
to primitiveequalityandabstractequationstoÑ "~¬�0]4j*I.u0 R9¿P8��Fá Ô:ÕmÖÃ×mØ�
~à ¿À"5Tb*��ýH���á Ô:ÕmÖÃ×ËØ1Úqà ¿À"5Tb*��N�R9¿´8���á Ô:ÕmÖÃ×mØÛÚqà ¿À"5Tb*��yH��Fá Ô:ÕmÖÃ×mØ�
~à ¿ "5Tb*��
Differentlyto thefirst-ordercasewithoutequality, second-orderquantifiersarenecessaryto range
overpredicates,suchassubtree, mirror, or reflect.

Remark 3.1 Thismappingis inspiredby theLeibniz’ definitionof equalityin higher-orderlogic,
which is ¬y0������������ �^4#.u0 R 2µ8V23"~¬�*³H�23"54j* with the only differencethat besidesthe covariant

it also involves the contravariant direction of implication. Without R9¿P8��Fá Ô:ÕmÖÃ×mØÛÚqà ¿À"%Tb*�� H
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� á Ô:Õ«Ö�×ËØ�
~à ¿À"5Tb* � , for example,primitive equalitywould not beadequatelycapturedin S0S.In

higher-orderlogic 2 maybeinstantiatedwith any predicateª! #"%$ aswell aswith &mTU8�Q ª�"%Tb* , while
in S0Sthelatteris not possible.However, thelatteris necessaryin orderto obtainfor eachª not
only ª�"h¬F*�HÅª�"%4j* , but alsotheconverseª�"%4j*IHóª�"~¬�* , asusedin thebasecaseof Lemma3.2.

It can be easily seenthat the abstractionof a first-orderequationis a second-ordermonadic
formuladueto thequantifierover ¿ .

In the presenceof primitive equality, we add the following rules to completethe sequent
calculusfor first-order logic with primitive equality. For thoserules we denoteby ')( *,+.- the
replacementof exactlyoneoccurrenceof ÷ with ø in ' .

¤´0�¦§4G0]4�&V² refl
¤'&�¬�0]4G0�¦ -/( Ú + 
 &V²¤'&�¬�0]4G0�¦ -+&7² Sub 0 1 ¤G&V¬@0¯4'0�¦ -2( 
 + Ú &V²¤G&V¬@0¯4'0�¦ -µ&V² Sub 00¤'&V- ( Ú + 
 &�¬@0¯4'0�¦ ²¤'&V-µ&�¬@0¯4'0�¦ ² Sub

11 ¤'&V- ( 
 + Ú &�¬�0]4G0�¦ ²¤'&V-µ&�¬@0]4G0�¦ ² Sub
10

wherefor Sub-rulesnoneof thevariablesin ¬ and 4 areboundin - .

Lemma 3.2 Any S0Ssequentof the form ¤'& Ñ "h¬�0 4j*�& Ñ "s-/( 
 + Ú *Å0�¦ Ñ "h-i*Y&V² or ¤'& Ñ "~¬¯04j*�& Ñ "s-�*'0 ¦ Ñ "h- ( 
 + Ú *Y&V² is provable.

Proof. Theproof is by inductionover thestructureof - .

