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Abstract

Sincemorethantwo decadesesearchn interactve theoremproving (ITP) hasattractedyrowing
interest. The primary applicationdomainsfor ITPs rangefrom hard—and software verification
tools to mathematicatutor systems. To supportcommunicatiorwith the userin an adequate
way thesesystemslependn calculithatallow for the constructiorof humanunderstandablend
readableproofs. However, mostcalculi thatareusedin currentITPsfall still shortof supporting
theuserin anoptimalway. Thereasons thatthey enforcethe userto constructproofsatalevel
thatis far moredetailedthanthe onethatcanbefoundin humanconstructegroofs.

Autexier [Aut03] hasrecentlyproposeda new theoremproving framework that allows to
modeldifferentlogics andcalculiin anuniformway. In CORE, a proof-stateis alwaysrepre-
sentedasasingleformulathatcanbe manipulatedy theapplicationof replacementulesthatare
generatedrom the logical context of the subformulaundertransformation.This approachalso
facilitatesproof constructiomat the assertioevel which is considerecasmorecloselymatching
the level at which humansconstructproofs (seefor instance[Hua94]). Togetherwith COREs
window inferencetechniquethis makesCORE a potentiallywell suitedbasisfor interactve the-
oremproving.

This thesistriesto excerptCORES potentialfor interactve theoremproving by mappingim-
portantconceptof theestablishegroof system2MEGA to CORE. A taskstructures developed
to presenthe context of a subformulain anintuitive way to the userandto assisthim in struc-
turing proofs. The developmentof a methodinterpretermakesit possibleto specify abstract
inferencestepsdeclaratvely andto encodeproof strategiesfor the usein CORE. The adapta-
tion of XMEGAs agent-baseduggestiormechanism2ANTS to CORE helpsthe userwith the
identificationof applicablemethodsandreplacementules.



Zusammenfassung

Interaktves Theorembweisenhat in den letzten zwei Jahrzehnterzunehmendan Bedeutung
gewonnen. Die Anwendungsbereicheon Systemermit denensich Beweiseinteraktv fihren
lasserreichenvon der Hard- und Software Verifikation bis zu mathematischemutor-Systemen.
Die genannterAnwendungsgebietmachenes erforderlichdasder Anwenderbei der Beweis-
fuhrungadequauntersitztwird. Um eineentsprechend&ommunikationmit demBenutzerzu
ermoglichenverwenderninteraktve BeweissysteméKalkule, in denenBeweisein einerfur den
BenutzemachwllziehbarenArt und Weise,gefiihrtwerdenkénnen. Trotzdemkannmannoch
nichtdavon sprechendassinteraktve BeweiserdenBenutzeroptimal unterstitzenDer Hauptr
gundhierfirist, dassdie eingesetzteialkule automatischdazufiihren,dassBeweiseauf einer
viel detaillierternEbenegefihrtwerdenmissenals mantypischerweisen einemmathematis-
chenBeweisfindenwiirde.

Autexier [Aut03] hatkurzlich eineneuelogischeUmgelungfiur die Beweissucheentwiclelt,
welcheesermoglichtverschiedeneogikenundKalkile einheitlichzumodellieren.in CORE ist
ein BeweiszustandnmeralseineeinzigeFormelreprasentiertwelchedurchdasAnwendervon
Ersetzungsmgeln,die ausdemKontext einerTeilformel abgeleitewverden transformiertwerden
kann.DieseHerangehensweisgleichtertesauch BeweiseaufdersogenannteAssertion-Ebene
(vgl. [Hua94]) zu fihren,welcheallgemeinals eine nattirlichereEbenefir die Beweisfihrung
angesehewird. Zusammemit der Window-InferenzTechnik,die von CORE unterstitztwird
stellt CORE ein Systemdar das potentiell als eine verbessertésrundlagefur die interaktive
Beweissucheangesehewerdenkann.

In dieserArbeit gehtesdarum,dasPotentialvon CORE im Hinblick auf die interaktive Be-
weiskonstruktionauszunutzen Diesesgeschiehtzum einendadurch,dassetablierteKonzepte
im Bereichdesinteraktven Beweisenswie sieauchim Beweis-Systenf2MEGA verwendewver-
den,auf dasCORE-Systemabgebildetwerden. Desweitererwird eine Task-Sruktureentwick-
elt, die eszum einenermdglicht,denlogischenKontext einer Teilformel fir denBenutzerver
standlichaufzubereiterund darzustellenzum andereruntersitzisie den Anwenderauchdarin,
Beweise strukturiertzu fihren. Der Entwurf einesMethoden-Interpreterermoglichtes, ab-
strakteBeweisschrittezu kodierenundim SystemanzuwendenDie AnpassunglesVorschlags-
Mechanismu$§)ANTS anCORE stellteineweitereUnterstitzundir denBenutzetbereit,indem
sieautomatisch/orschlagaibermoglicheFortsetzungerinesBeweisesgeneriert.
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Chapter 1

Intr oduction

From the very beginning, automateddeduction(or automatedheoremproving) was a key re-
searchareawithin Artificial Intelligence(seefor instance[GHL60]). Although the automatic
generationof proofsfor mathematicatonjecturesvas a goal in its own right, automatedde-
ductiondrew additionalimportancefrom the factthatit wasconsiderechsa meanso automate
commonsenseeasoning.

While earlyresearcton automatedieductionwassolelyinterestedn fully automatedearch
for derivations,onecannow broadlyclassifyresearclon automateddeductionalongtwo cate-
gories:machine-orientegroof searchrandhuman-orientegiroof search.

Machine-orientecbroof searchcontinueswith the tradition of inventing calculi and search
stratgjiesthatenablecomputergo searctefficiently for proofswithoutrequiringany userinteraction.
Researclinto this directionhasleadto the developmentof machine-orientedalculi suchasres-
olution [Rob65],tableau Smu68]andmatrix [Bib82] proof searchpf which resolutionandits
derivantsareprobablythe mostsuccessful.

Although automatedroversthat make useof thesemachine-orientedalculi hadsomesuc-
cessn proving previously unprovedtheoremdik e RobbinsAlgebra Conjectue [McC97] they are
subjectto atleasttwo linesof criticism. Firstly, despitebeingableto successfullyrove somethe-
orems thetaskof searchingor proofsoftenturnedout to betoo comple to prove evensimple
theorems.Secondly becauséhe calculi underlyingautomatedoroversusea machine-oriented
representationf the problem,proofsthatarereturnedby thesesystemsare hardly readablefor
humans.

Theselimits of automatedheoremprovershave sparledinterestin socalledinteractivethe-
oremproving. Here,thetaskof finding a proofis divided betweeruserandcomputer Typically
the userhasto constructa proof by applyinginferencerules of a more userfriendly calculus
while thecomputerguaranteethe correctnessf thesoconstructegbroof. Somesystemgyo even
furtherandsupportthe userby checkingwhich rulesareapplicablein a givenproof stateor even
make suggestionaboutwhichrule to applynext [BS994.

To facilitate communicationwith the user interactve theoremprovers (ITPs) make use of
calculi thatarethoughtto bettermatchthe humanstyle of reasoninghando calculi thatarede-
velopedfor fully automategroof search.This enhanceshe readabilityof the proofsproduced
andfacilitatespresentatiorof a proof or proof stateto the user Currently the mostfrequently
usedcalculusis Gentzensnatural deductioncalculus (ND) or its relative the sequentcalcu-



lus [Gen35], or variantsof it. For instance systemdik e the Carngjie Proof Tutor, ISABELLE
[Pau86]or QMEGA [BCF'97] all usea ND variantasunderlyingcalculus. Othersystem like
CoQ [BBC*97] areinternally basedon constructve type theory but usean ND calculusfor the
communicatiorwith theuser

However, evenwith moreuserfriendly calculi andsuggestiormechanismssuchasQ2ANTS
[BS994, conductingoroofsin aninteractve systemis still achallengingask.Onereasorfor this
is thatalthoughthe calculiemployedin ITPsaim at supportinga human-orientedtyle of reason-
ing, they still forcetheuserto derive a proof at a muchmorefine-grainedayerthenthe onethat
is usuallyusedby humanmathematiciansAs a result,interactvely constructedproofsrequire
to performmary calculusintrinsic proof stepsexplicitely thatoccurimplicitly in humancreated
proofs. An exampleis the explicit decompositiorof assertiongHua94], which is necessaryn
the sequentand naturaldeductioncalculus. Humanswould immediatelyfocus on the relevant
subtaskwithout having to extractit by employing lengthybut trivial inferencesteps.

Theseproblemshave led to attemptsto structurethe proof searchat a more abstractlevel
whichresultedn thedevelopmenbdf tacticaltheoemproving[Mil85] andproofplanning[Bun88].
In tacticaltheorenproving, proof constructiormainly proceedsy theapplicationof tactics little
programshattransformthe proof stateby automaticallyapplyinga sequencef inferencerules
andallow for the encodingof frequentlyrecurringproof patternsor even human-orientegroof
techniquessuchasthe induction principle, etc. In proof-planningthis proceduralencodingof
domain-dependernowledgeis augmentedy a declaratve specificationvhich makesit possi-
bleto usetheabstracproofstepsasplanningoperatorgproof method$ However, nonof thenewn
paradigmshave turnedoutto betheultimatesolution(see[Bun02]for acritic on proof-planning,
also[BMM *01)).

Autexier [Aut01, AutO3] recentlydevelopedthe CORE theoremproving systemwhich was
built asa basisfor theintegrationof multiple proof paradigmsnto oneframewnork. The system
supportsa context orientedproof style thatis relatedto ideasof the windowinferencetechnique
of [RS93. The novelty of the systemlies in the fact that it doesnot make useof a fixed set
of calculusrulesthat are definedover the syntacticstructureof formulas;rather it allows the
userto focus the reasoningprocesson subformulasof the overall goal formula. Information
containedn the context of the focusis thenmadeavailableto the userin form of transformation
rules, so calledreplacementules, thatcanbe usedto transformthe subformulain the current
focuswithout enforcinga decompositiorof the overall formula. One of the advantagesf this
reasoningstyle is thatit supportsthe applicationof assertionsn a moreintuitive way. In fact,
the stepwiseunwrappingof subgoalss replacedby relocationof the focusand applicationof
replacementules.

Accordingly, proof searchin the new systemproceeddy i) placingthefocusontosubformu-
las of the goalformulaandii) applyingreplacementulesto subformulasn thefocus. Replace-
mentrulesareof theform

1T =< Viy...,Up >
wherei, v, . .., v, arelogical formulas. Rulesof this form replacea formulas, calledthe input
of therule, by a conjunctionof formulasuw, . . . , v,, thevaluesof therule.

However, althoughthe systemin principle allows for conductingproofsin a more’natural’
way thanotherITPs, thereis still additionalwork requiredto make full useof CORESs potential
for interactve reasoningFourissuesareparticularlyevident.



1. In every proof statethereis a greatnumberof rulesavailablefor transformingthe focused
formula,eachcorrespondingo a particularapplicationdirectionof anassertiorin the con-
text of the focus. However, in general,only a fraction of theserulesis applicablein the
respectre proof state.lt is thereforea problemto identify theapplicablereplacementules
amongstll availablerules.

2. Thisalsomeanghatwhenthe userwantsto apply a particulardefinitionor lemma(asser
tion) to the subproblenin focushe hasno directaccesgso the assertionsn the context of
thatsubproblemIn orderto applyanassertiorhehasto identify theparticularreplacement
rule amongsthe probablymary applicableonesthatcorrespondso theintendedapplica-
tion directionof the assertionldeally, he couldfirst selectanassertiorfor applicationand
thenconcentraten finding therule for therequiredapplicationdirectionof the assertion.

3. Focusingon the appropriatesubformulaoften easeghe processof proving a theoremin
CORE. Currently the systemprovidesno guidanceasto whereto placethe focusof the
proof. In particular the useris not preventedfrom switchingfoci arbitrarily insteadof in a
systematiavay.

4. At the momentCOREs facilities for performingabstractproof stepsare insufficient; i.e.
abstracproof stepscanonly berepresenteth theform of programgsocalledtactics),but
notin adeclaratve way (asis for instancehe casein the QMEGA system).

The contrikution of this thesiscanbe dividedinto threerelatedissues.Firstly, we developa
datastructuref socalledtasksthatmake it possibleto displaya subgoalof a prooftogethemith
all assertionsvailablefor proving this subgoalto the user Tasksprovide explicit accesgo the
assertionsn the context andwill thereforeallow usto first selectanassertiorfor applicationand
thengeneratgust thosereplacementulesthatrealizethe applicationof the assertion.We will
seethatin mary casest is straightforward to determinewhich replacementule is appropriate
for applicationof the chosermassertion.This meanghatinsteadof having to selectoneout of all
admissiblerulesfor applicationwe only have to chooserom thosereplacementulesthatrealize
the applicationof the assertion Furthermorewe will developtasksin away thatthey resemble
the tasksusedin QMEGAS proof plannerMuLTI [Mei03]. Thiswill make it possibleto switch
betweerproof planningandinteractve proof constructionwithin a single proof attemptwithout
having to changetherepresentatiotayer.

Secondlywe will beconcernedvith developinga notionof amethodfor the CORE system.
Methodsmalke it possibleto encodespecificproof-techniquesr abbreviationsof frequentlyoc-
curring subproofdan a declaratve languageandapply themasa single proof stepin CORE. In
fact,themethodghatwe will introducein this thesisarea uniform conceptwhich compriseghe
conceptof methodsandtacticsthatareusedin QMEGA andcanhencealsobe usedasplanning
operatordy aproof-planneaswell asfor interactve proof construction Whendefiningmethods
we will alreadymake useof thetaskstructureintroducedearlier

Thirdly, we realize an adaptationof QMEGASs agent-baseduggestiormechanism2ANTS
[BS994 to thenew system.In Q2MEGA thismechanisnthecksvhichinferenceules(i.e. calculus
rulesandtactics)areapplicablein a given proof stateand suggestshe mostpromisingrulesto
the user QANTS performsits computationsn parallel betweentwo userinteractionsand is
in principle calculusindependent.We will adaptthis mechanisnto supportinteractve proof
constructionn CORE. A mainproblemin thisrespecis to dealwith thedynamicallygenerated
inferencerules.



Although CORE is ahigherorderframework it is treatedasa first-ordersystemin thisthesis
to malke it easierto presentthe fundamentabspects.However, all conceptsdevelopedin this
thesisscaleto the higherordercase.

Accordingly, thethesisis laid out asfollows. Chapte2 andChapteB preparethe groundon
whichsubsequerthapterarebased ChapteR introduceshebasicterminologyandin Chapte
we introducethe basicconceptsof the CORE framewvork. In Chapted we develop the task-
datastructureThis datastructurevill serve asa new communicatiodayeron top of the CORE
systemwhich helpsusto structureproofs. Thethenfollowing Chapteb stepsthrougha sample
proofto demonstratéhe advantageshatthis datastructur@ringsfor interactve proofsearch.n
Chapte6 we will beconcernedvith definingthenotionof aproof methodfor the CORE system.
Themethodswve introducein this chapteraredeclaratve specification®f abstracproof steps.In
chapters and8 wewill seehow we canusethis declaratve specificatiorto automaticallytestthe
applicability of methodsn a given proof state. To performthesetestsandto make suggestions
aboutwhich methodto apply we will adapt2MEGAS suggestiormechanisn2ANTS to CORE.
ChapteB describediow thisis done,while Chaptef7 introduceghe 2ANTS mechanism.



Chapter 2

Preliminaries

Although we assumebasicfamiliarity with first-orderlogic (seefor instance[Fit96]), sequent-
and naturaldeductioncalculus[Gen35]aswell astacticaltheoremproving this chapterbriefly
introduceghe basicconceptghatareusedin this thesis.We will begin with fixing alanguagel
of first-orderlogic formulasbeforeintroducingthe terminologyrelatedto the sequentalculus.
Thiswill laterturnoutto bevery usefulfor theunderstandingf the CORE framewvork whichis
bestexplainedby comparisorto the sequentalculus.

2.1 Syntaxof First-Order Logic

Whenspeakingaboutlogical formulaswe alwaysassumehatthey areelementsf thelanguage
L definedbelow. Thebasicconstructout of which L is constructedarethe following

a) Countablyinfinitely mary variables.

b) Countablyinfinitely mary constants.

c) Countablymary n-ary predicatesymbolsP™, Q", R", ...
d) Countablymary k-ary functionsymbolsf*, g, h*, ...

In generalwe denoteconstantsaasa, b, b, . .. andvariablesasz, y, z,... (or M, N, ... whenwe
aredealingwith sets).

We definethetermsof ourlanguagesall symbolsdenotingvariablesandconstantaswell as
all k + 1-tuples(f*, 1, ..., ;) wherethet; areagainterms.Atomicformulasareall n + 1-tuples
(P" t1,...,t,), Wwheret; aretermsand P™ is an n-ary predicatesymbol. We display atomic
formulasasP(t4,. . .,t,) andomit the superscript wheneerthearity is clearfrom the context.
Similarly we displayterms(f*, t1,...,t) asf(ti, ..., t).

We cannow definethelanguagel asfollows.
Definition 2.1.1 Theset, is thesmallestsetfor which thefollowing holds:

1. All atomicformulasarein L.



2. If Aisin L, sois —A.
3. If AandB arein LthenA A B, AV BandA = B arein L.

4. If ¢ isavariableandA € £ thendz.A andVz.A arein L.

In orderto avoid bracletingwe give A precedenceverV and- precedencever A. = haslowest
precedence.

Furthermorewe will considerasa literal all atomicformulasA andtheir negation—A. We
definethe setof subformula®f aformula.

Definition 2.1.2 Let F beafirst-orderformulafrom thelanguageC. ThenthesetSF(F) of all
subformulasf F is the smallestsetsuchthat:

1. Fisin SF(F).

2. If =Gisin SF(F),thenG € SF(F).

3. If Gi NGy, Gy VG 0r Gy = Goisin SF(F) thenGy, Gy € SF(F).
4. If V.G or3z.Gisin SF(F) thenG € SF(F).

If aformulaF is of theform -G or Qz.G for @ € {3, V} thenwe call G themajorsubformula
of F. Similarly F' andG arethemajorsubformulaf FF A G, F vV G andF = G.

We will furtherassumdamiliarity with the conceptof substitutionandwrite F[c/z| for de-
notingthatall freeoccurrencesf x arereplaceddy cin F'.

2.2 Term Positions

In the subsequenthaptersve occasionallyneedto make referenceo subformulasnsidea for-

mula. To seehow this canbe achiezedwe introduceterm positionsin two steps.First, we define
whatavalid termpositionis andthenwe describewvhich subtermof aformulais referencedy a
giventermposition.

Definition 2.2.1 (Valid TermPosition)A term positionis a possiblyemptylist of naturalnum-
berslig, . .., in)].

Valid termpositionsfor termst arethefollowing.

e If ¢ isavariableor constanthenr = [] is the only valid termpositionfor ¢.

o If t = f(ty,...,t,) andr; is avalid termpositionfor ¢;, i = 1,...,n thenli, r;] is avalid
termpositionfor .

For formulasF € L thevalid termpositionsaredefinedasfollows.

e If Fis anatomicformula,i.e. F = P(ty,...,t;) andnr; is a valid term positionfor ¢;,
i =1,...,nthenl:, r;] is avalid termpositionfor F.



e If FF = -G andr is avalid termpositionfor G then([1, 7| is avalid termpositionfor F.

e If F=G10G,, 0 € {A,V,=} andr,n arevalid termpositionsfor G; andG, respec-
tively then[1, 7] and[2, 7, arevalid termpositionsfor F'.

o If F = Quz.G[z] for Q € {V,3} and~ is avalid termpositionfor G|[z] then[1, x| is avalid
termpositionfor F.

If 7 is avalid termpositionfor F' we denoteby F}, the subformulaor subtermyeferencedy ,
le.

o Pty,...,tx) g =tiandf(ty,...,t)m = t; fori = 1,..., k, apredicateP andafunction
f

o (G1oGy)im = Gy foro € {A,v,=}andi =1,2.

o Qu.Glzln =Gz if Q € {V,3}.

Foraformulalike ' = AV (B = Q(g(a),b)) wenow have Fiz5,1.1] = a andFj; = A.

Using the above definition we introduce F[t], asa notationfor Fi, = ¢, i.e. ¢ occursas
subtermin F at positionz. F[t] simply saysthatthereexistsa position7 suchthat Fj, = t. We
extendthis notationto subformulasS; i.e. F[S], meanghatF, = S.

2.3 SequentCalculus

The sequentalculus(SK) wasinitially definedby GentzenGen35]! . However, in this thesis
we follow the definitionby Wallen [Wal90]. A sequents thusdefinedasanorderedpair (3, A)

of setsof formulas.We usethecommonnotationandrepresenasequenasy. - A. Furthermore,
¥, AandA, A denotethesetsy: U {A} and A U { A} respectiely. We referto sequent®f the
form 3, A+ A, A asinitial sequents

FormulasF' € ¥ U A arereferredto assequenformulas(s-formula).Notethata subformula
of ans-formulais notans-formulaof the samesequent.

Sequentsare interpretedin the traditionalway namelythat a model M satisfiesa sequent
Y F o> if it holdsthatwhenM satisfiesall formulasin X thenit alsosatisfiesatleastoneformula
in A.

2.4 Natural Deduction

In this thesiswe do not requirea detailedknowledgeaboutthe natural deductioncalculus(ND).
However, for anintroductionto ND we refer to [Fit96]. We will often make referenceto the

Originally, Gentzendevised the sequentcalculusonly as a technicalaid to deal with the problemof Cut-
Eliminationin NaturalDeduction.



naturaldeductionvariantof the QMEGA system.In this casewe alwayshave in mindthecalculus
asdefinedin [Sor01]. Whenwe have to displayproof segmentsof the ND calculuswe do thisin

linearizednotationasintroducedby [And80Q]. A prooffragmentin thelinearizedND calculusis

afinite setof prooflines,whereeachproofline is of theform

LAF F (R)

In this notation L is a uniquelabel of the proof line, A F F'is a sequentdenotingthe label F
of the proof line alongwith a setof local hypothesisA which canbeusedto derive F'. R is the
justificationof theline anddescribedow theline wasderivedin a proof; i.e. in QMEGA proof
linescanbejustifiedby ND rules,tacticsandmethods.



Chapter 3

Intr oducing CORE

Becausen this thesiswe areconcernedvith the facilitation of interactve proof constructionn

CORE, this chaptergivesan overview over the system.The systemitself is rathercomplex and
is exhaustvely describedn [Aut03]. However, to keepthis thesisself containedwe introduce
COREs key characteristicandthoseaspectshatarerelevantfor thisthesis.

The main motivation for the developmentof CORE wasto provide a uniform framewvork
in which variousproof constructionparadigmscan be integratedand compared. For instance,
CORE alreadysupportgrocedura(tactical)theoremproving andwe will show in Chaptel6 that
it is possibleto integratethe conceptof declaratve proof constructordymethods)to the CORE
system. Autexier [AutO3] shaws that it is not only possibleto supportdifferent proof search
paradigmsn CORE, but alsoto emulatedifferentcalculi (i.e. naturaldeductionand SK). How-
ever, we will ignorethis featurein the remainderof this thesis. Whatis of moreimportanceto
usarethefollowing aspect®f the CORE systenthatmake it well suitedfor interactve theorem
proving.

1. CORE facilitatesdirect reasoningat the assertionevel (see[Hua94]) which corresponds
to the moreabstractevel at which humansoften justify andcommunicateheir proofs,as
opposedo theveryfine grainedlayerof calculusrule application.

2. CORE malkesit possibleto transformsubformulady exploiting the "knowledge"thatis
containedn their contet. This knowledgeis madeavailableastransformatiorrulesof the
formi —< vy, ...,v, >. Thesesocalledreplacementulesaregeneratedrom thecontext
of a formula and can be usedto replacean expression: by the expressionsuvy, . . ., vy,
suchthatthe overall formulais transformednto arefinedformula. This style of reasoning
doesnot requireto decomposéehe goal formula or to transformit into normalform asis
necessann traditionalcalculi (e.g. resolutionandsequentalculus).As a consequence
proofstatecanalwaysberepresentedsasingleformulawhich makesit possibleto present
aproof statein a corvenientmannerto theuser

Torealizetheproofstyledescribedbore, CORE annotate$ormulasandsubformulasvith proof
theoreticinformation, suchasuniform typesand polarities. Basedon this annotationsone can
definethe conceptof a logical context of a formulawhich is centralto the understandingf the
CORE system.

In sections3.2 and 3.3 we will introducethe importantnotionsof logical contexts andre-
placementulesbeforewe describehe CORE calculusrulesin Section3.5.
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3.1 Proof Theoretic Annotations

We beggin with a descriptionof how formulasand subformulasare annotatedn CORE which
leadsusto the notion of signedformulasandindexedformulatrees(lFTs)

3.1.1 IndexedFormula Trees

The conceptof anindexed formulatree (which goesbackto Wallen [Wal90]) is centralto the
understandingf the CORE system.Usingindexedformulatreesin CORE malesit possibleto
supportthe contextual reasoningtyle CORE is aimingat. Furthermorethey provideameango
maintainthe goalformulain its entirety without having to decomposé into sequentr lists of
opengoals.

Indexed formulatreesasdefinedin [Wal90] are basedon the notion of signedformulasand
their annotatiorwith uniform typesof Smullyans uniformnotation[Smu6§.

Definition 3.1.1 (SignedFormulas)A signedformulais apair < A, p >, whereA is aformula
in £ andp € {—1,1} thepolarity of A. We oftenwrite A? for < A, p > andsometimeglisplay
—1as— andl as+.

Notethatif the polarity of aformulais undefinedasis for instancethe casefor the constituents
of anegative equationwe indicatethe undefinedpolarity by 0 (e.g. (4% & B%)").

Signedformulasare assigneda uniform type to distinguishbetweenconjunctive formulas
(type«), disjunctve formulas(type ), universalformulas(type-y) andexistentialformulas(type
). Table 3.1-3.3definethe type of eachsignedformula aswell ashow typesareinheritedto
major subformulasof a signedformula. For the following we agreeto denoteby a(al*, ab*)? a
signedformula F' of type« andpolarity p. of* arethemajorsubformulaof F with polaritiesp;.
Formulasof type 3,y andé aredenotedn a similar way. To indicatethe type of a formulawe
frequentlyattachthe type informationto the leadingconnectve of theformula,e.g. (4 A? B)*.
We abbreviatea( Fy, o Fy, . . ., Fy, 1, Fy))) asa(Fy, . . ., F,) andusearespectie notationfor
B. The annotationof signedformulaswith typesintuitively describeshe "behavior” of that
formulain a sequentalculusderivation. The polarity (4/—) of asignedformulais justanother
representatiomf the succedent/antecededistinction madeby Gentzen[Gen35] with respect
to the sequentcalculus. The interpretationwhich Wallen [Wal90] hasin mind is simply the
following: insteadof distinguishingbetweerformulasin the antecedent’ andsuccedeni\ by
usingthe sequensymbolt+ (i.e. T' = A), he simply annotatesll formulasthat would occur
in the antecedent” of a sequent(after applicationof the appropriatesequentcalculusrules)
with a negative polarity (—), while formulasthat would occurin the succedenare of positive
(+) polarity. The uniform type of a formula describesvhetherthe subformulasnto which the
formulawould be decomposedafter applicationof the correspondingequentalculusrule will
occurtogetherin the samesequen(i.e. no split in proof) or will be partsof differentsequents
(i.e. the proof branches)In theformer casethe formulais assignedhe uniform type o while in
thelattercaseit hasuniformtype 5.

As anexampleconsidertheformula(A A B). Dependingonthe polarity of theformula, that
is onwhich sideof asequentt occurs this formulahasto be decomposethroughapplicationof
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@ |o| o]
(ANB)” |A | B L B8 [ B8]
(AVB)T | AT | BT (ANB)T | AT | BT
(A= B)¥ | A= | BF (AVB)- | A~ | B~
AT A (A=B) | AT | B~
(—|A)_ At

Table3.1: Uniform Notation(Propositionallypes)

L0 1 % | 2 | % |
(Vo.Flz])™ | Flz/t (Vz.F[z])~ | Flz/c]”
(Fz.Flz])~ | Flz/c]” (Fz.Fz)* | Flz/c]"

Table3.2: Uniform Notation(Quantifiers)

oneof theSK rules

IA,BFA

LABEA I'AA TFBA
[LAANBFAF

TFAAB,A

AR 3.1)
When A A B occurson theright handside of the sequentt hasto be decomposedavith therule

Ar (3.1, right) which resultsin a split of thesequent” - A A B, A. Hence,in caseA A B has
positive polarity it getsassignedype 5. However, if the conjunctionoccursontheleft-handside

of a sequenit hasto be decomposeavith therule Ar. In this casethe correspondingequent
calculusderiationdoesnot branch.Accordingly A A B is of type« in this case.

Furthermorethe typesé and~ are assignedo formulaswith a quantifierasleadingsym-
bol (i.e. formulasof the form Qz.F[z] with @ € {V,3}). In the SK theseformulashave to
be decomposetby applicationof quantifiereliminationrules. Here onegenerallydistinguishes
betweenrulesthatimposean Eigernvariable condition on the variableandthosewhich do not.
Quantifiedformulaswhosedecompositiorintroducesan Eigervariable conditionare of type 4,
whereasormulasthat introducefreely instantiableunboundvariableshave type . In formu-
las with free variableswe will often indicatethe type of the variablesby printing the type in
superscripte.g.x?).

SignedformulasF’ canberepresentedstreeswith onenodefor eachsubformulaof F'. This
leadsto the notion of anIndexed FormulaTree (IFT) which canberecursvely definedover the
structureof F.

Definition 3.1.2 (IndexedFormulaTree)Let F' be a signedformula. The indexedformulatree
for F' is definedasthe smallestireeT” for which the following holds:

1. Therootof T is labeledwith F'.

2. If thereisanoden in T thatis labeledwith asignedformulaa(af*, o4?) thenn haschildren
n1, no thatarelabeledwith of* andab’ respectiely.

3. If thereis anoden in T thatis labeledwith a signedformula 3(51",
n1, ny thatarelabeledwith 57* andg5? respectiely.

>”) thenn haschilds
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Table3.3: EpsilonRules

4. If T hasanoden thatis labeledwith asignedformula~y(Qz.F[z])? for @ € {3,V} thenn
hasfinitely mary childsng, ..., n,, thatarelabeledwith F'[c;/x]? for termsc;. We saythat
m is the multiplicity of n.

5. If T" hasanoden thatis labeledwith a signedformulad(Qz.F[z])? for @ € {3,V} thenn
hasexactly onechild with label F[z°]P.

The above definitiononly coversiFTs for formulasin £ whichis sufficient for this thesis.How-
ever, [Aut03] defined FTsin awaythatthey canalsorepresenftormulasof variousmodal-logics.
We have alsoleft out (-type formulas(e.g. positive equivalences)ecausehey do not occur
throughouthisthesis.

Nodesof thetreearealsoreferredto asoccurrenceswhile theformulaassociateavith anode
is calledthelabel of the occurrencdwrite label (o) for thelabel of anoccurrence). Becausef
the closecorrespondenceetweenra subformulaof aformula F' andthe subtreaevhich represents
this formulain the IFT for F, we will only distinguishbetweena nodeandits label if this is
necessanyin this casewe usecapitallettersO to referto thelabelof anoccurrence.

A sampleFVvIFT for theformula3.2is displayedn FigureF 1
(MANA(MAN = P))=*P)" (3.2)

In the remainderof this thesiswe often have to distinguishbetweendependenandindepedent
nodesn anlFT.

Definition 3.1.3 (DependenOccurrence) et a beanodein anlFT R. We saythata is depen-
dentin tree R if thereis anodeb in R thatis g-relatedto a. Otherwisewe call « anindependent
occurrencein R.

It makessenseo introducea partial ordering< on nodesof an IFT, wheren; < ny if the
lengthof thepathfrom therootto n, is smallerthenthedistancebetweertherootandns,; i.e. we
haven; < ns if ny isanancestoof n,

Indexed formulatreesareusedin CORE to representhe quantifierdependenciesf a proof
statein thefollowing way: whenwe loada goalformulaG togetherwith axiomsAz, ..., Az,
from which we wantto derive G the systemcreatesan I FT for the signedformula (Az; A ... A
Az, = G)T. Thesystemalsocreatesaainfreevariableindexedformulatree(FvIFT) for thesame
formula. FVIFT andIFT togetherepresena CORE proof statewhereproof searchmanipulates
the FVIFT while the IFT is usedto maintainthe dependenciebetweenquantifiers. The FVIFT
canbeeasilyobtainedrom an|FT by simply remaoving all nodesof type~ andsé.



13

(M A® N~ (M A'N) = P)~
/ \_ LN
M= N-  (MAN)Y P
/N
M* Nt

FigureF 1: Indexedformulatreefor (M AN)A(M AN = P)) = P)*. Subscriptf literals
areaddedfor laterreference.

3.2 Logical Contexts

A look at the sequentalculusderivation of the sampleformula 3.2 illustrateshow the uniform
notationdescribeshe"behavior" of the subformulagiuringthe proof.

M,N+P,M M,NF P, N
M,N,|Pi|F P, M,NF P,,M AN,

M,N,(M AN =|Pi|) P,
(MAN)A(MAN =P P,
(MAN)A(MAN =|P])= P,

AR

=L

L

FigureF 2: Proofof the sampleformulain the sequentalculus.Subscriptgeferto literalsin F1

As anexampleconsiderthe literal P~ in FigureF 1. The negative polarity indicatesthat P,
will befoundontheleft-handsidein all sequentsn whichit occursasa sequenformula. When
comparingthis with the sequeniproof in FigureF 2 oneeasilyseesthat this is indeedthe case.
Similarly, onecanseethatthes-formula((M A N)* = P~), only occursontheleft-handside
of sequentsDecompositiorof this formulaby the =, rule splltsthe sequeninto two sequents
(ascorrectlyindicatedby type 3) which containthe subformulasP;” and N A M respectiely.

This leadsto the notion of a context. Intuitively, all formulasthat canoccurtogetherin a
sequenbelongto the samecontext. By usinguniform notationthe context of a formulacanbe
staticallydeterminedrom the FVIFT; i.e. two formulasF andG belongto the samecontext if
their first commonancestomodeis of type « in which casewe call F' andG a-related.In case
therearemultiple ancestors., . . ., n; thefirst commonancestoalwaysrefersto the maximalt;
with respectto < (i.e. to the lowestnodein thetree). In the examplein FigureF2 P, and P,
have thefirst commonancestofM A N A (M AN = P)) =* P)* of typea andhencebelong
to the samecontet. However, P, and N* belongto differentcontexts astheir first common
ancestor(M A N =# P)~ is of type 3 (i.e. we saythey are 3-related). Comparingthis to the
sampleproof (FigureF 2), it is easyto verify thatthes-formulasN* and P, neveroccurtogether
in asequent.
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3.3 ReplacementRules

In CORE we useformulasthat occurin the contect of a subformuladirectly astransformation
rulesin a proof. As anexamplewe might wantto usetheimplication (M*+ A Nt =# P7)~ in
3.2toreplaceP;" by theformulas)M* and N+. Thiswould transform3.2into

(M~ A*N)A(MTANT =P P)y” =2 MT AP NT)F (3.3)

In anext stepwe canthenusetheliterals M~ and N~ to transformM ™ and N to truet, which
yieldsthenew overallformula

(M~ A*N)YA(MTANT =P P)™ =22 truet AP truet)™ (3.4)

This correspondso the aforementionedeasoningat the assertiorlevel, which providesa more
intuitive basisfor interactve proof search.In CORE we usethe annotationof signedformulas
to generataeplacementulesthat enableus to performthe transformationstepswe described
above. The P in theformula (M* A Nt =# P)~ is anegative occurrenceof the literal P;f
in the samecontect. In a resolutionor matrix calculustheseliterals would correspondo two
resohentsor a connectiorrespectrely. We canthereforeconsiderformulasthatare 5-relatedto
P assubgoalgo which we canreduceP;". Thisreductionto subgoalss facilitatedin CORE
by the definition of anadmissiblereplacementule.

Definition 3.3.1 (AdmissibleReplacemerRules)Leta beanoccurrencavith polarity p in some
FVIFT T. Theni —< vy, ...v, > isanadmissiblereplacementule for a, if

1. i is a-relatedto a by afirst commonancestor

2. {vy,...,v,} containgexactly thoseoccurrenceshatares — related to i andoccurbelow ¢
(i.e. ¢ < v;) or, v; and: areleft- andright-handsideof a negative equationor equialence
and{v,, ...,v,} areall occurrenceshatare s-relatedto v; and: andoccurbelow c.

In particular this meansthat a positive (negative) occurrenceM * (M ) without ary 3-related
occurrencesmpliesthat M~ — true™ (M+ — false™) is anadmissiblereplacementule.

Internallythe systenmdistinguishedbetweerresolutionreplacementulesandrewrite replace-
mentrules Rewriting replacementulesareall thoserulesthatoriginatefrom a (negative) equa-
tion or equivalence All otherrulesarereferredto asresolutionreplacementules.

However, not every replacementule thatis admissiblefor anoccurrencer is alsoapplicable
onthatoccurrenceApplicablerulesarecharacterizedby the following definition

Definition 3.3.2 (Applicablereplacementules)A replacementule R = i < vy,...v, > IS
applicablefor anoccurrence, if

1. thereis asub-occurrence’ of a suchthatthelabelof o’ unifieswith 7 undera substitution
o and

2. if R is aresolutionreplacementule,then: anda mustbe of oppositepolarities.
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(S} CSY=PV,(x el =xeS8)))
(S7 C SHt (x7 € S] =P 17 e S))~

(z7 e ST (7 € 59)~

FigureF3: Freevariableindexed formulatreefor VS, S5.(S1 € Se = V. (z € S; = z €

S5))).,

Remark: The definitionof admissiblereplacementuleshasthe ratherunintuitive consequence
thatarulelike P~ —< MP¥ NP~ > canonly be usedto replacepositiveoccurrencevith label
P* by MP¥ and NP~ , while intuition would suggesthatit replacesanoccurrenceavith negative
polarity. Whendisplayingresolutionreplacementuleswe will thereforealwaysinvert the po-
larity if the input occurrencei.e. the above rule would be displayedas P™ —< MPv NPV >,
Usingthis notationwe displayrulesin a stylethatis commonin thefield of term-rewriting.

3.4 ReplacementRulesand Assertion Application

To illustratetherelationshipbetweerreplacementulesandassertiorlevel reasonindet us con-
siderthe assertior(takenfrom [Hua94))

VSl,SQ.(Sl CcCS = VJT(JT €S, =>ze SQ)) (35)

andthe corresponding-VIFT (seeFigureF3). Becausewe have to treat 3.5 asan axiom the
signedformulain FigureF 3 is of negative polarity. Fromthis treewe canreadof all admissible
replacementulesthatarejustified by this tree. Thesearethefollowing

(SC € 51)_ —< (ﬂf € SQ)_, (51 C SQ)+ >
(SC € SQ)+ —< (ﬂf € Sl)+, (51 C SQ)+ >
(Sl - SQ)_ —< (.7,' € SQ)_, (l‘ € Sl)_ >
(Sl C SQ)_ —< (37 S Sl =T Ec SQ)_ >
(:L' € Sl =T € SQ)_ —< (Sl C SQ)_ >
(Sl - SQ = (.’13 € Sl =T € SQ))+ — truet

A carefulexaminationof theserules revealsthat they encodeall applicationdirectionsof the
assertior8.5. Take for exampletherule

(Sl - SQ)_ —< (.Z"y € Sl =717 e SQ)_ >

This correspondsxactly to the following rule for the SK (rememberthat we apply SK-rules

bottom-up)
A,V$.I€Slz>$652|_z

AS CSFY (3.6)
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wherewe replacea formulain the anteceden{in Huang[Hua94] we find a ND versionof the
rule). In asimilarway rule

(.7,' € SQ)+ —< ($ € Sl)+, (Sl - SQ)+ >
correspondso the oppositeapplicationdirectionof rule 3.6, i.e.
AS CS Y
A,VQ?..’L‘ €ES i =>xe S Y (37)
Whatbecomeglearis thatreplacementulesmale it possibleto applyassertiongn amuchmore
intuitive way asthis hasto be donein thesequentbr naturaldeductioncalculuswherewe have to

decompos@anassertionn orderto applyit or, alternatvely, would have to extendthe caclulusby
assertiorrules(see [Hua94]),suchas3.6and3.7,for every assertion.