BaseCase: -¼0Ð2�"%476�&:8:8:8Z&)4=<Ã* : In thatcaseit holdsÑ "h-2( 
 + Ú *'0 Ñ "h23"5476�&S8:8:8Y&)4=<>*3( 
 + Ú *'0 ÓÔ:Õ«ÖÃ×mØuÙ ØÛÚ°Ü¾Ý�Þ�Þ�Þ Ý ÚtßSà54 687:9�à 23"5Tb*
and Ñ "s-�*¸0 Ñ "s2�"%476�&:8:8S8S&)4=<�*)*¸0�á Ô:Õ«Ö�×mØ1Ù ØÛÚ°Ü;Ý�Þ�Þ�Þ Ý Útß:àqà 23"5Tb* . Note that by definition of dfe
thereexist lists �µ&V�f© suchthat dfeg"s2�"%476�&:8:8S8S&)4=<Ã*;( 
 + Ú *'0��o�ýdfez"%4j*)�M�f© and dfe�"h23"5476�&:8S8:8S&)4=<�*)*'0�´��dfeg"h¬F*O�·�f© . Furthermore,Ñ "~¬�0¯4j*G0 R9¿´8<��á Ô:Õ«ÖÃ×ËØ1Úqà ¿ "5Tb*��¥H��Fá Ô:Õ«ÖÃ×mØ�
hà ¿À"%Tb*��NLR9¿P8 � á Ô:Õ«Ö�×mØ�
~à ¿À"5Tb* � H � á Ô:ÕmÖÃ×ËØÛÚqà ¿À"5Tb* �
By instantiatingthefirst ¿ with 2 andtheobservationthat dfez"~¬�* is asublistof dfeg"s2�"%476�&:8:8:8Z&)4=<�*)*
and dfeg"54j* is asublistof dfeg"s2�"%476�&:8:8S8S&)4=<�* ( 
 + Ú * , it is trivial to seethatthereis aproof for¤'&;R9¿P8 ��á Ô:Õ«ÖÃ×9ØÛÚqà ¿À"%Tb* � H �Fá Ô:Õ«ÖÃ×mØ�
hà ¿À"%Tb* �N�R9¿P8��Fá Ô:ÕmÖÃ×mØ�
~à ¿ "5Tb*��¥H��Fá Ô:Õ«ÖÃ×mØ1Úqà ¿À"5Tb*��z&Vá Ô:Õ«Ö�×mØ1Ù ØÛÚ°Ü;Ý�Þ�Þ�Þ Ý Útß:à=4 6=7>9°à 2�"%Tb*0�¦ á Ô:ÕmÖÃ×mØ1Ù Ø1Ú°Ü¾Ý�Þ�Þ�Þ Ý Ú ß àqà 2�"%Tb*Y&V²
The casefor ¤'& Ñ "h¬ý0 4j*Y& Ñ "h-i*^0�¦ Ñ "s- ( 
 + Ú *Y&V² is analogous,except that we must in-
stantiatethesecond¿ . This is weretheadequacy of theabstractionof anequationto bothR9¿´8 ��á Ô:Õ«ÖÃ×ËØ�
hà ¿À"%Tb* � H �Fá Ô:Õ«Ö�×mØÛÚqà ¿À"%Tb* � andR9¿´8 ��á Ô:ÕmÖÃ×ËØ1Úqà ¿À"5Tb* � H �Fá Ô:ÕmÖÃ×mØ�
~à ¿À"%Tb* �
is formally visible.
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Induction Step: Weproceedby caseanalysisover thestructureof - :

1. -º0�Q'-M© : It is obviousto seethat Ñ "hQ+"h-ô©t* ( 
 + Ú *G0�Q+" Ñ "h-ô©( 
 + Ús*)* . Then

? ©8@�A�B=C%DFEHG�@�A�B8I+©#G�DKJ�ALB8Iµ©( 
 + Ú G�@�M I.H.? © @�NOB=A�B8I ©( 
 + Ú GPG�@�A�B=C<DFEHG�@�ALB8I © G>DKJ�M N L? © @�NOB=A�B8I ©( 
 + Ú GPG�@�A�B=C<DQEHG:DKJRN:A�B8I © G�@�M N R

2. - 0�-G6�N´-LK : Without lossof generalitywe assumethat ¬ occursin -G6 . Again, it is
obvious to seethat Ñ ")"h-'6fNý-LKV* ( 
 + Ú *�0 Ñ "h- 6�( 
 + Ú *fN Ñ "h-�KY* . Thenwe have to prove¤O©�& Ñ "s-G6�( 
 + Ú *ON Ñ "s-LK�*�& Ñ "h¬@0¯4j*G0�¦ Ñ "s-G6j*UN Ñ "h-�K�*Y&7² .