Basedon the definitionsof indexed formulas, contets and replacementules we can now
introducethe CORE calculus.

3.5 The CORE Calculus

A proof statein CORE is represente@sa pair < ¢,C, >, whereyp is a FvIFT andC, is an
IFT thatrepresentgonstrainton the instantiationof variablesin ¢. We prove aformula ¢ by
transformingthe initial proof state< ¢, C, > into a proof state< ¢', C,, > wherey' is either
truet or false .

CORE provides 12 rulesto transforma proof stateinto exactly one new proof state. This
ensureghata proof statecanalwaysberepresentedsa singleformula. Therulesthatwe make
useof in this thesisare (1) the applicationof a replacementule to a subformula,(2) therule to
increasahe multiplicity of avariable,(3) thecontractiorrule and(4) the cut-rule. Whenwe now
considertheseruleswe restrictour attentionto the effect thattheserule have onthe FVIFT ¢.

3.5.1 Application of ReplacementRules

In Sectior3.3we definedwhich replacementulescanbe appliedto a givensubformula(i.e. an
occurrence)A questiorthatstill needdo beanswereds thatof how applicationof areplacement
rule R of formi? —< o}",...v2» > affectstheproof state.Let usthereforeassumehatwe want
to applyR toanoccurrence? of anFVvIFT T. In orderfor therule to beapplicabléts inputi? has
to unify with a? underasubstitutiors andit mustholdthatp # q. If thisisthecaseu? is replaced
by aconjunctionof thev? o. Thisconjunctionis expressedby 5-relatingthev?’c. Becausaveare
dealingwith first-orderlogic therule aswell asthe subtreebelow a? do notcontainary elements
from amodallogic. The effect of applyingtherule is thereforea replacemenof o? by a subtree
B(tto, ..., vEro). This effectis shown graphicallyin FigureF4. The subtreefor ¥ indicates
thatthenewly introducedvaluesv;o; will have thesamecontet 3 asa?. Thesituationis slightly
differentwhenwe applyarewriting replacementule. Rewriting replacementulesoriginatefrom
negative equivalencesr equationsuchas(A° < BY)~ which canbe appliedin two directions;
thatis, to positve andnegative occurrencesT hey arespeciain thesensehattheirinput: aswell
asv}" areof undefinedoolarity. Whenapplyingsucharuletheoccurrence; inheritsthepolarity
from theapplicationoccurrence:” to which therule is applied.More precisely afterapplication
of arewriting replacementule we havep; = p
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Z/\ ,
7/ \
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CL+ a —><,1e;...,vn> 1)52 B\
vl o

FigureF 4: Applicationof aresolutionreplacementule

3.5.2 Instantiation of Variables

A problemthathasnotyetbeenaddressed thatof instantiatingvariablesandtherelatedproblem
of increasingthe multiplicity of variables.We referto [Aut03] for a detailedtreatmentof how
thisis realizedin CORE. Herewe only sketchhow variablesareinstantiated.

Instantiatinga variablez” asin P[z"] is donein CORE by replacingthe nodeof the FvIFT
for P[z"] by anodewith thenew label P[t/x"], wheret is thetermwith which z” is instantiated.
Thesameproceduras thenrecursvely appliedto all subnodesf P[z”].

Oncethez” is instantiatedn P[z7] it is not possibleto instantiater” in P ary further How-
ever, any completeproof systemhasto beableto instantiateuniversalvariableqy typevariables)
morethanonce. This problemis commonlyreferedto as"increasingthe multiplicity” of vari-
ables. Eachcalculushasits own way to dealwith this problem. While in matrix proof search
(seefor example [Wal9()) onehasto guessa"maximal” multiplicity andthencopy all literalsin
adwance the sequentalculuscopiesquantifiedformulas,beforeinstantiatingthem.

In CORE the mulitplicities of individual variablesareincreasedn demandoy copying all
subformulaghat containthesevariablesand a-relatethis copy to the respectre sourcesubfor
mulabeforerenaminghevariablein thecopy. As anexampleFigureF 5 describesvhathappens
with asubtregfor P(z7) A Q(z7) if we increasehe multiplicity of z7.

b)
a) Qv
P(z7) A C{(sﬂ) P(z") A Q(z") P\x”) A Q(z")
P(")  Qx") 5 > % '7/ > hy
P(z") Q") P(") Qz")

Figure F5: Increasingthe multiplicity of z7 in P(z7) A Q(z"). a) shaws the tree beforethe
variablesareinstantiatedcandb) aftertheinstantiatiorwascarriedout.

3.5.3 Contraction

A relatively simple, but yet powerful rule is the so calledcontractionrule which allows to copy
subtreeof the FvIFT on demand.Althoughthe needfor sucha rule might not be immediately
clearit will soonturnoutthatit is importantwith respecto the taskstructureto be describedn
Chapte#dt. For the momentthe needfor sucha rule shallonly be motivatedby a smallexample:
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assumenewantsto prove theformula
(A= VP A7) =2 AF
andis for somereasonrestrictedto rewrite only the right-handside of the implication (this is

importantwhen modelling SK or ND derivationsin CORE ). Thenaplicationof A*™ — A~
which canbegeneratedrom ary of the A~ yields

(A= VP A7) =2 <At
which cannotbe proven ary more. However, copying A* beforeapplicationof the rule would
have resultedn theformula

(A" VP A7) =2 At v (A7)

which canbe proven by generatiorof A™ — T from the rightmostA~ andapplicationof this
ruleto A™.

Thecontractiorrule makesit possibleto replaceasubtre&?). by asubtreewvhich a-relates),
andacopy @, of it; i.e. Q. becomeseplacedy a(Q., Q~.).

3.5.4 Cut Rule

Sometimesonewantsto do speculatre stepsduring the processof proving a theorem like in-
troducinga formula A asalemma,which is only later verified. Suchspeculatre stepswill for
instancebe of majorimportancewvhenit comesto applicationof tacticsandmethodqseeChap-
ter6). In CORE, speculatre stepsaremodelledby applicationof a so calledcut-rule. The cut-
rulein CORE is amappingof the cut-ruleasis usedin sequenandnaturaldeductioncalculieto
the CORE framework. For the sequentalculusthe cut-rulehasthefollowing or a similar form

(seefor example[Gal86]):
YHFAA Y AFA

SFA (3.8)

which makesit possibleto introducearbritrary formulas A into the proof asa sort of lemma.
Whenapplyingthe cutrule oneoften speaksabout"introducinga cut-formulaA”.

Cut(A)

Cut-formulasin CORE have to beintroducedwith respecto a subformulay (which corre-
sponddo the A in 3.8. Introductionof A over ¢ is doneby replacingthe partof the FVIFT for ¢

by anew subtredor B(a(A™, @), a(AT, ¢)).

VAN N
ATAT

FigureF 6: Introductionof cut-formulaA wrt. ¢ in CORE.

In the resultingtree a(A~, ¢) correspondgo the sequentZ, A + A in 3.8 wherewe can
usethe cut-formulaA to derive A. Similarly, the subtreen(A™, ) correspondso the sequent
¥+ A, A. Intuitively this canbe seenasa new obligationto proof A which we canthensafely
useasalemmain thesequent:, A - A.
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3.6 Window Inference

Ontop of the calculusrulesdecribedabore, CORE supportgeasoningvith a socalledwindow
inferencetechniquewhichis basednideasof [RS93. In this sectionwe describethiscommuni-
cationlayerwhich makesit possibleto focusthereasoningprocesgo subformulasof the overall
goal. This canbe doneby placinga window (focus)on a subtreeof the FVIFT. As aresult,the
surrounding®f this window arehiddenfrom the user However, this operationdoesnot alterthe
proof statebut restrictstheview onit to a particularsubtree The context of theactive window is
madeavailableto the userasalist of thereplacementulesthatareadmissiblefor the contentof
thewindow.

Autexier [Aut03] shavsthatthewindow inferencemechanisntanbeusedto structureproofs
in away thatsequentalculusaswell asnaturaldeductionproofscanbe simulatedn CORE.

The window inferencemeachanisnof CORE consistsof rulesto focusandunfocuscertain
subformulasaswell aswindow versionsof eachof the CORE calculusrules. It is worth pointing
outthatthesewindow inferencerulesdo not extendthereasoningapabilitiesof CORE. Rathey
the window versionsof the calculusrulesareinternally realizedpurely baseduponthe CORE
calculusrulesandtherulesfor openingandclosingwindows.

3.6.1 Opening and closingwindows

The two basicwindow rulesarethosefor openingand closingwindows on subformulagsub-
trees).By applyingtheseoperationgo an FvIFT we imposea windowstructure on this tree. As
awindow structurefor an FvIFT R we understanda partialfunction fz from anenumerableet
W of window names(e.g. W = N) into the setof subtreef R. Intuitively, whenopening
anev window w on a subtreer in R thenwe addthetuple (w, ) to fz. Closinga window is
exactly the inverseoperationwhich removesa tuple from fz. We will depicta window struc-
ture fr onan FVIFT R by drawing boxesaroundsubtrees- for which a window w exists (i.e.
if fr(w) = r). FigureF7 (left) shavs the FvIFT for (P(z) = Q(x) A R(z))" after opening
windowson (P(z) = Q(z) A R(z))™, P(x)* andR(z)™ respectiely. FigureF 7 (right) shavs
the sametreewith anew window structurewherethewindow on R(z) is closed.

It is usefulto imposea partial ordering <y, on windows w, wherew <, w' meansthat
f(w') denotesa subtreeof f(w). Windows that are maximalwith respectto this orderingare
calledactivewindows Thesearethe windows thatcanbe manipulatedy applicationof CORE
calculusrules.We arenow ableto definewhatthe subwindowsf awindow are

Definition 3.6.1 (Subwindavs) If w is awindow in anFVIFT R thenthesetof all subwindows
of w is definedas

Subwindows(w) = {w'|lw < w" andw’ isawindow in R}

Windows canbeclosed providedthatthey donotcontainarny subwindavs. Notethatopening
and closing of windows never affectsthe FvIFT, but ratherthe "view" the usertakes on the
problemrepresentedly thetree.
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(P(z) =* Qz) A R(z))" (P(z) =* Qz) A R(z))"

N N

P(z)” Q(z) A’ R(x))* P(z)” (z) A? R(z)
( x

B

FigureF7: Samplewindow structuredor the FVIFT for (P(z) = Q(z) A R(z))*

(@ )"
()" Q)" R(x)*

(
Q

z)*t

3.7 Oracle Rule

Whenit comesto applicationof methodswve will needto be ableto apply abritraryreplacement
rules (i.e. replacementulesthat are not admissible). We can perform suchspeculatie steps
with the help of the cut-rule. Assumewe wantto simulateapplicationof the (non-admissible)
replacementule

I—-<V,....,V,> (3.9)

Notethatwe useupppercasdettersto indicatethat/ andV; areformulas,ratherthanoccurrences
asin replacementules. We cansimulateapplicationof this rule by performinga cut over (V; A
... A\ Vy). Thisreplacegshe applicationoccurrence with labellabel(i) = I in anFVvIFT by the
new subtreean FigureF 8. We canseethatapplicationof thecuthasreducedhegoali to two nev
subgoalsThesubtreex(5(V1, ..., V,) ", 4)" basicallyrepresentthefactthat,insteadof proving
i we cannow alsoproofall of theV;. Thistreecanthereforebe seenastheresultof applying3.9
to .

Thesecondsubtreen(a(V4, ..., V,)~, i)t encodeshegoalto show that! followsfrom (Vi A
... AN V,). A proof of this subgoalthereforewarrantsthe useof 3.9. Note that 3.9 hadbeen
admissiblef we havehad((Vi A ... A V,)" = I)~ somehwerén thecontext of i.

a(‘/la"'avn)_ /B(‘/Yl”vn)—'_

[\ N J/

vV v
(ViAAVy)==1)+ (Vi A AV) Vi

FigureF 8: Oracleapplication] —< Vi,...,V, >.

We canthereforesaythatapplicationof 3.9is a speculativeproof stepasits validity depends
on a proof of the additionalgoal (Vi A ... AV,)~ = I)* CORE providesa calculusrule to
apply suchspeculatre proof steps.Rulesasin 3.9 arethencalledoraclerules Whenwe apply
suchanoraclerule we haveto distributethe V; overtwo sets conditions® andvaluesV suchthat
dN V=0and®UV = {Vi,...,V,}. Theresultingcutis independentrom the distribution
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of the V;. However, applicationof the oraclerule will returntwo lists of windows. Thefirst list,
the socalledconditionlist containswindows onthoseV; in a(8(V4, ..., V,)™, i) " thatbelongto
theconditionset®. Similarly, thereplacemenilist containsvindowsontheV; in thevaluesetV'.
We will make useof thistechnicaldetailin Sectior6.3. To indicatethedistribution of the V; over
® andV we frequentlydisplayoraclerulesin theform [®] I —< V3, ...,V >.

3.8 Interacti ve Theorem Proving with CORE

WhenusingCORE theusercurrentlyworkswith thewindow inferencemechanismThis means
thatwhenwe invoke CORE in interactve modeon a goal G with axioms Az, ... Az, it as-
semblesan|FT for theformula(Az, ... Az, = G)* andcreatesaninitial window on G which
is presentedo the user The contentof thatwindow canthenbe alteredby applicationof the
window versionsof CORESs calculusrules. Typically thiswill beanapplicationof areplacement
rule. Proofsearchin CORE is thereforecharacterizedy two majorkindsof choices.

1. Thefirst kind of choiceconsistsof the selectionof a subformulain the active window on
which the userwantsto focusthe proof search.This kind of choicewill bereferredto as
foci-choice

2. Having focussedheproof searchonawindow, oneof theadmissiblereplacementulesfor
thatwindow hasto be selectedor application.Thiswill bereferredto asrule-choice

However, althoughCORESs inferencemechanisnis in principle well suitedfor interactve
proof constructionfoci— andrule choicestill imply somedifficulties. Two problemsareparticu-
lary salient.

3.8.1 Rule Selection

Thefirst of theseproblemslies in the selectionof the appropriatereplacementule for the ma-
nipulationof awindow. Typically therearemary admissiblereplacementulesfor every window
thatoneencountersluring a proof. Evenfor rathertrivial problemstherearealreadydozensof
admissiblerules. Thereasorfor thisis twofold.

First,everyformulain thecontect of awindow givesriseto thegeneratiorof multiplereplace-
mentrules. Intuitively this is dueto the factthatthereis a replacementule for every possible
applicationdirectionof thisformula(if we seetheformulasin thecontext asaform of assertions).
Assumefor examplethatthe FvIFT in FigureF9 wasavailablein the contect of a window W.
How mary admissibleeplacementulesfor W canwe obtainfrom thistree?It is easyto seethat
eachoccurrencef this FVIFT cansene asaninputfor atleastonereplacementule. Becauséhe
treehasb nodeswe obtain5 replacementulesthatareadmissiblein W. Thisillustratesthatfor
eachsubformulain the context of awindow we canhencegeneratatleastasmary replacement
rules asthereare nodesin the tree that representshis formula. Secondthe problemis made
worseby the fact that the systemcurrently automaticallyloadssomelemmassuchasthe tran-
sitivity of = andtheinductionaxiomwhich arethencontainedn every FVIFT. Becausdhese
lemmaswill befoundin the context of every window in a proof, they will causegeneratiorof
evenmorereplacementules.



22

(P(z) A* Q(y) =* R(, y»%&’ yii :: ?Ei?if éy()++> >
/ \ ’y y,
(P(x)//\“ Q\(y))+ R(z,y)~ ggxg =< géy;+a gg% y; >
/ N =< x +; x,y) >
P(z) Q(y) p(g;) AQ(z) — R(z,y) ’

FigureF 9: IFT with replacementulesthatcanbe generatedrom thistree.

Furthermoreaswasnotedearlier not every admissiblereplacementule is alsoapplicable.
Whenselectingareplacementule for applicationtheuserfirst hasto identify theapplicablerules
amongstall admissiblerules. Determiningwhetherarule is applicabemeanscheckingwhether
the input of the rule unifieswith a subformulaof the currentwindow. Having identifiedthese
applicablerulesit remaingto selectoneof theserulesfor applicationalongwith a subformulaof
thefocusto which theformulais to beapplied.

It is easyto imaginethatthis constitutegjuite a challengingtaskwhentoo mary admissible
replacementulesareavailablefor a givenwindow.

3.8.2 FociChoice

A furtherdifficulty for proof constructiorarisesfrom the needto identify subformulason which
theproofsearcltanbefocussedBecaus@achproofstaten CORE simultaeneouslgontainsall
subgoaldogetherwith their alternatvesit is necessaryo identify an apropriatesetof subgoals,
onwhich the proof searchcanthenbefocussed.

Thetwo problemsoutlinedin 3.8.1and3.8.2above motivatethe needfor

e a mechanisnthat aids the userin structuringthe proof searchby preventing him from
focussingon arbritrarysubformulas.

e asuggestiormechanisnthatis ableto checkall replacementulesandtacticsfor applica-
bility in agivenproof stateandmakessuggestion$o the useraboutwhich rule to apply.

In the next chapterwe will introducethe notion of a task datastructurevhich can be usedto
structurethe searchfor proofs. Laterwe will seehow the multi-agentmechanisnf2ANTS that
is currentlyusedasa suggestiormechanisnfor the Q2MEGA theoremprover wasadaptedo the
CORE systemo performexactly thetasksdescribedbove. However, beforebeingableto make
properuseof the mechanisnwe have to introducea meango structurethe searchfor proofsby
systematicallyfocussingon certainsubformulas.

3.9 Chapter Summary

In thischaptemwe have seerhow CORE usesannotatedormulasto realizea contextualreasoning
style. We have also demonstratedhow informationin the logical context of a formula canbe
directly usedin aproofin theform of replacementules,which offersa corvienientway to apply
assertionglirectly. Finally, we pointedto someincornviniencesof interactve proof construction
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in CORE. In the next chapterwe will introducea further communicationayer on top of the
window inferencemechanisnwhich triesto overcomesomeof theseproblems.
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Chapter 4

Tasks— Organizing Proof Search

In the previous sectionwe sav how CORE s window inferencetechniques usedin interactve
proof construction However, we alsopointedto somedifficultiesthis still impliesfor interactve
proof construction.As the main problemwe identifiedthe factthatthe context of awindow can
only be presentedo the userasa (usuallylong) list of replacementules. The disadantageof
this presentations that althoughthe useroften knows which assertiorhe wantsto apply to the
currentwindow, he might not be able to easilyidentify the replacementule that corresponds
to the appropriateapplicationdirection of the assertion.Let us thereforethink abouthow the
representationf awindow canbeimprovedto easethe applicationof anassertionAssumethat
we have a goal-formulaof theform A = B A C, togetherwith theaxioms Az, ..., Azx,. Let
usfurtherassumehatthe assertiorVz.Q[z] = B is amongtheseaxioms.A corvenientway of
presentinghis situationto the userwould beto list the axiomsonein eachline followed by the
goalformula. This canbe schematicallydepictedas

A.’El

z” ' B)~
(Q[ ]‘=> ) @1
Ax,
(A=BACO)*t

Using this representatiorthe formulasin squarebraclets represengll the informationthatis
availableto infer thegoal (A = B A C)*. Thepresentationve have in mindis thereforerelated
to theoneusedfor proof presentatiorn the THEOREMA system{PB0Z. How mighta userwant
to proceedn this situation? It seemdik ely that he would continueby trying to prove the goal
(B A C)*t with the helpof theadditionalhypothesis4. In fact,this would resultin thenew proof
situation

Az
QL] = B)~

A% (4.2)
A

(BAC)T
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In a similar fashionthe usermight then concentrateon proving B*, before coming back to
establishingC*. This corresponds$o a decompositiorof thegoal (B A C)* into two subgoals.