? © @�ALB8IU6�( 
 + Ú G�@�ALB=C%DFEPGDKJ ALB8I 6 G�@�M I. H.

? © @�ALB8IU6�( 
 + Ú G�@�ALB8I K G�@�A�B=C<DSEPGDTJ ALB8I 6 G�@�M weak L

? ©U@�ALB8IU6�( 
 + Ú G!V	A�B8I K G�@�ALB=C.DSEPGDTJ ALB8I 6 G�@�M V L ? ©W@�A�B8I�6�( 
 + Ú G�@�A�B8I K G�@�ALB=C%DFEPGDKJ A�B8I K G�@�M ax

? ©W@�A�B8I 6�( 
 + Ú GKVXALB8I K G�@�ALB=C<DFEHG>DKJ�ALB8I 6 G!V	A�B8I K G�@�M V R

3. -º0·R9TU8V-ô© : Again,it trivially holdsthat Ñ "j"°R9TU8V-ô©t* ( 
 + Ú *G0]R9TU8 Ñ "h-ô©( 
 + Ú5* . Notethat T
doesneitheroccurin ¬ nor in 4 . Thenwehaveto prove ¤�©%&;R9TU8 Ñ "h-ô©( 
 + Ú *Y& Ñ "~¬�0J4j*G0�¦R9TU8 Ñ "s-M©®*Y&V² :
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? © @�A�BPY Z\[,]_^`I ©( 
 + Ú G�@�ALB=C<DFEPG>DTJ�A�BPY Z\[,]_^`I © G�@�M I.H.? © @;Y Y Za[,]b^ ^UALB8I ©( 
 + Ú G�@�ALB=C<DFEPG>DTJcY Y Za[,]b^ ^UALB8I © G�@�M Lemma 2.5 dfe? ©W@;YgALB8ZaGP[,]h^UA�B8Iµ©( 
 + Ú G�@�ALB=i<DFEPG>DTJcYgA�B8Z\GP[,]_^UALB8Iµ©WG�@�M Lemma 2.6 dfe?Kj @lkb]Tm�ALB8I j( 
 +.n G�@;YgALB8ZaGP[,]h^UA�B8I j( 
 +.n GoALB=i%DFEHG:DKJpYgALB8ZaGP[,]h^UA�B8I j G�@�M weak LqTjUr kbstm�u�v8w jx ylz n�{ r u�v=i<|Q} { |K~��gu�v8� {P� s_�UuLv8w j { r�� k Lq j r k�sTm�uLv8w jx ylz n { r uLv=i<|F} { |T~�kbsTm�uLv8w j { r�� k R

4. Theremainingcasesareanalogous. ��
Thesoundnesstheoremwith respectto first-orderlogic with primitiveequalityis then

Theorem 3.3 Theabstraction � of first-order logic formulaswith primitive equalityto second-
order monadiclogic formulaspreservesthenon-provability.

Proof. Againwehaveto provethatwheneverthereis aprooffor theoriginalformulain first-order
logic with primitiveequality, thensothereis for theabstractedformula. Theproof is essentially
thesameasbefore,exceptthatthereare5 additionalcasesto consider, oneasanadditionalbase
caseandfour additionalcasesin theinductionstep:

BaseCase: Assumethereis a derivation ���������3��� , thenwe have to prove that thereis a
derivation for �������X�����5�������;�������f� . Let ���5���������	 ¢¡¤£¦¥K§ n`¨ �©�5ªt� , then �.�5�X�����«����8¬T�®­��.�5���.¯°�.�=���±�>²«¬T�®­3���5���.¯°�.�=��� , andwemustfind aderivationin second-order
monadiclogic for �.�����³�µ´ �W¬T�®­3�.�=����¯��.�5�¶�±�µ²S�W¬T�®­3���5����¯��.�=���±�3���.����� .