Axq Az
Q" = B)~ Q" = B)~
( A:'En , Ain ) (4.3)
L A - L A -
BT Cct

Theuseris thenconfrontedwith thefirst elemenbf thelist in 4.3. Theseconcelementepresents
the(now inactive) subgoalC' ™ which hasto betackledafter B* is proven. A stepinto thedirection
of proving B* might be to applythe assertion@[z"] = B)~ to B* andrefinethegoal B* to
Q[z"]*. We would thenobtain

A.’El i I Al‘l i
Q"] = B) Q" = B)-
( A;En , A;En ) (4.4)
L A - L A -
Q) o

In this chaptewe will developa datastructuref so calledtasksto be ableto presenta window
togethemwith the assertionsn the contet of thewindow aswe did in 4.1-4.4. Furthermorewe
will definea setof ruleson this datastructurgo actually performthe transformationslescribed
above. Therulesthatoperateon this datastructuravill be entirelyrealizedthroughapplicationof
COREs window inferencerules;e.g. rulesthatrealizestepsasfrom 4.1 to 4.2 will go backto
therulesfor openingnew subwindavs. Rulesthatrealizethe applicationof a hypothesisasfrom
4.3to 4.4will basicallyconsistof theapplicationof awindow replacementule. In this sensehe
datastructureélevisedhereintroducesa new layerontop of the window inferencemechanisnon
which the userinteractswith CORE.

Whendevelopingthe task datastructureve will pursuethe additionalaim to employ tasks
alsoasa datastructuréor proof planning. Theideais thattasksprovide a commoninterfacefor
automatedndinteractve reasoningrocessesr hisideally enablesusto tackleinactive subgoals
(suchasthe C* in 4.3) with anautomatedgroof planneror an automatedheoremprover (ATP)
in the backgroundyvhile the usertriesto constructa proof for anothersubgoalnteractvely.

Thetaskdatastructuréhatis developedn this chaptemwill resemblehatof ataskin XMEGAS
proofplanneMuLTI [Mei03] andalsohave muchin commonwith thefocusdatastructuréhatis
usedby QANTS (see[Sor01]).

4.1 A Calculusfor Tasks

In this sectionwe develop a task datastructuren top of COREs window inferencetechnique.
Intuitively, thetasksthatwill beintroducedoelon denotesubgoaldogethemith all theformulas
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thatcanbe usedto closethis subgoal(all subtreeghatare a-relatedto the goal). Accordingly a
taskwill simply bedefinedasallist of windowsthatall occurin the samecontext.

4.1.1 Definition of Tasks

For proof planningit is often usefulto attacha certainrole to a window which occursin a task,
e.g. it is often corvenientto distinguishbetweenwindows that denoteaxiomsand thosethat
would denotealocal hypothesisn a ND proof. For instancan 4.2 we couldlabel A asalocally
introducedhypothesiswhile all otherwindows inside the braclets are classifiedas axiomsor
definitions. This informationcanbe exploited in proof planningand proof presentation.To be
ableto do so,wefirst definethe notionof arole andanannotatedvindowon which thedefinition
of taskswill thenbebased.

Definition 4.1.1 (Roles)
Wefix afinite setR = { Aziom, De finition, Hyp, ...} consistingof uniquerole specifiers.

Definition 4.1.2 (AnnotatedWindow) An annotatedwindow A is atuple A = (W, R), where
W isaCORE window andR € R is therole of I/

In the following we will referto annotatedvindows simply aswindows. Taskscannow be
definedto besetsof annotateavindows. To reflectthedistinctionbetweeraxioms(i.e. everything
thatoccurdn bracletsin 4.1)andthegoalthatwe wantto derivewewill dividethesetof windows
of ataskinto a goalwindowandsupportwindows

However, beforewe malke this intuition formal we transferthe notion of a dependenbccur
renceto windows.

Definition 4.1.3 (ConditionalWindow) Let w beawindow on a subformulaF’ in anFVIFT R.
We saythatthewindow w is conditionalin R iff thenodein R thatis labeledwith F' is dependent
in R. Otherwisewe call w unconditionalin R.

Definition 4.1.4 (Tasks)Let R bethe FVIFT of the currentproof state. A task7 is a setof
annotatedvindows 7' = {wy, ..., w,} for R with exactly onegoal windoww;, i € {1,...,n}
andsupportwindows{wy, . .., w, }\{w; }, wherethefollowing holdsif R’ isthesmallestsubtree
in R thatcontainsall windowsin 7:

1. thesubtreeslenotedby thew:, . . ., w, area-relatedbetweereachother

2. all supportwindows of T" areunconditionain R/,

We denotetasksT' = {wy, - .., w,, g} with goalwindow g aswy, . .., w, > g or X > g if we are
notinterestedn the exactnatureof the supportwindows. Notethatthis notationis only slightly
differentto the representationve usedat the beginning of the chapterwherewe displayedthe
supportwindows above the goalwindow.

Selectingonewindow asthegoalwindow playsarole whenreasoningnteractvely. However,
thedistinctionis nota principleone,somethinghatis reflectedby thefactthatwe will introduce
ashiftrule thatallows usto swapasupportwindow with the goalwindows.
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Herewe find animportantdifferenceto the sequentsn the sequentalculus. In the sequent
calculust is relevantonwhich sideof thesequenans-formulaoccurs.ln CORE thisinformation
is alreadyencodedn the polaritiesof eachformula. We canthereforefreely exchangethe order
of windows in atask. This alsomotivatesour decisionto definea taskasa setof windows. Also
notethata task:, a? > a? doesnot necessarilycorrespondo aninitial sequenin the sequent
calculusbecausehe a’s might have the samepolarity (i.e. p = q).

Theconstrainthatno supportwindow of ataskmustbe conditionalis importantbecausehe
contentof supportwindows will bepresentedo the userassomedirectly available"knowledge"
that can be usedto derive the formula in the goal window of the task. If the contentof the
supportwindowswould be 5-relatedto subtreeshatlie outsidetherespectre window, thenthese
treeswould automaticallybecomeconditionsfor arny replacementule thatis generatedrom
this window; i.e. the g-relatedsubtreeswould represenimplicit "knowledge" which will be
introducedn form of new proofobligations.This is unwantedfor interactve proof construction,
asthe usermight wantto be ableto seewhethercertainformulasin the "context" aredependent
onfurtherformulas,beforeapplyingthemin theform of areplacementule.

As anexampleconsiderthe formula (D+ =# (s = t)7)~ = B[s]*. Without the require-
mentthat supportwindows mustbe unconditionalwe could generatehe following taskfor the
above formula: (s = t)~ > BJ[s|T. However, althoughthis task givesthe impressionthat the
equations = ¢ could be useddirectly to transformB]s] to B[¢], thisis notthecaseass = ¢ is
dependentn Dt andhencethereplacementule s —< ¢, D* >, insteadof s — ¢ hasto beused
to carryoutthetransformation.

Becausdasksarebasicallyrepresentationsf subgoalsve next definewhenataskis closed.

Definition 4.1.5 (Closedtask)A taskX > G is closediff thereexistsaw € ¥ U {G} suchthat
w denotesa provedsubtreej.e. w is eithertrue™ or false™.

An initial problemof derving agoal G from theaxiomsAz+, . .., Ax, is representetdy the
systemasan IFT for the signedformula (Az, ..., Az, = G)*. Whenreasoningn the just
definedtaskstructure eachproof startsout with aninitial taskwhich containsa window for the
goalformula G asthe goal formula andonewindow for eachof the axiomsas supports. This
motivatesthefollowing definitionof aninitial task

Definition 4.1.6 (Initial Task)Let G be a formulaand Az, ..., Az, formulasthat represent
axiomsfrom which G canbederived. Let further R beanIFT for (Axy,..., Az, = G)", w; a
window on asubtredor Ax; andg awindow onG thenwy, ..., w, > g istheinitial taskfor G.

Fromnow onwe will notdistinguisharnymorebetweerawindow andtheformulait contains
whenwe representasks.Hence theinitial window for G’ with axiomsAz; will berepresenteds
Axq, ..., Az, > G. Notethatthisimpliesthatwe canencountetasksof theform X3, A7, A? > G.
In this casethe AP are syntacticallyequalformulasthatoccurin differentwindows. However,
becauseve aredealingwith windows, ratherthanformulaswe have to treatthe A?s asdifferent
entities.

We have seenthata taskwith a goalwindow of type 5 canbe split into two tasksby decom-
positionof the goalformula(cf. 4.3). Becauseve alwayswantto keeptrack aboutall tasksthat
arecreatedduringa proof attemptwe definethe conceptof anagenda
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Definition 4.1.7 (Agenda)An agendais a setof tasks. An initial agendais an agendathat
containsonly theinitial taskfor agoalG.

Tasksontheagendaanbemanipulatedy decompositiomf thegoalwindow (a- or 5-decomposition),
applicationof areplacementer oracleruleto thegoalformula,closureof thewindow onthegoal
formula or selectionof a differentgoal window (shift). In the following sectionwe will define

a setof rulesthatallow usto performexactly thesemanipulations. The ruleswill be of form

rule : TASKS — 2TASKS  Thatis, by applicationof arule to a taskthis taskis replacedoy
zeroor moretaskson the agenda.The rulesare shovn in FigureF 10 in a declaratve notation
whichresembleshatof sequentalculusrules. Premise®f therulesconsistof oneor moretasks

and possiblyadditionalsideconditions.The conclusionof a rule containsall tasksthat replace

the premiseontheagendaln thatsenseheserulescanonly beappliedin forwarddirection.We

now investigateeachof therulesin turn.

Y > oAP4, BPB) Y > oAP4, BPs)
S, B> Apa OF 5, APA > BPe

ajy,

e a((-(A M)
YXp> AP
Y > 5(APA, BPB)
> AP Y > BPB
Y> G G'= Parent(Q)
oG Subwindows(G') =
;:gii? shift E@ © close

YD i
i wv... 01>,

-

7 Focus — Close
>

apply(i =< vy,..., v, >)

FigureF 10: Thetaskmanipulatiorrules.

4.1.2 «-decomposition

Decompositionof a goal formula of type « is the simplestof our task manipulationrules. It
realizesthe task transformatiordescribedn 4.1-4.2. To decompose formula «( AP4, BP5) it
is merely necessaryo opennewv windows on the A4 and BP2 andthendecidewhich of the
new windows becomeshe new goalwindow. To beableto selecteithersubwindav asnew goal
window we definethreerules:

Y > oAP4, BPB) N Y > AP, BPB) N
Y, BPs > APA ¢ S, APa > pre ¢ (4.5)
Y > a((ﬂA)p) o
> AP ) (4.6)

We canseethatthe decompositiorstepfrom 4.1—-4.2 canberealizedwith rule «,.
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FigureF11: FvIFT for thetaskX, (A A B)™ > (C A D)*. Dashedinesindicateexisting but
inactive windows.

4.1.3 [(-decomposition

Therule for decompositiorof a goalformulaof type 8 enablesisto performproof stepssuchas
theonefrom task4.2—-4.3.Therule asit will bedefinedhereis in principle easy Decomposition
of ataskwith agoalformulag(AP4, BP2) will leadto asplit of thetaskinto two taskswith goal
formulas AP+ and BP2 respectiely. Accordingly, therule for 5-decompositiotooksasfollows:

> ﬁ(APA’ BIJB)
> A4 Y > BPB b 4.7)

To allow for anunrestricteddecompositiorof g-formulasit needsa little moreeffort whenim-
plementingthis rule thanwasthe casewith the rulesfor a-decomposition.The reasonis that
theremustbe no conditionalsupportwindows in a task. Thatis, after decompositiorof a goal
formula 3(G4, G2) the constituents7; and G, canonly becomesupportwindows if we make
them unconditionalwhen applying the 5-decomposition.This canbe doneby splitting up the
goal formula 3(G4, G2) while retainingthe context ¢ aroundit. We canachieve this through
applicationof arule of the form ¢(5(A, B)) — B(¢(A), ¢(B)) which is describedn [Sch77]
and[Aut03. Autexier [Aut03] canshaow thatthis SchitteRuleis admissiblan any CORE proof
state.

To seewhy we needthe SthiitteRule consideratask, (A A B)* > (C' A D)*. An FVIFT
for this taskis shavn in FigureF 11. If we implementthe 5-decompositiorrule with the help
of the Schitte Rule we not only changethe window structureof the FvIFT aswe do with the
a-decompositionule, but we alsochangethe FVIFT itself. For instancejf we g-decomposé¢he
goalwindow (C' A D)* we obtainthenew FVIFT in FigureF 12.

We seethatthetask, (A A B)* > C'* correspondso the minimal FvIFT R; with root-node
oy andtasky, (AAB)* > D is representelly theminimal FVIFT T, below «, (cf. FigureF 12).
It isimportantto notethatC+ and D™ areunconditionain therespectietreesR; andR,. Hence,
we caneasilymake themto supportwindows of atask. This will beimportantin Chapte#.1.6
whenwe definethe shift-rule.

4.1.4 Larger DecompositionSteps

«- and g-decompositiorstepscanbe combinedin a macro-rulethatallows us to focusdirectly
on a particularsubformulainsidethe goalwindow of a task. The uniform typesof the nodesin
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FigureF 12: A logical equivalentFVIFT to theonein FigureF 11. Thistreewould resultfrom the
decompositiorof the treein FigureF 11 if we realizethe 3-decompositiorwith the help of the
StutteRule Theleft subtreebelon o, correspondso tasky:, (A A B)* > C* while thesubtree
below o, representsasky, (A A B)T > DT.

anFVIFT thatoccuron a pathbetweerthe selectedsubformulaandthe root of the goalwindow
uniquelydefinea sequenc®f «- and S-decompositiorstepsthat needto be appliedin orderto
obtainthe chosenformula asa goalwindow in a single step. Sucha macro-rulegivesus great
freedomin the selectionof subwindavs but simultaneouslkeepstrack aboutparallel subgoals
thatappeaastaskson theagenda.

4.1.5 FocusClose

It is often necessaryo undo a decompositiorof the goal window of a task, which hasto be
realizedby closingthe focusof the goalwindow G andwith it, all otherfoci below the parent
of G. Thefollowing focus-closeule providesexactly this functionality. Furthermorethis rule
is alsonecessaryo realizethe sidecondition®f otherrules(e.g. shift, seeSection4.1.6),which
requireto closewindows.

Y > G G' = Parent(Q)
oG Subwindows(G') =

7 Focus — Close (4.8)
Unfortunately it is not enoughto simply closeall subwindavs below the parent-windev G’ of
thewindow G to which the rule is applied. Becausehe actve subwindavs are constituentof
othertasksit is necessaryo updatethe tasksstructureon the agendawhile closingsubwindavs
of G'. Closingsubwindavs recursvely while updatingthe agendaat the sametime canbe done
relatively straightforvard. We have to treata- and g-windows differently.

1. Windows W of type 8 with subwindavs W, W, canbe simply closedby removing all
tasksfrom the agendahat containeither W, or W, asgoalwindow. In fact, W; andW,
canonly occurasgoal windows, becausehey are mutually g relatedand canhencenot
occurassupportwindow. Having removedtherespectre tasks(if thereareary), W, and
W, canbe closed(recursion)anda new taskwith goalwindow W andthe samesupports
asW; andW, have to be pushedntheagenda.

2. Closingwindows W of type o with subwindavs Wy, W, is only little morecomplicated.
We cancloseW by first retrieving the setT” of all tasksfrom the agendahatcontainboth
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windows (in fact eachtask containseitherboth or noneof Wy, W5). In a secondstepthe
closeruleis appliedrecursvely to W, andW, beforelW; andW, arereplacedby W in all
tasks.

4.1.6 The shift rule

The shift rule changeghe goal formula of a task. This is particularly importantbecausdahe
rulesdefinedhereonly allow for manipulationof goalwindows. Considerfor instancea situation
wherewe have a window on a formula A? anda window for (A < B)~ amongsthe support
windowsfor agoalG;i.e. X, (A < B)—, AP > G. If we now wantto apply A < B in aforward
stepto AP we have to make AP the goalwindow. To be ableto performthis transformatiorof a

taskwe definethe shift-rule.
Y, A> G

¥,Gr> A

Becauseve realizeds-decompositiorwith the Stitte-Ruleve canbe certainthatthe goalwin-
dows of a taskare alwaysunconditionalwhich is a prerequisitefor the above definition of the
shift-rule.

shift

4.1.7 Closingtasks

Of course,theremustbe a way to remove tasksfrom the agendan casethey areclosed(i.e.
one of the windows in the taskis proved). This canbe donewith the following rule for each
o € {truet, false™}.

>0 close
0

(4.9)
which simply removesy: > ¢ from theagenda.

To beableto make useof COREs reasoningapabilitiest is necessaryo augmenthe setof
rulesby additionalonesfor the applicationof replacemenandoraclerulesto tasks.Thisis par
ticularly important,becausenethodapplicationwill be realizedthroughoraclerule application
aswill beelaboratedn detailin Chapte6. Herewe introducethetaskrule for replacementule
application.

4.1.8 ReplacementRule Application

The way tasksare defined,all replacementulesthat are admissiblefor a goal window canbe
generatedrom the supportwindows of atask.Whenwe now definearule thatallows usto apply
areplacementule to ataskwe have to make surethatwe loseno "information” whenwe apply
thereplacement-ruleTo seewhatis meantconsidera taskof the form

¥,GT, (AT =BTy > A"

Thewindow on (A+ =# B~)~ justifiesthe admissiblereplacementule A~ — B~. Intuitively,
applicationof thereplacementule to A~ shouldyield anadditionalwindow on B~ suchthatthe
taskthatresultsfrom applicationof thisruleis $, A=, G+, (AT =f B~)~ > B~; i.e application
of therule shouldnotremove A~ from thetask.However, merelyapplyingthisruleto A~ would
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replaced~ by B~ (see3.5.1),whichwouldyield ¥, G*, (AT =# B~)~ > B~. Thisis notquite
whatwe want.

Thesolutionto this problemliesin the applicationof the contractiorrule to thegoalwindow.
By copying thewindow beforeapplicationof the replacementule, we ensurehatno knowledge
is "lost". Accordingly, the rule for applicationof areplacementule R = i —»< vq,...,v, >

looksasfollows .
Y>>

Yot wv ... 00>y,

apply(R) (4.10)

Thewaythisruleis definedit canonly be appliedto anoccurrencehatis the only contentof the
goalwindow of atask;but notto occurrences insidea goalwindow (i.e. G[i]). However, thisis

no problemaswe canalwaysmake ani in G[i] thegoalwindow by applicationof themacro-rule
for a- and 5-decompositior{seeSectiord.1.4).

4.2 Tasksvs. Sequentsand ND

Whenlooking at the effectsthat a- and g-decompositiondiave on the task structurethereare
somesimilaritiesto the sequentaindnaturaldeductioncalculus. The similaritiesareparticularly
striking when we comparethe motivating example at the outsetof the chapterwith the "cor-
responding"proof stepsin the ND calculus. In this part of the chapterwe will relatethe task
approachntroducedabove to the sequentind naturaldeductioncalculusto work out the differ-
encesandcommonalities.

Althoughtheeffectsof thea- ands- decompositiomuleswe haveintroducedaboveresemble
someof thesequentalculus(i.e. Ar, Ag, Vi, Vr, =1, = r) andnaturaldeductioncalculusrules
(e.g.=,=g), thereis animportantdifference While therulesin SK andnaturaldeductionead
to arealdecompositiorof theformulathey areappliedto, the «-decompositiomule merelyaffect
thewindow structureon the FvIFT. Accordingly, whenwe a-decomposéehe goalwindow of a
taskthis only changeghe view we take on the proof state,but not the proof state(FVIFT) itself
which modifiesthe IFT. Considerfor exampletheND rule

g

G
F=dG

=7

Backward applicationof this rule decomposesa formula F' = G into formulasF andG. The
correspondindaskrule is therule for a-decompositiorwhich, appliedto awindow (F' = G)*,
merely opensa new subwindav on F' andG. We canthereforesay that a-decompositiorin
CORE only anticipateghe correspondingtepsn the SK andnaturaldeductioncalculusandcan
thereforebe seenasakind of look-aheadn a-decompositionn thesecalculi.

It is furthermoreworth pointing out thatthe task structurerestrictsthe setof possibleproofs
of a theorem. The reasonfor this is that usingtaskswe canonly openand closewindows in
a systematiovay. This restrictsthe setof subformulason which we canfocus. Using the task
structurethereforeimposesa certainstructureon proofs. Autexier [AutO3] shows thatwhenwe
restrictthe choicefor focusingand replacement-rul@pplicationeven further it is possibleto
emulateSK derwvationsin CORE.
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However, the taskstructuredevelopedherestill enablesa moreflexible reasoninghendoes
the sequentalculus. For instance whenusingthe macro-rulefor a- and g-decompositiorwe
canperformlargerdecompositiorstepsthanarepossiblein the SK.

4.3 Tasksin Interacti ve Proof Seaich

The task structurethat we introducedin this chapterwas developedwith respectto two aims.
Firstly, we wantedto be ableto presenthe formulascontainedn the context of awindow in a
moreaccessiblavay thenmerelyasa (possiblylong) list of replacementules. Secondlywhile
focusingon subformulagiuringa proof, we wantedto beableto determineconjunctve subgoals
outsidethe currentfocus. This for instancemalkesit possibleto call automatedheoremprovers
which areencapsulatedsconcurrenprocessinghreadon theseinactive goalswhile the useris
workinginteractvely ontheactive goal. We will arguethatbothaimshave beenfulfilled with the
implementatiorof thetaskstructure.

With respectto the issueof presentationtasksallow us to presenta proof situationto the
userin anintuitive way. Insteadof listing all replacementulesthatcanbe generatedrom the
context, the supportwindows give us accesgo the assertionsvhich we canlist line by line on
top of the screenfollowed by the goal window at the bottom (FigureF 23, Appendix). Sucha
presentatiomf ataskis meantto resemblemorethe presentatiorf proofsin mathematicatext-
books,whereall availableassertiongaxiomsanddefinitions,etc) arelisted beforethe theorem
is stated.Individual proof stepson the assertiorievel arethengenerallyjustified by referenceo
theseassertions.

In a systemstatewherethe useris shovn the currenttask he hasthe following optionsto
continuethe proof. He caneithera- or f-decomposé¢he goalwindow. A secondchoiceis the
applicationof one of the assertionghat are representedby the supportwindows. This canbe
achievedby simply clicking ontherespectie formula. The systemthenpresentsll replacement
rulesthat can be generatedrom the chosensupportwindow. It is thenthe choiceof the user
to identify the replacementule thatencodeghe preferredapplicationdirectionof the assertion.
Thisis alreadyanimprovemento thesituationwherethe userwaspresentedvith all replacement
rulesthatareadmissiblewith respecto the currentwindow; i.e. thereplacementulesgenerated
from all formulasin the context.

However, it is possibleto do evenbetter For mary of the rulesthat canbe generatedrom
a single supportwindow in a task, one canseein advancethat they are not applicablein the
goalwindow. For otherrulesit is likely thatthey do not represent suitableapplicationof the
formulafrom whichthey weregeneratedAs aconsequencehe systencurrentlyusesaheuristic
to generateonly thoserulesthatarelikely to representhe intendedapplicationdirectionof the
assertior(seeChapteb).

In casethe userdoesnot know immediatelywhich assertiorto apply, he hasto fall backon
selectionof apromisingreplacementule thatcanbegeneratedrom oneof thesupportwindows.
Laterwe will seehow theuseris supportedn thistaskby theagent-baseduggestioimechanism
QANTS which identifiesapplicablereplacementulesand presentgshe mostpromisingof these
rulesto theuser Becauseeachapplicablereplacementule correspond$o anapplicablesupport
window we could even exploit this informationto highlight applicablesupportwindows on the
interface.
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A furtherreasorfor the introductionof taskswasto be ableto determineconjunctve goals
outsidethe currentfocusto which externaltheoremproverscanbe appliedin the backgroundas
concurrentprocessesTasksalsolay the foundationfor this aim. The tasksthatare createdby
applicationof therules4.5—4.10areconstantlymaintainedon the agenda.The agendaherefore
represents segmentationof a proof into differentsubgoals.In Chapte8 we will seehow the
agentarchitecture2ANTS canbe usedto employ externalreasoningsystemsn the background
to tackleproblemsencodedy inactive tasks.

4.4 Chapter Summary

In this chapterwe have introducedthe task data-structurehat allows us to display a window

togetherwith its context in an intuitive way to the user Furthermore we have developeda

setof rulesto manipulatetasks;e.g. to perform decompositiorstepson the formulasinside

particularwindows of a taskor to apply replacementulesto a task. By reasoningwith this task

manipulationruleswe automaticallykeeptrack aboutparallel subgoalswvhich will shov up as

separateaskson the agenda.This providesthe basisfor the employmentof externalreasoning
systemghattry to solveinactive subgoalsautomaticallyin thebackgrounaf theinteractive proof

process.In the next chapterwe will have alook at how interactive proof constructionproceeds
whenwe reasorwith thetaskstructure.



35

Chapter 5

Tasks- A worked example

In this chapterwe make useof the task structureto stepthrougha proof of a simpletheorem.
In doing sowe areableto point out the advantagegshatthe taskstructurebringsfor interactve
theoremproving aswell as putatve weaknessesf the approach.In particularwe outline the
two major strengthsof the task structure. The first beingthe intuitive presentatiorof subgoals
togethemwith theaxiomsandhypothesighatareavailablein thecontext of thissubgoal Secondly
we show how taskssuccessfullyexcerptCORES potentialto easehe applicationof assertions.

Theexampletheorenthatwe will considelis thefollowing
Theorem5.0.1 Let A and B besetssudthat A C B thenit alsoholdsthat24 C 25.

Let usfurtherassumehatwe canmake useof the axioms5.1-5.2. Note thatsofar CORE
doesnotprovide away to defineconceptotherthanexpressinghemasequvalencesr implica-
tions. Furthermoreto easethe presentationn this chapterwe assumehatthe definitionsbelow
areencodedashigherorderformulaswith polymorphictypes?.

VMVN.M CN &VzzeM=z2¢e€N (5.1)
VXYMX e2" s X C M (5.2)

For thepresentatiomf theproofwe assumehatataskis presentedo theuserin away similar
to how we depictedtasksat the beginning of the previous chapter This meanghateachsupport
window is displayedn oneline andthe contentof the goalwindow is showvn below the supports.
However, asa slight modificationwe decideto displaypositive supportwindows only if they are
not the copy of a goalwindow thatwas madebeforethe applicationof a replacementule (cf.
Rule4.10). Thisdecisionis motivatedby theobsenationthatwe rarelyneedto usethesepositive
copies.However, we do notgetentirelyrid of thesesupportwindows asthey might be usefulfor
backtracking(i.e. they cansene aspossiblepointsto which the usermight wantto backtrack)
andin refutationproofs. The copiesof positve windows are thereforeonly hiddenbut canbe
madeavailableuponrequest Clearlytheissueof how to presenttaskto the useris alsorelated
to the developmentof anadequateyraphicaluserinterfacefor CORE. It shouldbe possiblefor
theuserto choosebetweerdifferentpresentatioomodesdependingpon how hewantsto construct
the proof.

LIn the currentimplementatiorthey still have to beencodedn a sortedfirst-orderlogic.



36

Looking at figure F 23 (Appendix) we can seethat the presentatiorof taskswe usein this
chapteris very similar to the way tasksareactually presentedn the currentGUI of our system.
Thesoledifferences thatthe GUI doesnotyetindicatewhich polarity goal-andsupportwindows
have. However, this caneasilybe changedfor instanceby coloring eachformulainsidea task
accordingto its polarity.

VA, B.AC B=24C 28 (5.3)

We cannow turn to a proof of our sampletheorem.With the goalrepresente@sin 5.3we
obtainthefollowing initial task.

(1) MCN&ezeM=zcN)"
(2) (X e2M & X C M)~ (5.4)

(ACB=24C2B)*

How dowe begin ourproof? As afirst step,we mightwantto proof24 C 28 undertheadditional
hypothesi§ A C B)~. We caneasilyperformthis stepby applyinga-decompositiorio the goal
(thisis achieved by clicking onthe Decomposé&oal link in Fig. F23). Thetaskwe obtainis the
expected

(2) (X e2M & X C M)~

(1) MCNezeM=z€N)"
l(3) (AcB)” ]

(5.5)

(24 C25)*

where(A C B)* occursasa new supportwindow. We cannow apply the definition of C
(5.5.1)to thegoalformula(24 C 28)*. In the GUI thisis doneby clicking onthe corresponding
definition. CORE thenusesa heuristic(cf. Sec. 5.1) to computethosereplacementulesfrom
theselectedormulathataremostlik ely to betheappropriateulesto applythisformula. Fromthe
suggestedulesthe userthenhasto selectthe correctrule andapplyit to thegoal. In the current
situationthe heuristiccomputeghe singleapplicablerule (i.e. (M C N)" < (z € M = z €
N)* >) which is thenappliedautomaticallyto the correctterm position. Oneinteractionhas
takenusto the new task

1) (MCN eyeM =>yecN')"

(2) (Xe2M e X C M)~

(3) (ACB)- (5.6)

(z €24 = z€2B)F

As aresultof applyingthereplacementule we have obtainedhenew goal (z € 24 = z € 25)*.
Note that althoughthe applicationof the replacementule hasinstantiatedhe variablesM and
N in (5.6.1),we now have an uninstantiatedsersionwith freshvariablecopiesM’ and N’ in
the supports. (Technicallythe systemhasincreasedhe multiplicity of the equvalence(5.6.1)
and a window for the newly createdcopy hasbeenaddedto the task, while the window on
the instantiatedversionis removed from the task). From now on we always assumehat after
applicationof anassertiorwe have anuninstantiatedrersionin the supportswithout indicating
this explicitely.

In anext step,we applythe definitionof powerset(5.6.2)to theformulasz € 24 andz € 25
respectrely. We dothisasbeforeby selectinghecorrespondingssertior{5.6.2).In factwe have
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to repeatherelevantstepfor eachof thetwo subformulasNotethatafterclicking ontheassertion
(5.6.2)the systemsuggestso applytherule X € 2 —< X C M > wherewe merelyhave to

determinethe applicationposition,i.e. (z C A) or (2 C B). Whenwe apply5.6.2againwe are
now presenteavith two suggestionsishow to apply 5.6.2;theseare X € 2 —w< X C M >

andX C M —< X € 2M >, Whenselectingthe formerrule the systemautomaticallyapplies
therule to theuniqueapplicationcondition.We obtainthe new task

(1) MCN oyeM =yeN')
(2) (Xe2M e X C M)~
(3) (ACB)” (5.7)

(zCA=zCB)*"
A furthera-decompositiomesultsin

(1) M'CN eosyeM =yeN')"

(2) (X e2M & X C M)~

(3) (ACB)~

(4) (2 C A)- &8

(zC B)*

How to proceed? At this stage,a humanmathematiciarwould probablyamguethat (z C B)*
canbeinferredfrom (5.8.3)and(5.8.4)with thehelpof alemmawhich stateghatC is atransitve
relation,which we don't have at our disposal.Later we will seehow the systemcanbe further
developedto suggesto closethis goalby applicationof amethodthatcorrespond$o application
of just this lemma. However, currently we are left with no other choiceasto further expand
definitions,beforewe canclosethegoal. Thatis, we basicallyhave to proof thelemmaby hand.

We wantto apply definition (5.8.1)to (5.8.3),(5.8.4)andthe goal. For the goalthis is easy
We simply select(5.8.1) for application. The systemheuristically computesa single correct
replacementuleto apply(5.8.1)andhenceappliesit automatically Furtherapplicationof (5.8.1)
to (5.8.3)and(5.8.4) canbe achieved by first making (5.8.3)andthen(5.8.4)the goal formula.
On the GUI we do this by usingthe link Make goal that is attachedto every non-axiom(cf.
FigureF 23). Internallythis link appliesthe shift-rule. Thetaskafterexpansionof (z C A)~ and
(ACB) is

) MCN eyeM =yeN) ]
) (Xe2M e X C M)~
) (ACB)-

) (2 C A)

) (yez=>yeB)"
) (yez=>ye A~

(5.9)

(yeA=yeB)

Where(5.9.5)and(5.9.6)originatesfrom the expansionof (2 C B)*™ and(z C A)~. Thenew
goalis obtainedthroughapplicationof (5.8.1)to (5.8.3). After making(5.9.5)the goalwindow
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anda furthera decompositiorio it we obtain

[ (1) (M'CN oyeM =yeN') ]
(2) (Xe2Me X C M)~
(3) (ACB)"
(4) (zCA)”
(5) (y €2)” (5.10)
(6) (yez=>yeA)”
L (7) (yeA=yeB)”

(y € B)*

This goalcannow be closedby applicationof (5.10.7),(5.10.6)andfinally (5.10.5)to the goal.
Duringall this stepghesystemcomputeghecorrectsuggestionasto whichreplacementule re-
alizestheapplicationof therespectie hypothesisothattheuseris only concerneavith selecting
theappropriatesupportwindow for application.Theremainingproof stepsarethen

(1) (1) (1) (1)
(1:3) ~ (1:3) ~ (1:3) ~ (1:3) (5.11)
(yeB)*t (yeA)F (y € 2)* truet

We have obtainedanagendawith asingletaskwhich canbeclosedandremovedfrom theagenda
by applicationof the closerule. This concludeur interactve proof of thetheorem.

Whatdoesthis exampleillustrate?We canidentify threebasicadvantageshatarisewhenwe
make useof thetaskstructure.

1. Themainfeatureof thetask-structures thatalthoughit allowsto conductproofsin away
thatresemble$\D styleproofs,it hidesthecalculuslevel from theuser Noticethatinstead
of applyingdifferentND caclulusruleswe cannow apply formulasto the goalwindow in
auniformway.

2. Although the proof stepsstill resemblethe essentialstepsin an ND proof, proofs con-
ductedwith thetaskstructureareshorter For instancewe do not needto apply quantifier
eliminationrulesbecausehis is doneimplicitly by CORE.

3. Tasksallow usto presentassertionsn an intuitive way to the user This is a prerequisite
for makinguseof thefacilitatedway to apply theseassertionsTogethemwith thefactthat
we avoid a branchingof the proof whenwe apply assertiongaswould for instancebethe
casewhenwe applythe =z rule backwardsin ND proofs)this providesa corvenientway
to constructproofs.

Overall, we canseethatthe proof above doesnot requireary logical knowledgeabouta certain
calculus. Ratherthe tasksstructureenableghe userto concentraten the essentiaktepsof se-
lectingandapplyingformulascontainedn the supportsof a goal. Althoughthe applicationof an
assertiorstill requiresto choosebetweena numberof replacementuleswe have alreadysignif-
icantly reducedhe numberof possibleoptionsby concentratinghe computatiorof replacement
rulesto a particularassertion. In the next sectionwe will seehow this choice canbe further
reducedoy asimpleheuristic.
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5.1 Computing ReplacementRules

Throughoutthe chapterwe have often mentioneda heuristicthat, given a supportwindow and
a goalwindow, computedhosereplacementulesthatare mostlikely to be appropriateor ap-
plication of the knowledgecontainedn the contentof the supportwindow to the goal. We will
now examinethis heuristicin moredetail. Let usthereforenotethatthe formulasin thegoaland
supportwindow eachcorrespondo a subtreeof the IFT for the currentproblem. We will refer
to the root nodeof the supportformulaasassertionoccurrenceandto the root nodeof the goal
formulaasgoal occurrence The questionis then: how canwe apply the label of the assertion
occurrenceo thelabel of the goaloccurrence®e begin with makingtwo obsenations

1. We canonly applyareplacementule R to aformula F' if theinput: of R unifieswith a
subtermof F.

2. Two formulascanonly unify if their head-symbolsreequal.

The heuristicthatwe will develop herewill makesuseof thesefactsandtriesto find the mini-
mal occurrencéelow the assertioroccurrenceahat potentiallyunifieswith anoccurrenceéelov
the goal occurrence.To find suchcandidatesve comparethe headsymbolof putative input oc-
currenceswith the headsymbolsof occurrence®elon the goaloccurrence.This occurrenceif
it exists, will thenbe usedasaninput for the replacementule we generatdrom the assertion.
Note that this input occurrenceuniquely determinesa replacementule if we requirethatonly
literals occurasvaluesin therule. In casetherearemultiple occurrences, .. ., o, thatqualify
asinputoccurrencave suggesbnereplacementule for eacho; € min{o, ..., 0,}2 Thereason
for usingminimal occurrencess thatif o < o’ in anIFT theno is likely to have lesss-related
occurrenceghano’. Accordingly, replacementuleswith minimal input occurrencesvill tendto
have lessvalueoccurrencesndthereforentroducefewer subgoalsWe thereforealwayssuggest
thoserulesfor applicationthatintroducethe leastnumberof nenv subgoals.Note thatin order
to maintaincompletenesghe usercan alwaysrequesto seeall replacementulesthat canbe
obtainedirom the particularsupportwindow.

C (M?,N) &€ (27, M) =€ (27, N7)° AC (U(X,Y),2%),F)* (5.12
_— ~ N
C(M,N)| €@, M) =€ (@, N |CUXY),Z)* “Ff
ux, Yt  zo"

FigureF 13: Assertion(left) andgoal occurrenceright) for the examplementionedabove. M”
andN” arefreelyinstantiablevariables,Z’ is a § typevariableandF € L.

Beforewe formally presenthealgorithm,let usfirst look atanexample.\\ take theassertion
occurrencedo belabeledwith thealreadyfamiliarformulaM” C N7 & 27 € M"Y = x7 € N7.
We assuméurtherthatthegoaloccurrenceés labeledwith aformula(XUY C Z%)AF. ThelFTs
for theseformulasareshownn in Fig. F 13 (we useprefix notationto make it easierto identify the
headsymbols).We canseethatthe nodelabeledwith C (M7, N7) in theleft treeis theminimal
occurrencevhich qualifiesasaninputfor areplacementule accordingto the criteriamentioned

2Therecanbe multiple minima, becausex is a partial ordering
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above; i.e. it hasthe sameheadsymbolasthe framedoccurrencean figure F13 (right). The
replacementule thatis suggestedby the above heuristicthereforeis

(MY C N")° =< (€ (27,M") =€ (z",N"))° >
whichis exactly whatwe needto applytheassertiorto thegoal (X UY C Z%) A F.

The algorithm that identifiesthe possibleinput occurrencess shovn belon. Note that it
excludesoccurrencesvith aheadsymbolin {A, Vv, =, -, <} from the setof input occurrences.
Thereasons thattheheuristictriesto find the"characteristic’hon-logicalsymbolof theassertion
from which it triesto generata replacementule.

In the algorithm below the function SUBFORMSWITHSYM (s, 0) returnsa setof all occur
rencesdelow o thatarelabeledwith aformulawith headsymbols. In fact,in the currentimple-
mentationit alsoreturnsthetermpositionof eachsuchoccurrencewithin label(o), which allows
to automaticallyapplythe preferredruleif thereis auniqueapplicationposition.

Theoccurrenceshatarereturnedby this algorithmsene asinput occurrencesf thereplace-
mentruleswhich realizethe applicationof theassertion.
Algorithm 5.1.1: COMPUTEINPUTOCC(assertoce, goalocc)

s < head(label(assertocc))
I + SubformWithSym(s, label(goalocc))
if s {A,V,~, =, SIAT#(D

then min(I)
else {c1,...,cx} < childs(assertocc)
(U; ComputeInputOcc(c;, goaloce)

Theheuristiccanfail in two ways. In somecasesit might not returnanappropriataeplace-
mentrule. To maintaincompletenesthe userthereforealwayshasthe optionto seeall rulesfor
agivenassertiorto selectthe correctrule by hand. Secondlythe suggestedule might not unify
with a subformuleof thegoal. Thisis possiblebecauseve do not performafull unificationwhen
we try to identify suitableinput occurrencesThereasorto avoid full unificationhowever is that
we areinterestedn fast,but shallov computationghatdo not keepthe userwaiting.

It is interestingto remarkthat we can phrasethe problemof finding the appropriateinput
occurrencdor areplacementule alsoin more abstractermsin a way thatresembleghe term
indexing problem(see[SRvV01] for anoverview).