u�v q { r�· v¹¸ {�º · v¹¸ { r uLv � { axuLv q { |K~ · v¹¸ {¼» · v¹¸ { r uLv � { » RuLv q { |T~�kb½fm · vW½ {³» · vW½ { r uLv � { k R¾ u�v q { r�· v¹¸ { |K~ · v¹¸ { r u�v � { axu�v q { |K~ · v¹¸ {¼» · v¹¸ { r u�v � { » RuLv q { |K~¿kb½�m · vW½ {O» · vW½ { r u�v � { k R¾u�v q { |K~cv`kb½�m · vW½ {2» · vW½ {P{TÀ v`kb½fm · vW½ {O» · vW½ {P{ r uLv � { À R

Induction Step:

1. Assumethereis aderivationfor �³�3ÁÂ�Ã�O�Ä´ Å x y�z n ��� andby inductionhypothesiswe
canassumethatthereis anS0Sderivation Æ for �.�����3���.��ÁÂ�Ã���O�µ´ �.��Å x ylz n=�;�������f� .
Then we have to prove that there is a second-ordermonadiclogic derivation for�.�����3���.��ÁÂ�Ç���2�Ä´ �.��ÅÈ�3���.���f� .
uLv q { r uLv=É<|F} { r u�v8w x ylz n {|T~�u�v8w { r u�v � { Lemma 3.2

uLv q { r uLv=É<|F} {|K~�uLv8w x y�z n { r uLv � { I.H.

uLv q { r uLv=É<|F} {|K~�uLv8w x y�z n { r uLv8w { r uLv � { weak R

uLv q { r uLv=É<|F} { |T~�u�v8w { r u�v � { Cut v=uLv8w x y�z n {P{
2. Theproofsfor theothercasesareanalogous. ��
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Example3.4 Let Å�Ê , and �.��Å�Ê3� asin Example2.8.A formulain first-orderlogic thatconcludes
thatany subtreein a tree � at pathË is uniqueis

Å�Ê�¯Ì¬hË>­�¬hË j ­�¬T�3­�¬µÁa­�¬µÁ j ­ subtree �5�3��Ë>�3Á��µ² subtree �5�3�lË j �3Á j �.¯°Á)��Á j ­
Its abstractionexpandstheequalitypredicateasdescribedabove.

Å�ÊÍ¯Î¬hË>­H¬hË j ­�¬T�3­�¬µÁa­�¬µÁ j ­ subtree �=���>² subtree ��ËT�>² subtree �lÁ��² subtree �5���>² subtree �#Ë j �>² subtree �lÁ j �¯Ï�8¬T�Ð­±�Ñ��ÁÒ��¯Ó�©�lÁ j ���>²S�8¬T�Ð­±�Ñ�lÁ j �%¯Ó�©�lÁ��±�t­
Theresultingformula is not provablein S0Sandcanthereforenot beprovedin first-orderlogic
with primitiveequalityby Theorem3.3.On theotherhandwith induction,if onewouldconsider
casesover Ë , abstractionyieldsthreecases,eachof which is provablein S0S. Ô
4 About the Subclassof UnprovableFormulas

The questionnow ariseswhich classof falseconjecturescanbe tackledby the presentedtech-
nique. Althoughwe have no formal characterizationfor thatclassof formulas,we know that it
includesfirst-orderlogic formulasthathaveonly infinite counter-models.To seethisconsiderthe
non-valid first-orderlogic formula in Fig. 6 andassumeÕ is a counter-modelthat falsifiesthat
formula.Then ÕÂ���¼�/�×Ö entailsthat(1) Õ validatestheleft-handsideof theimplicationand(2)
falsifiesØbª:­3Ù³Ú��5ªt� . From(1) it followsthattheinterpretationsof Ú , Û , and � mustbeinfinite. A
possibleinfinite interpretationfor Ú is Ü!ª:­�Ý . Theabstraction�.���¼� is alsoinvalid with respectto