More precisely givena an assertioroccurrence; anda goal occurrence» we areinterested
in finding the minimal childs a4, .. ., a, of a suchthat R(a;,0’) holdsfor a binary relation R
andachild o’ of the goal occurrence.We have to chooseR in a way thatif R(a;,0’) thenary
replacementule with input a; canbe appliedto o'. Ideally, we chooseR(a;, 0’) to hold iff a;
and o’ are unifiable and of differentpolarity. However, we have alreadysaid that we want to
avoid unification. To increasethe precisenessf our heuristicwhile maintainingefficiency we
couldextendthe comparisorof thehead-symbolsf a; ando’ to acomparisorof all non-\ariable
symbolsin a; ando (in [SRV01] thisis alsoreferredto asoutlineindexing). We would thenhave
chosenR in away thatis more precisethanthe currentlyimplementecapproachbput still notas
computationallyexpensve asatestthatinvolvesfull unification.

Note thatwe do not actuallyindex termsto decreaséhe searchprocessput only frameour
problemin termsof termindexing. This allows for a more precisedescriptionandalsosetsthe
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groundfor employmentof realterm-indeing techniquesn futurework. However, notethatwe
would alsohave to addresghe additionalcomplicationconstitutedby the factthat CORE is a
higherorderframenork.

In chapter8 we shav how the QANTS suggestiormechanisnthecksfor the applicability of
replacementules by usingfull unification. To make this possibleQ2ANTS will performthese
computationsas parallelprocesse# the backgroundn ordernot to postponethe userinterac-
tions.

5.2 Summary

In this chapterwe have demonstratedhe potentialthat the useof taskscanbring to interactve
proof construction.In particularwe have shavn thatthe taskdatastructureasegsherepresenta-
tion of subgoaldogethemith its context andfacilitatestheapplicationof assertionsFurthermore
we have seenthattasksprovide a way to hide admissiblebut irrelevantreplacementulesfrom
theuser We have alsopointedout someopenproblems.

Whensteppinghroughtheproofof theorenb.0.1we arrivedatastagevherewe sav theneed
to beableto applylarger proof steps(step5.8). In the next chaptemwe will formally developthe
notionof a proof-methodor the CORE system.Methodswill provide a way to encodeabstract
proof steps,suchaslemmaapplicationor certaindomain-specifigproof techniquefor the usein
CORE. We will definemethoddo operateonthetaskstructure.
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Chapter 6

Interacti ve Proof Planning in CORE

Sofarwe have seernthatproofsearchn CORE is realizedthroughtheapplicationof replacement
rules, which are generatedrom the context of the currentfocus. However, althoughwe have
notedthat CORESs reasoningstyle facilitatesthe applicationof assertiongluring a proof, the
level of reasoninghatis constitutedoy the applicationof replacementulesis often still more
detaileathanthelevel atwhichhumanmmathematiciansonstrucandcommunicatgroofs.In fact,
whenlooking at proofsin mathematicalextbooks,we find thathumansoftenjustify a proof step
by applicationof a certainreasoningattern,suchasthe diagonalizatiorprinciple,theinduction
argumentor applicationof a particularlemma.

To beableto supporta moreuserfriendly style of interactve proof constructionthe concept
of atactic wasintroducedo interactve theoremproving [GMW?79, Mil85]. Traditionally, tactics
areunderstoodsprogramghatexecutea sequencef frequentlyoccurringinferencestepsauto-
matically. Accordingly, applicationof atactictransformsanopengoalinto a (possiblyempty)list
of subgoals Furthermoretacticsandinferencerulescanusuallybe combinedto morecomplex
tacticsby socalledtacticalssuchasRepeat]f, Elsg etc. This enablesa hierarchicalstructuring
of tacticsandtheencodingof generaproof stratgies. This notionof atacticis now usedin mary
interactive theoremprovers,suchas|sABELLE [Pau94, NUPRL [CAB™86] andotherswherethe
available tacticsrangefrom simple oneswhich, for example,only apply an inferencerule for
guantifiereliminationrepeatedlyto tacticsthatperformafull fledgedproof-searctautomatically
(e.g.theBlasttacticof the I SABELLE systememploys afull matrix search).

Motivatedby the insight that humansplan their proofs at variouslevels of abstraction put
not on calculuslevel, Bundy [Bun88] suggestedo augmentacticsby pre- and postconditions
to be ableto usethemasplanningoperatordmethods This makesit possibleto plan proofs
automaticallyat the abstractlevel representedby the pre- and postconditionsof the methods.
The planreturnedby a planningalgorithm canthenbe refined(expanded)to calculuslevel by
applicationof thetacticsthatareassociateavith eachof the methodghatoccurin the plan.

In this chaptemwe developthe conceptof a methodfor the CORE system.To do so,we first
compardhenotionsof tacticsandmethodghatareusedin the QMEGA system.Wewill find that
the conceptof tacticsandmethodsn QMEGA arenot muchdifferent. Basedon this insightwe
setoutto deviseaconcepbof amethodthatcanbe usedfor interactve proof developmentaswell
asfor proof planning,thusrenderingit unnecessario have differentmodulesanddatastructures
for tacticaltheoremproving and proof planning. This will make it easierto work on the proof
interactvely aswell aswith the helpof anautomategroof planner Furthermorethe declaratve
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specificationof a methodwill enableusto checkfor applicability of methodswith a suggestion
mechanismaswe will seein Chapter7. However, in this thesis,we will not be concerneawith
devising a planningalgorithmfor this methods.Ratherwe assumehatwe will usemethodsto
performabstracproof stepsinteractizely.t

In Chapteb we sawv the needfor the applicationof the following lemma

VAget, Bset, Cset. AC BABCC=ACC (6.1)

whichwe will useasanexampleto illustratethe conceptsve introducein this chapter

6.1 Tacticsand Methodsin Q2MEGA

In QMEGA, tacticsare the objectsthat representabstractreasoningstepsin interactve proof
developmentwhile methodsarethe correspondinglatastructurefor automategroof-planning.

However, in contrastto the traditionalunderstandingf a tactic describedabove, tacticsin
QMEGA not only consistof a program. Instead,tacticsarerepresentedby a declaratve anda
proceduralpart. The declaratve contentspecifiessetsof premisesandconclusionghat have to
bematchedwith prooflinesof QMEGAS proof datastructurePDS whenatacticis applied.This
declaratve partof atacticthusdefinesanabstracinferencestep. The procedurabpartof atactic
is essentiallyan expansionfunctionthatis usedto translatethe abstractproof stepdescribedy
thetacticinto a sequencef proof stepsin 2MEGAS naturaldeductioncalculus. This expansion
function hasto be executedat somepoint during the proof to shav thatthe abstractproof step
performedby thetacticwasactuallycorrect. The expansiorfunctioncanagainmake useof other
tacticswhich allows for the useof multiple abstractiorievels.

Thedeclaratve partof atacticin QMEGA canbegraphicallydepictedas

P ... P

% T(ﬂ'l,- . .7Tj)
whereT is the nameof the inferencestep. {Pi, ..., P,} arethe premisesand C is the con-
clusionof thetactic?. Along with a setof additionalparametergn, ..., r;} theseparameters

are calledthe formal argumentsof a tactic. Premisesand conclusionsof a tactic aredescribed
by formula schemeghat constrainpossibleinstantiationsor this aguments. Furthermorethe
declaratve partcanalsocontaina setof arbritrarysideconditiondthatmusthold for thetacticto
beapplicable.

Application of a tactic proceeddn essentiallytwo steps:in the first stepthe formal argu-
mentsof atactic have to be matchedwith proof lines of QMEGASs proof datastructure(in case
of premisesandconclusions)Additional aumentscanbeinstantiatedvith appropriatgparam-
eters,suchasterms,substitutionsor term-positions.The mappingof formal agumentgo actual
argumentf atacticis referredto asa partial argumentdnstantiation(PAl) or tactic (method)
matding. Eachtacticmatchingdetermineghe effect of the particularinstantiationof a tacticon

1Thisis whatwe call Interactive Proof Planning

2In QMEGA it is possibleto specifytacticswith multiple conclusionshowever for the sake of simplicity we will
concentrat®n caseswith only oneconclusion.

3Sideconditionsrealsoreferredto asapplicationconditions
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the proof statein the sensahateachcombinationof instantiatedandnon-instantiatedrguments
correspondso a differentapplicationdirectionof the tactic. We will speakof forward applica-
tion whensomeof the premisesjput not the conclusionof a tactic are instantiatedwith actual
arguments(i.e. proof linesin the caseof QMEGA). Badkward applicationrefersto a situation
wherethe conclusiorbut notall premisef atacticareinstantiated'.

To seein moredetailwhattheputativeinstantiation®f thepremisesndconclusiorof atactic
are,we needto take a closerlook at @MEGASs proof datastructur@ DS [CS0J. Themainentity
of this datastructur@reso calledprooflines (seeChapter?). We distinguishbetweeropenlines
thatrepresenbpensubgoalsaandclosedlines. Tacticsandmethodsuseextra datastructuregoci
andtasksrespectiely) which relateeachopenline to a subseof theclosedinesthatcanbeused
to derive therespectie openline. Onealsospeakof the closedlinesthatarerelatedto anopen
line assupportlinesfor anopenline.

Whenatacticis applied,the conclusionof thetactichasto beinstantiatedwvith anopenline,
while instantiationsf the premiseshave to comefrom the correspondingupportlines for that
goal. Note that proof lines canonly sene asinstantiationfor an agumentif their associated
formulamatchedhe formulaschemeof therespectre agument.

The effect of a partial algumentinstantiationfor a tactic on the proof stateis the following:
non-instantiategremisesreintroducedo the PDS asnew openlineswhich (generally)inherit
the supportdrom theinstantiationof the conclusion.Non-instantiateadonclusiondecomenew
supportnodeswhile instantiationof conclusionsareremovedfrom thelist of openlinesasthey
representlosedsubgoals.

Methodsin Q2MEGA (cf. [Mel98, EM99]) arerepresenteth framelik e datastructuresimilar
to theoriginal suggestiorby [Bun88]. They shav the samedistinctionbetweera declaratve and
procedurapartthatwe find for MEGA tactics.

The declaratve contentis representedy slotsfor premisesgconclusionsapplicationcondi-
tionsanddeclarationsOf mainconcerraretheslotsfor premisesandconclusionsvhichtogether
provide alogical specificatiorof theinferencesteprepresentetly themethod.Premisesndcon-
clusionscanbe annotatedy & and& to specifythe effect of the methodon the planningstate.
Hereo meansthata premiseP labeledwith & mustbe instantiatedwvith a supportline which
will be removed from the supportlines of the respectre goal whenthe methodis applied. A
@ premiseremainsuninstantiatedandis introducedas new openline. Similarly, conclusions
annotatedvith & areremovedasopenlineswhile & conclusionswill beaddedassupports.

The proceduralcontentof a methodessentiallyconsistsof a proof scheme(i.e. a natural
deductionproof segmentwherethejustificationof eachline canagainbe a method)thatcanbe
seerasaninstructionof how to expandthe abstracteasoningtepto lessabstracinferencesteps
andeventuallyto calculuslevel. Thisagainmakesit possibleto structuremethodshierarchically
by nestingmethodsn the procedurapart.

Applicationconditionsof amethodaredecidablepredicateshatareevaluatedvhenamethod
is applied;i.e. amethodis only applicablein a givenproof statewhenits applicationconditions
all evaluateto true. The purposeof applicationconditionsis to enablethe userto encodeheuris-
tic knowledgeasto whenapply a method,into the planningprocess.As an example,take the
Peanol nduct i on method[EM99] of QMEGA. It triesto closealine Vn.P(n) by application

“Note thatthis definition subsumeshe frequentlyusednotion of sidevardsapplicationif we assumehattactics
have only oneconclusion.
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of the inductionaxiom for naturalnumbers. However, this concreteinstanceof the induction
principle requiresn to be a naturalnumber The sideconditionof the methodthereforechecks
whethern is indeeda naturalnumber beforethe methodis applied.

As canbeseentacticsandmethodsn Q2MEGA differ in otheraspectghantraditionaltactics
andmethods.To describethis difference we have to distinguishbetweeran inferencestepand
its applicationdirections.An inferencestepalwaysstateghatcertainconclusioncanbe derived
from particularpremisesHowever, eachinferencestepcanin generabe appliedin differentdi-
rections.In avery broadsenseve canthereforesaythat(2MEGA tacticsspecifyaninferencestep
while QMEGA-methodslefineanapplicationdirectionof aninferencestep(wheretheapplication
directionis determinedy the s, @ annotations).

6.2 Methodsin CORE

Whenwe now definemethoddor the CORE systemwe wantto separatéhe abstracinference
stepfrom the computationsiecessaryo applythisinferencestepin a particulardirection.In the
following we thereforeintroducetwo objects:methodsandapplicationdirections Methodswill
consistof a declaratve descriptionof aninferencestep,togetherwith the informationcommon
to all applicationdirectionsof thatinferencestep(e.g. the expansionfunction andthe formula
scheme®f the aguments). Application directionsdescribecomputationshecessaryo apply a
methodin a particulardirection.

The reasonfor this decisionis twofold. Firstly, we notethataninferencestepwith n argu-
mentscantheoreticallybe appliedin 2" — 1 differentdirections. If we hadto definea different
methodfor eachsuchapplicationdirectionthis would constitutea seriousproblemto a userwho
wantsto selecta methodfor applicationinteractvely. In OMEGA this problemcanbe ignored
becausenethodsare generallyonly usedin automatedroof planning. Furthermoremary ab-
stractinferencestepsusedby QOMEGASs plannerMULTI areonly appliedin particulardirections
anyway. However, theapproachhatwe developherewill be suitedfor interactve methodappli-
cationtoo, becausehe useronly needso getin contactwith the nameandabstracidescription
of theinferencestep(i.e. the method) but not with the applicationdirections.

Secondlymoving the informationthatis sharedbetweenall applicationdirectionsof anin-
ferencestepto a singleobject(i.e. amethod)removzessomeredundang in the declaratiorof an
inferencestep becaus¢hisinformationonly hasto bespecifiedonce.Thisis for instanceghecase
for the formula scheme®f a methodsarguments.Becausdheseformulaschemesreidentical
for eachapplicationdirection,we wantto statethemonly oncefor all applicationdirections.

Beforewe now formally definemethodsandapplicationdirectionsfor the CORE systemlet
us notethatthedistinctionbetweennferencestepsandapplicationdirectionis not entirely new,
butin principlereflectsthe way tacticsareimplementedandrepresenteth 2MEGA.

We now define methodsas descriptionsof abstractinferencestepsthat can be appliedin
differentdirectionsvia socalledapplicationdirections

Definition 6.2.1 (Method)A methodsatuple M = (P,C, A, o, F'S, expr,) WhereP (premise}
andC' (conclusion¥arelists of agumentnamesandC' is non-empty A is a possiblyemptylist
of additionalparametersF'S is a setconsistingof oneformulaschemdor eachagumentname
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in PUC'. expy, Is theexpansionfunctionof the method.Finally, o is anpartialfunction(called
anoutlinemapping)thatmapsan K € 2°Y¢ to anapplicationdirectionof M.

Sideconditionghatspecifywhenamethodis applicablearepartof theapplicationdirectionsthat
areintroducedbelow.

We canrepresenth method M with agumentnamesP = {pi,...,pn},C = {c1,...,cx}
additionalparameter§” = {ry,...,m} andformulaschemes'S = {Py,..., P,,C,...,Ci}
graphicallyas

pP1 - P1 ce- Pn Pn
01201 .. Cg ZCk

For a concreteexamplelet us considera trivial methodthatencodeghe samplelemmat.2 asa
proof methodandcanhencebe usedto applythetransitvity of C in aproof.

M(ﬂ-b R aﬂ-l)

p:ACB p:BCC
c:ACC

C —TRANS 6.2)

whereA, B, C' aremeta-\ariableghatrangeoverformulas.A C B isthereforeaformulascheme
thatspecifiesstructuralrequirements$or possiblenstantiationsf theargumentp, . In Sectior6.8
we describehow theseformula schemesan be declaratvely statedin a methodspecification.
However, currently formula schemesare still expressedas Lisp-predicateghat testwhethera
putatveinstantiations of acertainsyntacticaform. Notethattheapplicationof the C-transitwvity
lemmais asimpleinferencestepthatwould notusuallybestaticallyencodecasamethod.Rathey
onewouldemplgy thislemmaasanaxiom. In generallemma-applicatioshouldonly beencoded
asa methodif the applicationof the lemmarequiressomeadditional(heuristic-or procedural-)
knowledgethatneedgo beencodedn the sidecondition®r computatiorfunctionsof a method.
An exampleis the applicationof the induction principle which often requiresknowledgeasto
how to find awell-foundedorderingon a givenset. However, we will usemethod6.2to illustrate
the basicconceptsntroducedn this chapter

Having introducedthe conceptof a methodwhich enablesus to specify abstractinference
stepswe still needto make precisethe notion of an applicationdirection that representghe
knowledgeabouthow to applyaninferencestepin a particulardirection.

Methodapplicationdirectionsrealizethe differentapplicationdirectionsof a method M in
the following way: assumehat K C (P U C) is the setcontainingthe agumentsof M which
becomeinstantiatedwhen a methodis matchedwith a task. Theneachsuch K corresponds
to a differentapplicationdirectionof M. The effect of applyinga methodin that directionis
describedy themethodapplicationdirection D4! to which K is mappedoy theoutlinemapping
(i.e. o(K) = D¥Y). Notethatif o(K) is undefinedor a K thenthe respectie methodcannotbe
appliedin thatdirection.

Definition 6.2.2 (Method Application Direction) A methodapplication direction D! for a
method M = (P,C, A,0,FS,expr) anda K C P U C is atuple D! = (SC,COMP)

whereSC' is a setof predicateqcalledsideconditionsand COM P containsone computation
functione,, for eachk in K.

Theapplicationdirection D! for agiven K will first evaluateits sideconditionsvith respect
to theinstantiations< K > of theagumentsk'. If thesideconditiongvaluateto truethemethod
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is consideredapplicable.For eachnon-instantiate@rgumentt € (P U C)\ K therehasto bea
computatioryy, in the computationg”'O M P of the correspondin@gpplicationdirection. Eachof
thisfunctionsc, takesasinputtheinstantiationof the parameterg( to computetheinstantiation
< k > of agumentk. Notethatin thefollowing we agreeonthenotationthatif £ is anargument
of amethodthen< k > refersto the instantiationof £ or the resultof the computatiorfunction
for k.

After having appliedall computatiorfunctionsof theapplicationdirection,eachargumentof a
methodis instantiatedvith eitheranodefrom the FvIFT or atermcomputedrom acomputation
function. We will thensay thatthe methodhasa completedoutline. This completedoutline
containsall informationnecessaryo applya methodto a proof state.

We will latermapthe completedoutlineto a statetransformatiorrule thatrealizesthe effect
of the methodapplicationon the CORE proof state. However, beforeconsideringthis in more
detail,it is necessaryo think aboutwhatit meango instantiateargumentsf amethodin CORE.

6.2.1 Method matchingsin CORE

We definethenotionof amethodmatding® for the CORE systemin away similarto themethod
matchings(partial agumentinstantiations)in QMEGA. In the contet of the XMEGA system
methodsoperateontasksl’ > A which arebasicallysetsof prooflines. Tasksin CORE consists
of pointers(windows)to subtree®f the FVIFT. It is thereforeobviousthat,asaresultof matching
a methodwith a taskin CORE, the agumentsof the methodshouldbecomeinstantiatedwith
occurrencesnside the windows of the task. The matchingprocesstself is a patternmatching
procesdetweenthe formula scheme®f the agumentsandthe labelsof the occurrencesn the
windows of atask.

To seewhich occurrencesgjualify asvalid instantiationdor the agumentsof a methodnotice
thatwe canmapamethod
pr:P ... pn: P,
c:C
backto anaxiomscheme&P; A...A P, = C)~ whichis availablein the context of everywindow
G (hencethe negative polarity). Annotationof this signedformulawith uniform notationyields
(P" A...A P} =P C)~. Fromthis annotatedormulaonecanreadof, thatinstantiationsor
the premisesP,, . .., P, canonly be instantiatedwvith occurrencesvhich have a negative or an
undefinedpolarity (suchasequivalencer equations).The instantiationof the conclusionof a
methodhasto be of positive or undefinedpolarity.

M

However, a closerlook revealsthatthereare more constraintson possibleinstantiationsor
the agumentsthenjust the polarity. Looking at putative instantiationgor the premisesve see
thatthey mustbeindependentintuitively thisbecomeslearwhenwe considemtasky:, (A =7#
B7)>G. InthissituationB~ is dependendn A* thatis, if wewereto useB~ asaninstantiation
for the premiseof a methodthevalidity of the conclusionwould suddenlydependon thevalidity
of AT,

In thefollowing definitionwe thereforeaxcludedependenbvccurrencefrom the setof admis-
sibleinstantiationgor theamgumentsf amethod.Laterthis additionalconstraintwill turnoutto
bevery helpful.

5In proof planningthisis alsoreferredto asanaction



48

Definition 6.2.3 (Method Matching)Let M = (P,C, A, o0, F'S,exppr) beamethodand?T =
Y > G ataskfor the currentFviFT R. Furthermoreet R’ be the smallestsubtreeof R that
containsall windowsin 7. Thenamethodmatding for M with respecto 7" is amapping

matchy : PUC — OCCr

whereOCCr is the setof all occurrencessidethewindowsin task7 andthefollowing holds
for eachp ando with matcha(p) = o:

1. If p € P theno isindependenin R’ andpolarity(o) = —.
. If p € C thenpolarity(o) = +.

. If p € C theno liesinsidethegoalwindow G.

2

3

4. If p € P thenp liesin ary of thewindowsin ¥..

5. label (o) matchegheformulaschemedor agumentp.
6

. The applicationdirection o( K) for thesetK = {p € P U C|Jo.matchp(p) = o} is
defined.

Thethird conditionrestrictsinstantiationf the conclusionof a tacticto occurrencessidethe
goalwindow. Thisis howeverno severerestriction.We introduceit only becausét is corvenient
for interactve methodapplication.For automategroof planningthis additionalconditioncanbe
ignoredor modified.

Note thatwe will write match,(p) = e for p € P U C if matchy,(p) is notdefined. It is
furthermoreworth pointing out thatit is sufficient to requirethat occurrencesn the rangeof a
methodmatchingare unconditionalin R’ in orderto avoid the unwantedeffectswe mentioned
earlier GivenamethodM with agumentsP UC andK C PUC we saythatamethodmatching
matchr describeghe applicationdirection D4 = o(K), determinedby K iff matcha (k) # €
forall k € K.

Beforewe canapplya methodmatchingmatch ,, to ataskwe testwhetherthesideconditions
of the correspondingpplicationdirectionhold. If thisis the casewe carry out the computation
functionsof the applicationdirection. By performingthis computationsnve obtainthe instan-
tiations of thoseargumentsthat are not alreadyinstantiatedoy match,,. We thus computea
completedbutlinefor M, which we definedformally asfollows.

Definition 6.2.4 (CompletedOutline) Let match, be a methodmatchingfor a methodM =
(P,C, A, o0,expp) and D3 theapplicationdirectiondescribedby match .. The completecbut-
line for match 1S thendefinedasafunction

outlineX PUC =L

match aq

e (matehau(h)) (h
K | label(matcha(k)) if matcha(k) # €
outlinemacn,, (K) = { cx (k) otherwise

andc,, is thecomputatiorfunctionfor k € D!.
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A completedbutlinefor amethodM containsall informationthatis necessarin orderto applya
methodmatchingto a proof state.Notethatacompletedutline mapseachargumentof amethod
to aformulain £ andnotto occurrenceary moreasdoesa methodmatching.

To be ableto describehow a completedoutline affectsthe task-structurendthe underlying
proof-statewe have to distinguishbetweenthoseformulasin the rangeof a completedoutline
thathave beencomputedrom thecomputatiorfunctionof anapplicationdirectionandthosethat
arelabelsfrom argumentinstantiationsWe thereforedefinetwo usefulsets.

Definition 6.2.5 Let outlinek,,,,  beacompletecutlinefor amethodM with agumentsk’

in P U C thenwe definethesetsl,, andC,, asfollows

o I = {outlineX (k)|k € K}

match apq

o Cy = {outlinels ., (c)|c € (PUC)\K}
Intuitively, I, is the setof all instantiationsof agumentsof M andC), is the setof all values
thatarecomputeddy the computatiorfunctionsof the applicationdirectiono(K). We generalize
our notation< . > for methodmatchingsto completecbutlinesandreferto outline),,.,, (a) as
<a>foranae PUC.

6.3 Proof State Transformation

Having definedwhata methodmatchingis andhow to obtainacompletedbutlinefor it, we need
to think abouthow sucha matchingtransformshe proof state.We first describethe change®n
anagenddhatarecausedy theapplicationof amethodmatchingto atask. Thenwe specifyhow
we have to changetheproof-statg(i.e. the FVIFT) in orderto beableto realizethesechanges.

Let usthereforeassumehat we wantto apply a methodmatchingmatch, to ataskT =
Y>> G andthatmatch r, describesbackwardapplicationof methodM with premisey, ..., p,
and conclusionc. To be ableto apply match, to T we first have to computethe completed

outlineoutline,,.,, ., for match .

We denotewith p;, , . .. p;, all thosepremiseshatareinstantiatedy match, (i.e. < p;; >€
I\). Becauseve applythe methodbackwardswe alsohave < ¢ >€ 1. If py,,...p,, arethe
argumentsof M withoutaninstantiationin matcha (i.€. < p,, >€ Cy4) thenapplicationof the
methodmatchingto 7" shouldresultin the following effect on thetaskstructure:

Y > Gltruet],

YD < py, >
Y>Gl<e>lr~ Q. (6.3)

Y < py >

This meanghatthetaskX > G[< ¢ >], is replacedon the agendeby a taskwheretheinstanti-
ation of the conclusion< ¢ > is replacedby truet in the goalwindow (i.e. ¥ > Gtrue'],).
Furthermoresachof the uninstantiatedirguments,,, resultsin a new taskwith < p,, > asgoal
window.
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To seehow forward applicationaffectsa tasklet the uninstantiateigumentsn match , be
againdenotedby p,,. Let furthermore< ¢ > betheinstantiationof the conclusion(remember
that we obtainedthis instantiationfrom an computationfunction becausewve are dealingwith
forward application). Thenforward applicationof the methodshouldaffect the currenttaskas
follows®

YD < Py, >

S G d (6.4)
D> <py >

Y, <c> >G

Herewe have added< ¢ > to the supportof our task,while a new taskwascreatedor eachof
the< p,, >.

In orderto beableto performthesechange®f thetaskstructurenve haveto changehe CORE
proof state(i.e. the FvIFT) accordingly Consideringbackwardsapplicationwe have to replace
< ¢ > intheFvIFT with < p,, >,..., < p,, > which have to be 3-relatedbetweeneachother
By openingwindows on eachof the < p,, > we canthenmake themthe goalwindows of nev
tasksasin 6.3. Notethatthenecessaryransformatiorof the FvIFT couldin principlebeobtained
by applicationof areplacementule

<C>H< Py >y, < Py > (6.5)

to< e >.

For forward applicationthe situationis not much different. We alsowant to introduce <
Puy >, -, < Dy, > asgoalwindowsof new tasks(cf. 6.4)in orderto treatthemasnew subgoals.
However, we alsoneedto add < ¢ > to the supportwindows of the currenttask. This means
we have to introduce< ¢ > in a-relationto the goalwindow of the currenttaskwhile < p,, >
..., < py, > havetobej-relatedto < ¢ >. This effect couldagainberealizedwith the help of
areplacementule.

<piy >< > <Py >y, < Py, > (6.6)

Here< p; > is theinstantiationof an arbritrary premisep;. We needthis instantiationonly to
introduce< ¢ > andthe< p,, >,..., < p,, > intothecontet of G.

The problemwe have with rules6.6 and6.5is thatthey arein generalnot admissiblen the
context denotedby the currenttask. They represenspeculatie proof stepswhich we have to
carry out by applicationof an oracle-rule. In the following, we will definehow a completed
outlinefor agivenmethodmatchingcanbe mappedntoanoracle-rule.This oracle-rulewe call
a StateTransformatiorRule

Definition 6.3.1 (StateTransformationRule) If M is a method,outline} .., ,, @ completed
outline for this methodand I, and C'y, as definedabove, thenthe statetransformationrule

Trnaten ., fOr thisoutlineis thefollowing:

T _J Im\{<c>}] <e>=C0p if<e>e Iy
matehae = [Iv\{<p>}] <p>— Cp else

SRemembethatwe only distinguishbetweerforwardandbackwardapplication.
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Therule for thecasethat< ¢ >¢€ I, realizesbackwardapplicationof M while therule for the
othercasecorrespondso forward application. Note thatin the latter case< ¢ >€ (4, thatis
< ¢ > occurson theright-handsideof the oraclerule asrequiredin 6.6. Furthermore< p > in
I\ is anarbritraryelementfrom I, whichis non-emptybecauseve musthave I, # () in order
for amethodto beapplicable. Thetransformatiorrule definedhereonly worksfor methodswith
oneconclusionbut caneasilybe generalizedo methodswith multiple conclusions.

Thestatetransformatiorrulesdefinedaborve differ from therules6.5and6.6in thatthelabels
of theinstantiatecarguments/ ,, appeamlsconditionsin the statetransformatiorrule while they
did not occurin rules6.5 and6.6. The reasonfor this is simply that only termsthat occurin
an oraclerule canappeaiin the proof obligationwhich is introducedto warrantapplicationof
the oraclerule (cf. Section3.7). Hence without theseparametershe new proof obligationthat
resultsfrom the oracleapplicationwould be (< p,, >,...,< p,, >=< ¢ >)T, which canin
generahotbeproven.

The separationof instantiatedargumentsand uninstantiatecargumentsinto condition and
valuepartof the oracleis only technicallymotivatedaswill soonbecomeclear In principle,arny
distribution of the premisegver conditionsandvalueswould have the sameeffectonthe FVIFT,
aswe saw in Section3.7.

Let us considerthe applicationof the statetransformatiorrule for backward applicationin
moredetail. We consideramethodM andacompletecbutlineoutline,,., .- Again,wedenote
the elementsin Iy, as< p;, >,...,< p;, >. Similarly we referto elementsfrom Cy,, as
< Puy >,...,< py, >. Whenwe now apply the correspondingstatetransformatiorrule, we

basicallyperforma cut over
<Piy PN NPy SNAN<Pyy DN NPy, >

We have seenin Section3.7 that this leadsto a replacemendf the subtreefor < ¢ > by two
B-relatedireesn andR. Let uslook atthesesubtreesn turn. Becauseheconclusionof amethod
canonly be instantiatedwith a positive occurrencehe first subtreeis of the form depictedin
FigureF 14 andencodeghe replacemenof the subgoal< ¢ > by new subgoals.In FigureF 14

R=a(,3(\<pi1 >t <y >+J,\<pu1 > < py >+/)+,<c>+)
Cond)'?ions V&;es

Figure F14: Resultof StateTransformationRule. Occurrencesre labeledas conditionsand
valuesasindicated.

we have indicatedwhich of the subgoalsare classifiedas conditionsand which as valuesin

the oracleapplication. If we recall thatthe conditions< p;, >* originatefrom instantiations
< p;, > of amethodsagumentswe canseethatwe canusethis instantiations< p;, >~ to

closesubgoalsn the conditionlist immediately We merelyneedto generate replacementule

< p;, >T— truet from eachof theinstantiations< p;, >~. With theseruleswe canthenclose
theconditionsubgoalsTheremaining simplified subtreas thenthefollowing

a(B(< pu, >t < py >J:)+, <c>T)
Va};es
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This is exactly the replacementf < ¢ > thatwe wanted(cf. 6.5). By mappinga completed
outlineto anoraclerule we werethusableto replacea goal < ¢ > with new subgoals< p,, >
yoee < py >T.

Now it becomestlearwhy we distributedthe instantiationof the agumentsover the value
and condition part of the oraclerule. Whenapplyingthe oraclerule we obtaintwo lists. One
containsawindow on eachof the valuesthevalue-list while the otherlist containswindows on
the conditionsof therule andis hencecalledthe conditionlist. This meanghatafterapplication
of a statetransformatiorrule we canimmediatelycloseall windows in the conditionlist with the
help of thereplacementulesgeneratedrom the < p;,, >~. Thenwe merelyneedto make the
windows in the valuelist the goalwindows of new tasksto obtainexactly the transformatiorof
theagendahatwe describedn Sectiong.3.

The secondsubtreethatis introducedby the oraclerule representshe proof obligationthat
resultsfrom theoracleapplication.Thetreewill beof theform

nt=ale(<py, >, <Py > <Pu > ... <Dy > ) ,<c>N)T
We referto the formularepresentetby this treeasy™. Later, we will seehow we candefinean

expansionfunctionfor amethodthat,appliedto n*, closesthis goal.

To updatethetaskstructureafterapplicationof a statetransformatiorrule asdescribedabove,
we extendtheinferencerulesfor tasksby arule for oracleapplication.

S
S, Icnt, S I>Ry,..., 5 1> R,

Oracle [®] [ -V

where{R,...,R,} = ® U V. Thisruleis in principlesimilar to theapplyrule for replacement
rule application.Theonly differencds thattherule above generateanadditionaltask®, G' > n*
which encodegheobligationto shawv the validity of the oracle-step.

Notethatwe canusethis rule alsofor backwardapplicationof a method.If we wantto apply
amethodto awindow s € X we simply usethe shift-rule andmalke s thegoalwindow, beforewe
applythe statetransformatiorwith the helpof thejustdefinedrule.

6.4 SampleMethod Application

To study how applicationof a methodtransformsthe FvIFT andthe task structureat hand of
a concreteexamplelet us againconsiderthe methodC —TRANS (see6.2) which appliesthe
transitvity of the C-relationto thetask

T=P),(MCN),(Pa")=" (NCO)) > (MCO)* (6.7)

A possibleFVIFT thatis representedby this taskis shavn in FigureF 15 below. Let us now
try to apply the methodbackwardsto this task. The first stepwill consistof the computation
of a methodmatchingfor the methodC —T RANS. What are the putatve instantiationsfor
the argumentsof the method?By definition we have to restrictour searchfor instantiationsof
the conclusionto the positive occurrencedn goalwindow of thetask. Fortunately we find that
the only occurrencen this window (N C O)* matcheghe formulascheme(A C C) for the
conclusion. We then have to look for instantiationsof the premisesof the methodwithin the
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[>a

/

(P#)A(MCN))” A*(P@") = (NCO)")” |(McO)T

(PO A (MCN) |(P)=F(NCO))

Pt [ cnN)- P(a;K (N'C 0)-

FigureF 15: FvIFT for task6.7

B /a\ a\
(MCN) A*(NCO) (McCO)*t (MC NN |(NCO)T| (M CO)*t

FigureF 16: Replacemendf (M C O)* in FigureF 15 asaresultof methodapplication.

supportwindows. We seethatthe occurrencegM C N)— and(N C O)~ matchthe formula
schemesor p; andp, respectrely. Althoughbothoccurrencetare anon-neative polarity, only
(M C N)~ gqualifiesasaninstantiationof p;. Thereasonis thatthat(N C O)~ is dependentn
P(z"). BecauseP(z”) occursin the sameminimal subtreethat containsall windows of taskT
(i.e. theentiretreein FigureF 15) this is aviolation of therequirementve madein the definition
of amethodmatchingandhence(N C O)~ is no valid instantiationfor p,. We endup with the
methodmatching

matchc _rrans =<c: (M CO)',p: (M CN)” > (6.8)
Fromthis methodmatchingwe obtainthe following completecoutline for M
<c:(MCO),pr:(MCN),py: (NCO) >

Notethatwehave I, = {(M C N), (M C O)}andCy, = {(N C O)}. Thiscompletedutline
canthenbe mappedo a statetransformatiorrule. Accordingto definition 6.3.1we obtainthe
statetransformatiorrule

(M C N)] (M C0) =< (NCO)> (6.9)

which canthenbe appliedto < ¢ >= (M C O)*. As aresult,the occurrencgM C O)*
in FigureF 15 is replacedby the treein FigureF16. We can seethat the instantiationof the
conclusion(M C O)* is now replacedy two §-relatedsubtreesTheright subtree

R=aB(MCN)",(NCO)), (MCO))
Con?i?tion Vu?zjes

containsnew windowsfor (M C N)*™ and(N C O)* whichrepresenalternatve subgoaldo the
instantiation< ¢ > of theconclusion.Theleft subtreerepresentshe new proof-obligation

7t = (M C N)~ A® (N C 0)~ =2 (M C 0)* (6.10)
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Wefirst have alook onthewindowsfor thenew occurrenceéM C N)*and(N C O)* in R. The

window ontheoccurrencé M C N)™ originatesfrom the conditionof the oracle-rule.Because
every occurrencen the conditionpartcorresponds$o an actualagumentof the method,we can

usethisinstantiatiorto closethe subgoakepresentedly this occurrenceln theexample thenewn

occurrenceoriginatesfrom theinstantiation(M C N)~— of p; from which we canconstructthe

rule: (M C N)* — true™ which provestherespectie window.

Application of the tacticis completedwhentherule (M C N)* — true™ is appliedto the
conditionwindows. We have thentransformedhe subtreeR into

R' = a(B(true™, (N CO)*), (M C O)")
———
Values
It is worthwhile to point out that the intermediatestep,which closesthe conditionwindow, is
carriedoutautomaticallyandis hencenvisible to theuser Theoccurrencé N C O)™ is thusthe
only realsubgoathatis introducedthroughapplicationof the method.

Eventually we have to replacetask6.7 by tasksfor subtreesk’ andn on the agenda.This
meanghattask6.7 becomeseplacedy

P(t),(M C N)~,(3z.P(z) = (N C0)) > (N C O)*
{ P(t),(M CN),(3z.P(z)=(NCO)) >n' }

As we pointedout above, the secondtask representghe obligationto shav that the method
applicationwasindeeda valid step;i.e. we have to provide a proof of thelemmaencodedy the
method. Currentlythe systemautomaticallyclosesthis task by applyingthe methodexpansion
functionto it if this function is specified. Alternatively, one could delay the expansionof the
methodor evenabandont completelyif oneis notinterestedn a proof of thelemma.

6.5 Method Expansion

Sofar, we have definedwhata methodfor the CORE systemis andhow we applyit to a given
proof state.We have alsoseenthatapplicationof amethod

pI:PI pnPn
c:C

introducesa new proof-obligation
B +
N = (<P >ALALp,>=><c>)

with the correspondingaskTexp = X > (< p1 > A...A < p, >=< ¢ >)" Whenwe
look atthe above formula, it becomeslearthatalthoughthe exact proof-obligationdependsn
the actualaguments< p; > and< ¢ >, all proof-obligationghat arethe resultof applyinga
particularmethodwill usuallysharea commonoverall structure.Sincein mary casesnethods
areabstracproof stepsthat merelyabbreiate a frequentlyusedsequencef inferenceswe can
usethis sequencef inferencestepso closetheproof-obligationn™. Thisis whatwe will referto
asmethodexpansion In otherwords,for mostmethodgheproofof theresultingproof-obligation
n* follows a certainschemenhichis known atthetime the methodis specified We will encode
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this knowledgeof how to expanda method(i.e. closingthe resultingproof obligation)in little
programs.We so obtainexpansionfunctionsthat, appliedto the proof-obligation,automatically
apply CORE calculusrulesto rewrite the proof-obligationto true™.

As a simple examplelet us considerthe expansionfunction of the C —TRANS method.
We have seenthat after applicationof this methodthe resultingproof-obligationwill be of the
following form

(MCN)"A*(NCO)"=*(MCO)*

We canalwaysobtaina proof of this goalby performingthefollowing steps.

1. Searchfor the definitionof C 7 ;i.e (A” C B” & 1 € A" = z € B")~ in thesupport
windows ¥ of taskTg xp.

2. Generateherule (A7 C B")? < (z € A7 = z € B") >° from this definition.

3. Apply thisruleto occurrence$M C N)—, (N C O)  and(M C O)~ respectrely which
changeshe contentof the goalwindow to

(reM=>zeN)" AN (zeN=2z€0) =2*xeM=>1ec0)"

4. Focusto (z € O)™.

5. Generatandapply: z € Ot w<z € Nt >z € Nt <z e M >z e Mt =<
truet > inturn.

At the moment,we write expansionfunctionslik e the oneabose in CORESs tactic specifica-
tion languageavhichis basicallya Lisp-lik e languageenrichedby certainkeywords(e.qg. try, fail,
...) thatfacilitate backtracking.This meanghatthe expansionfunctionswe useareessentially
CORE tactics.