FOL formula: �S��� �lØbª:­�Ú��5ªt�:²«¬Tª:­3Ø�Þt­ßÚ«�=ªt��¯���Þ�ÛÌª�²ÐÚ���Þ��±�t²¬Tª:�ßÞT��à�­��=ª®ÛÓÞ)²áÞ«ÛÇàa�%¯ÓªÐÛÇàÍ²�¬Tª:­±ª©â�Ãªt�%¯°Øbª:­�ÙOÚ��5ªt�
S0Sformula: �.�l�L����� �lØbª:­�Ú��5ªt�:²«¬Tª:­3Ø�Þt­ßÚ«�=ªt��¯���Ûã�5Þ¤��²ÑÛã�=ªt�>²ÐÚ«�5Þ¤���Ä²¬Tª:�ßÞT��à�­��HÛã�5ªt��²ÎÛã��Þ��±²©Û×��à\�±�.¯äÛã�5ªt��²ÌÛ×��àa��²¬Tª:­3Ù<�8¬T�Ð­±�Ñ�5ªt�%¯Ó�Ñ�=ªt��²«¬T�®­±�©�5ªt�.¯Ç�Ñ�5ªt���±��¯°Øbª:­3Ù³Ú��5ªt�

Figure6: Disprovenfirst-orderlogic formulawith infinite counter-model.

S0S,alsoby interpretingÚ as Ü¤ª:­�Ý . Thus,with our techniquewe candisprove first-orderlogic
formulasthathavenofinite counter-models.

5 Implementation

Theprocedurefor disproving falseconjectureshasbeenimplementedin theMAYA system[3].
MAYA is anin-the-largeverificationtool for structuredspecifications.It is basedonthenotionof
developmentgraphsandincorporatesanefficient managementof changeto preserve andadjust
proof informationwhenchangingthespecification.Eachnodeof thedevelopmentgraphcorre-
spondsto anaxiomaticallydefinedtheoryandtheprocedurepresentedin this papercanbeused
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to disprovefalseconjectureswith respectto sometheory. Theimplementationabstractsthefirst-
orderlogic subsetå of theaxiomsdefininga theoryto second-ordermonadiclogic. To disprove
a falseconjectureæ , thevalidity of theS0Sformula �.��åÃ¯Ãæ�� is checked.

In order to decidethe validity of an S0Sformula, ratherthan implementingour own S0S
decisionprocedure,wehave linkedMAYA with theMONA system[7]. AlthoughMONA imple-
mentsonly a decisionprocedurefor weaksecond-ordermonadiclogic, it is still usefulsinceit is
conservative over full second-ordermonadiclogic without successorfunctions.Counter-models
foundin MONA arealsocounter-modelsin themoregeneralsetting.To our knowledgethereis
noavailableimplementationof a full S0Sdecisionprocedure.

6 Conclusion

We have outlineda techniqueto disprove falseconjecturesin first-orderlogic with andwithout
equalityover a givenandfixed term algebra.The centralideais that of abstraction.Formulas
aretransformedinto second-ordermonadiclogic withoutsuccessorfunctions,which is known to
bedecidable.Wehaveshown thattheabstractionis sound,whichmeansit preservesprovability.
Thusthe absenceof a proof in second-ordermonadiclogic entailsthat the initial conjectureis
unprovable,aswell.

As relatedwork we considerthetableaumethod[11] aswell ascombinationsof modelgen-
erationwith automatedtheoremprovers,suchastheSCOTT system[6]. Thetableaumethodnot
only detectsunsatisfiabilityof the negatedconjecturebut alsogeneratesmodelsfor it. This is
similar to the useof modelgeneratingsystemsduring refutationproofs,asdonein the SCOTT

system.Thus,certainclassesof falseconjecturescanbedetectedby generatingcounter-models.
However, the relationshipbetweentheseclassesand the classcharacterizedby the procedure
presentedin this paperis unclearyetandis left for futurework.

Furtherfuture work is plannedin differentdirections: First, we plan to investigatehow to
obtainfrom a counter-examplefor a non-valid S0Sformula a counter-examplefor the original
first-order logic formula, which would be highly beneficialespeciallyin MAYA’s application
context which is formal softwaredevelopment. Also we assumeit to be helpful to develop a
characterizationfor the subclassof unprovable first-order logic formulas. Secondly, we plan
to experimentwith abstractionsthat preserve moreof the term structureswhenmappingfirst-
orderlogic formulasto second-ordermonadiclogic formulas.Therebywe would leave theS0S
fragmentandemploy larger fragmentsof second-ordermonadiclogic, e.g.SkS.Preservingthe
structureshouldresultin anincreasedefficiency for equationalfirst-orderlogic theories.A third
line of researchwill consistof usingsecond-orderlogic proofsasproof plansto guidetheactual
proof searchfor theinitial first-orderlogic formulas.

References

[1] P. B. Andrews,M. Bishop,andC. E. Brown. SystemDescription:TPS:A TheoremProving
Systemfor TypeTheory. In D. McAllester, editor, Proceedingsof CADE-17, LNCS 1831,
pages164–169.Springer, 2000.



17

[2] S. Autexier, D. Hutter, B. Langenstein,H. Mantel, G. Rock, A. Schairer, W. Stephan,
R.Vogt,andA. Wolpers.Vse:Formalmethodsmeetindustrialneeds.InternationalJournal
on Software Tools for Technology Transfer, Specialissueon MechanizedTheoremProving
for Technology, Springer, September1998.

[3] S. Autexier, D. Hutter, T. Mossakowski, andA. Schairer. The developmentgraphman-
agerMAYA. In H. Kirchner andC. Ringeissen,editors,Proceedings9th Int. Conference
on Algebraic Methodology AndSoftware Technology (AMAST’02), LNCS 2422.Springer,
September2002.

[4] F. GiunchigliaandT. Walsh. A theoryof abstraction.Artificial Intelligence, 57(2-3):323–
389,1992.

[5] R. Harper, F. Honsell, andG. Plotkin. A framework for defining logics. Journal of the
Associationfor ComputingMachinery, 40(1):143–184,January1993.

[6] K. Hodgsonand J. Slaney. Developmentof a semanticallyguidedtheoremprover. In
R. Goré,A. Leitsch,andT. Nipkow, editors,AutomatedReasoning, LNAI 2083,pages443–
447.Springer, June2001.

[7] N. Klarlund. Mona & fido: The logic-automatonconnectionin practice. In Computer
ScienceLogic, CSL’97, LNCS1414,1998.

[8] G. NadathurandD. Miller. An overview of Ü Prolog. In K. A. Bowen andR. A. Kowal-
ski, editors,Fifth InternationalLogic ProgrammingConference, pages810–827,Seattle,
Washington,August1988.MIT Press.

[9] M. O. Rabin. Decidabilityof second-ordertheoriesandautomataon infinite trees.Trans-
actionsof theAmericanMathematicalSociety, 141:1–35,1969.

[10] C. Schürmannand S. Autexier. Towardsproof planningfor ç�èé . Electronic Notesin
Theoretical ComputerScience, 70(2),2002.

[11] R. Smullyan.First-OrderLogic. Springer, 1968.

[12] J.Siekmannet.al. Proofdevelopmentwith ê MEGA. In A. Voronkov, editor, Proceedingsof
CADE-19, LNAI 2392,pages144–149,Copenhagen,Denmark,2002.Springer.

[13] M. Y. Vardi. Thecomplexity of relationalquerylanguages(extendedabstract).In Proceed-
ingsof the ë�ì n#í AnnualACM SymposiumonTheoryof Computing, pages137–146,1982.