6.6 Integration of Automated Reasoners

In QMEGA it is possibleto integrateautomatedeasoningsystemsuchasOTTER [McC90] and
MACE [McC94] into the interactve proof process. To close subgoalsautomaticallyQQMEGA
providestactics,suchas

p:P ... p,: Py P ... p,: Py
o C OTTER o C MACE
that justify a goal C' from the premisesP, ..., P, by a call to the first-ordertheoremprover

OTTER or the propositionalogic decisionprocedureM ACE. Tacticsthatincorporateotherexter-
nalreasoningystemslike TPs or computeralgebrasystemgCAS) have alsobeenimplemented
in the system(see[BBS99 and[Sor0]]). Proofsthatarefound by externaltheoremproversare
translatedo QMEGAS ND calculusin the expansionof thetactic.

"We have encodedthis definition as an assertiorwhich is representedby somepart of the FvIFT. However,
althoughwe know thatit is containedn a supportwindow of the currenttask,we do notknow in which.
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Using the methodsthat wereintroducedin this chapter we canintegrateexternalreasoning
systemsnto CORE in muchthe sameway. If we extendthe methodspecificationanguageto
allow for the encodingof methodswith a flexible numberof premiseswe candirectly encode
methodghatcarryout theinferencef thetacticsabove.

However, to realizeexpansionof thesemethodswould requirethe adaptatiorof proof- and
calculustransformatiorapproacheske TRAMP (see[Mei00]) and SAPPER (see[KKS98] and
[Sor00])to CORE.

In ChapteB we will describehow the suggestiormechanismf2ANTS canbe usedto apply
methodsthat make useof externalreasoningoroversto inactive taskson the agenda.This will
enableusto tackleinactive subproblemsvith automaticcheoremproversin timeswhenthe user
remainsnactie.

6.7 Limitations of the Approach

The concepiof amethodthatwasintroducedin this chapteroughly resembleshe original con-
ceptof a methodas suggestedy [Bun88] wherea methodis a specificationof an LCF style
tactic. To seewhy, remembethatwe carryout the abstracinferencestepdescribedy amethod
throughapplicationof a statetransformatiorrule. This rule allows us to refinea goalto some
subgoals.However, to justify this refinementthe systemcreatesan additionalproof obligation
which we closeby applyingthe expansionfunction of the methodto it. Sincewe chooseto im-
plementthis expansionfunctionasan (LCF style) CORE tacticwe canseea CORE methodasa
wrapperfor a CORE tactic. In thelong run onecouldervision a differentexpansionmechanism
which makesit possibleto describehe expansionof a methodin a moredeclaratve way.

However, the methoddor the CORE systemlack animportantfeatureof the QMEGA meth-
ods. In CORE we canonly usemultiple levels of abstractionn the specificationof a methodif
we composéheexpansiortacticout of smallertactics.In QMEGA we areableto useothermeth-
odsin theexpansiorof amethod.Also, while expansionof QMEGA methodsanbedeclaratvely
specifiedn form of a partial proof fragment,the expansionmechanisnwe have introducedhere
restrictsusto a procedurablescriptionof the expansion.Whatneeddo be doneatthis pointis to
developadeclaratve languagdor specifyingexpansionsn which methodscanbe compounded
to larger methods. This would basicallymeanto introducemethodicalgasdefinedby [RS01])
into our methodspecificationanguage.

6.8 Syntaxof the SpecificationLanguage

Now thatwe know what a methodis in the contet of the CORE system,we wantto be able
to specifysuchmethods.We thereforeintroducea languagen which methodscanbe specified.
Thislanguages basedn elementgrom thelanguage# which methodsandtacticsarespecified
in OMEGA. It aimsatusingdeclaratve elementdor the descriptionof methodsandapplication
directionswherever possibleto increasereadability A completespecificationof the language
for methoddeclarationis given in form of a BNF-grammarin (FigureF 22, Appendix). 8We

8Thelanguagedescribedn this chapteralreadyallows for the specificationof multiple conclusionsandhypoth-
esisfor particularpremiseavhichis notyet accountedor in our conceptof a method.
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will seethat the distinctionbetweenmethodsand applicationdirectionsis alsoreflectedin the
specificatiorlanguageLet usfirst look at how we specifymethods.

6.8.1 SpecifyingInferenceSteps

A method(< inference>) is specifiedaccordingto thefollowing scheme.

<inference> ::= (defmethod < name>
(in <theory>)
(declarations
(type-variables < typevar-list >)
(variables <varlist>)
(methodvars < mvar-list>))
(parameters < name-list>)
(premises < amg-list>)
(conclusions< arg-list>)
(outline-mappings (< map-list>))
(expansion< name>))

Here < name> is the nameof the inferenceand < theory > is the theoryto which the
inferencebelongs.In the declarations partof a methodwe canintroducevariablesthatwill be
visible in all partsof the methoddeclaratiomaswell asin the applicationdirectionsthatbelong
to themethod.We distinguishbetweerthreekinds of variables.Typevariablesarevariablesthat
rangeovertypes.We canuseary string (< name>) to declareatypevariable:

<typevarlist>:= <type-var> | e
|<type-var> < typevar-list>
<type-var> =  <name-

In the variables sectionwe introducevariablesof a certaintype accordingto the following
grammar

<varlist> 1= <var> | €
| <var> <varlist>
<var> = (<name> <type>)

Types< type > canbe definedaccordingto the schemebelon. Note that the < type-list >

constructallows us to specify functionaltypes. For instancethe typelist (0 N M describes
the functionaltype (M — N) — o. Accordingly, (a (o N M) specifiesavariablea of type
(M — N) — o. Notethat < basetype> comprisesall typesdefinedin theory < theory> and
<typevar-list>.

<type> ::= < basetype-
|< type-var>
|(< type-list>)
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<type-list>::= <type> | €
|<type> < type-list>

Method variablesare variablesof arbritrarytype that canbe usedto storeintermediatere-
sultscomputedby the computatiorfunctionsin the applicationdirectionsof a method.Typesof
methodvariablescanbe constructedut of simplertypeswith the help of type constructorsuch
as

< constructor> ::= listof | pairof | ...
andthefollowing grammarmules

<mvarlist> ::= <mvar> | ¢
| <mvar> < mvarlist>
<mvar> ::= ( <name> <mvartype> )
<mvartype> ::= < basetype-
| ( <constructor- < mvartype> )

Currently listof and pairof arethe only predefinedype constructors.However, additional
constructorandbase-typesanbeintroducedeasilyby the userof the system.

Thethenfollowing partsof amethoddeclaratiorintroducetheargumentypremisesandcon-
clusions)aswell asadditionalargumentgparametersdf a method. We candefineary variable
declaredin the methodto be a parametebby usingthe < name-list> construct. Premisesand
conclusionsconsistof agumentsnamestogetherwith a declaratve descriptionof the formula
scheme< decl_content for therespectre agument.

<amg-list> = <amg> | €
| <amg> <amg-list>
<amg> == ( <name> <decl_content )

Thedeclaratve description< decl_content canbeary termoverthethe symbolsandvariables
thataredeclaredn themethodor in thecorrespondingheory< theory>. As anexampleconsider
the alreadyfamiliar formula schemeC (A, B) which we would describeas( subset A B),
assuminghatthesymbolsubset is definedin <theory> andA andB arevariablesof type( o
a) for sometypeor typevariablea.

By using higherorder variablesin the declarationsf formula-schemesthe methodinter-
pretercan computevaluesof non-instantiatecirgumentsby a pattern-matchingrocess. This
patternmatchingprocesssubsumeshe computationfunctionsof the applicationdirectionsof a
methodthatwereintroducedn Sectiorg.2.

An importantpartof themethoddeclarations the specificatiorof the outline mappingwhich
is doneaccordingto the following part of the grammar® where < name> is the nameof the
applicationdirectionto which a methodmatchingis mapped.

<map-list> ::= <mapping>
| <mapping> < map-list>
< mapping>::= (({existing|nonexisting}*) <name> ) | ¢

®Notetheslight akuseof the notation,wherewe usearegularexpressiorin thegrammar
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To mapamethodmatchingto anapplicationdirectionwe assumehatthe argumentof the meth-

odsarealwaysorderedasfollows, wherec, . . ., ¢, aretheconclusionof themethodp,, ...,
arepremisesandmy, . .., m, aretheadditionalparameters:
O =[Cly.eyChyPlyeeey DUy Ty ey Tp]

We thenuseastringm = m; ... mjo| over {existing|nonexisting}* of length|O| to describea
setof methodmatchingsasfollows: m describesa matchingmatchy, iff forall: = 1,...,]O|
thefollowing holds: m; = existent iff matcha(a) is definedfor theagumenta at position: in
0.

This concludesour descriptionof the specificationof methods. We now investigatehow
applicationdirectionsof a methodarespecified.

6.8.2 Application Directions
Applicationdirections(< appl-dir>) mustbe specifiedaccordingo thefollowing grammar

< appl-dir> ::= (defdirection < name> < name>
(declarations
(type-variables < name-list>)
(variables <varlist>)
(methodvars < mvar-list>))
(hypothesis< hyp-list>)
(premises< arg-list2>)
(conclusions< arg-list2> )
(application-conditions < list-of-expr> )
(outline-computations< comp-list>))

Here < name> and < name> correspondo the nameof the applicationdirection and the
methodto which it belongs,respectiely. The declarationgartis similar to the one usedin
< inference>, but all variablesdeclaredchereareonly locally visible to the applicationdirection.
In thehypothesigart

< hyp-list> ::= <hyp> | €
| <hyp> < hyp-list>
<hyp> ::= ( <name> <decl-content :for < name>)

we canintroducehypothesidor someof the methodsarguments.In principle,the declaratiorof
hypothesiss similar to the declaration®f agumentsn amethod.We alsospecifyanameanda
formulaschemeor the hypothesis.However, for eachhypothesighatwe introducewe have to
givethe < name> of the premiseto which the hypothesielongs.This is donewith the help of
the:for keyword above.

Next, we needto definefor eachargumentof themethodhow aninstantiatiorof thisargument
"behares”in the taskto which we apply the methodin the respectie direction;i.e. whetherthe
instantiationof the agumentshouldbe addedor removed from the taskafter applicationof the
method.We do this by pairingeachagumentnamewith asigns € {+, —, x}:
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<amg-list2> = <amg2> | ¢

| <amg2> <am-list2>
<amg2> = (+ <name>)

| (— <name>)

| (* <name>)

Thesemanticof this annotationss thefollowing: agumentdabeledwith "+" areaddedasnew

windows to a task after applicationof the method. Accordingly, in applicationdirectionsfor

backwardapplicationwe canonly labelpremiseswith "+" thatdo not becomeanstantiatedvhen
applyingthemethod.In applicationdirectionsthatrealizeforward applicationspnly conclusions
canbelabeledwith "+".

Exactlythecorverseis indicatedby a"—" label. Argumentswith this labelareremovedfrom
thetaskafterapplicationof themethod.In generalwe annotateonclusionsn backwardapplica-
tion directionswith "—". However, it might ocassionallymake senseo remove theinstantiation
of a premisefrom a taskwhenwe apply a methodin forward direction. Considerfor example
a situationwherewe apply a methodin forward directionand want to cancelone of the used
premisesafterwards. This could for instancebe the case whenwe usea methodto simplify a
premise3 + = + 12 with the helpto = + 150, In this situationwe might wantto getrid of the
initial premisebecausave now have obtainedanequialent,but simplifiedversion.

The"«" label causesa default behaior of the agument. Argumentdabeledwith "*" must
be instantiatedn therespectre methodmatchingandremainin the taskafter applicationof the
method.

The next stepin the specificationof an applicationdirectionare the applicationconditions.
Application conditionsare arbritrary L 1S P-expressionghat mustall evaluateto ¢rue in order
for the methodto be applicablein that direction. Using applicationconditionswe canencode
local constraintsasto whento apply the methodin the particulardirectionrepresentedy the
applicationdirection.

(application-condition < lisp-expr>)

Eventually outline computations< comp> canbe specifiedto bind methodsvariables.Out-
line computationganbearbritraryLISP expressionshatmayevenreturnmultiple values.These
valueswill beassignedo themethodvariablesn < val-list>.

< comp-list> ::= <comp> | €
<comp> <comp-list>
<comp> = (<val-list> <lisp-expr>)

6.8.3 SpecifyingC —TRANS

In thissectionwe stepthroughthespecificatiorof ouralreadyfamiliarsamplemethodC —TRAN S
to seehow thelanguagentroducedabove is usedto specifyconcretenethodsn CORE.Wefirst

10In Suchmethodscanberealizedby callsto externalcomputeralgebrasystems
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definethe methodthatdescribesheinferencestepC —T RAN S beforewe turnto thespecifica-
tion of the applicationdirections.

Let usstartwith thedeclarationgartof themethod.Becausave wantto applythemethodto
setsof arbritrarytype,we declareatypevariableaa andvariablesa, b andc for setsof type( o
aa) whichwe will useto describethe formulaschemeof our method.

(decl arati ons
(type-vari abl es aa)
(variables (a (o aa)) (b (o aa)) (c (o aa))))

Next, we needto introducethe argumentsof the method. Our methodhasthreearguments
p1, p2 andc andno additionalarguments. The formula schemefor the agumentsis given in
6.2. Accordingly, we declarethe agumentsp;, p, andc asfollows (we assumehatsubset is
alreadydeclaredn theorynaive-seL

(prem ses (P1 (subset a b)) (P2 (subset b c)))
(conclusions (C (subset a c)))

Whatis left to specifyarethe outline mappingsof the method. We wantto apply the method
in threedirections. Forward (p; andp,, but not ¢ areinstantiated)andin two differentback-
ward directions(c andp, but not p; instantiatedandc¢ andp; but not p, instantiated).We do
thisbyintroducingtheapplicationdirectionssubset t r ans- m f ,subset t rans- m b1l and
subset t r ans- m b2 respectrely. Thisyieldstheoutlinemapping

(outline-mappi ngs
(((nonexi stent existent existent) subsettrans-mf)
((exi stent existent nonexistent) subsettrans-mbl)
((exi stent nonexistent existent) subsettrans-mb2)))

Eventually we specifythe CORE tacticthatwe useto expandthe method.
(expansi on subsettrans-m exp)

Infact,subset t r ans- m exp isaCORE tacticthatimplementghealgorithmon page55.
Puttingthe piecestogethetyieldsthefollowing methodspecification.

(def met hod subsettrans
(i n naive-set)
(decl arations
(type-vari abl es aa)
(variables (a (o aa)) (b (o aa)) (c (o aa)))
(paraneters )
(prem ses (Pl (subset a b)) (P2 (subset b c)))
(conclusions (C (subset a c¢)))
(outli ne- mappi ngs
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(((nonexi stent existent existent) subsettrans-mf)
((existent existent nonexistent) subsettrans-mbl)
((existent nonexistent existent) subsettrans-mb2)))

(expansi on subsettrans-m exp)
(manual "")

(help "")))

We still needto definethe applicationdirectionsfor the method. For this particularsample
methodthis is rathereasy We only considertheforwarddirection. applicationdirectionsfor the
otherdirectionscanbe specifiedanalogously

Becausewe do not want to restrict forward applicationof the methodwe can leave the
application-conditiorempty (the empty applicationdirectionis equialentto true). Similarly,
we do not needary additionalcomputations.Hence,we merely needto annotatepremisesand
conclusionsof the methodwith +, — and*. The conclusionc hasto be addedto the support
windows of the taskandis labeledaccordinglywith +. Becausewe wantinstantiationsof the
premisedo remainin thetaskafterapplicationof the method,we annotatep; andp, with . At
theend,we obtainthe applicationdirection

(defdirection subsettrans-mf
subsettrans-m
(premses (* P1) (* P2))
(conclusions (+ Q)
(application-conditions

)
(outline-conputations
)

(manual "")

(help ""))

6.9 Chapter Summary

In this chapterwe startedwith a comparisorof the tacticsand methodsof the QMEGA system.
We have seenthatthey have muchin common;i.e. they are both declaratve specificationsof

inferencesteps. We have thereforearguedthat thesemethodsand tacticscanin principle be
subsumedindera uniform datastructure.

We thenintroduceda notion of a methodfor the CORE systemwhich canbe usedfor inter-
active aswell asfor automategroof planning. Whenwe developedthe conceptof a methodwe
tried to separatehe inferencestepdescribedoy a methodfrom the differentapplicationdirec-
tions of thatinferencestep. This distinction betweena methodandits applicationdirectionsis
alsoreflectedn the specificatioanguagehatwe introducedo beableto definemethoddor the
usein CORE.

So far we have not beenconcernedvith finding putatve instantiationsor a methodsargu-
ments.In the remainderof this thesiswe will adapt2MEGAS concurrentsuggestiormechanism
QANTs to CORE whichwill thenbeableto identify methodghatareapplicablen agivenproof
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stateandalso suggesinstantiationsof the methodsarguments.Beforedescribinghow QANTS
wasmodifiedandadaptedo CORE we describethe mechansimn somedetail.
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Chapter 7

The QANTS suggestionrmechanism

In the previous chapterswe have worked on making the interactve useof CORE more user
friendly. We have introducedthe conceptof tasksto make properuse of COREs strengthin
applyingassertions.Furthermore we introducedmethodswhich enableus to performabstract
proof steps. However, let us think abouthow we canfurther supportthe interactve useof the
system.Threeissuesmake interactve proof constructionn CORE still difficult.

Thefirst problemis concernedvith the applicationof replacementules. Having selecteca
replacementule for application,we have to identify the term positioninsidethe active window
at which we wantto apply the rule. Whenthe active window containsa large formulathis can
becomequite difficult. Furthermorealthoughthe systemnow heuristicallyselectsreplacement
rulesfor applicationof a particularassertior(cf. Sec.5.1)this choicemightsometimedeincor-
rect. In this casewe have to retreatto checkingall admissiblereplacementulesfor applicability.
We have arguedearlierthatthis canbecomeguite tedious.

A similar problemholdsfor methods. Becausehe numberof methodscan easily become
large, it is difficult to keeptrack of all methodsavailablein the system,let aloneto determine
which of the methodsare applicable. This pointsus directly to the third problem. Assumethat
we have selectech methodfor application.How do we instantiatethe argumentsof the method?
Remembethatin the caseof CORE we do not instantiatemethodswith proof lines that can
easilybereferencedRather we instantiateargumentswith subformulasnsidethewindows of a
giventask. ldentificationof putative instantiationss hencenottrivial.

This motivatesthe needfor a suggestiormechanisnthat automaticallycheckswhich meth-
odsor replacementulesareapplicablein a given proof stateandthensuggestsheserulesand
methoddor application.ldeally, the mechanisms alsoableto provide suggestionsf how to in-
stantiatehe agumentof anapplicablemethod.In the QMEGA systenthisjob is handledby the
multi-agentarchitecturé€2ANTS (see[BS98 BS00]and[BS994 for anextensionof thesystem).
This architecturdas basedon societiesof agentsvhich computepossibleargumentinstantiations
for OMEGAsinferencerulesin thetime betweertwo userinteractions.Theseargumentinstantia-
tionsarethenheuristicallyorderedandmostpromisinginstantiationsaredynamicallypresented
to theuserassuggestionsbouthow to continuethe proof.

The QANTS mechanismis in principle calculusindependenandit shouldthereforebe no
problemto adaptit to the CORE system. In this chapterwe will introducethe mechanismn
more detail beforethe next chapterdescribeshow the mechanisncan be adaptedto support
interactve reasoningn CORE.
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Before turning to the descriptionof the QANTS systemit is necessaryo characterizehe
inferencerulesthatcanbe supportedy Q2ANTS.

7.1 Supported InferenceRules

QANTS computesagumentinstantiationgor inferencerulesthatconsistof premise, . . ., pm,

conclusions:, .. ., ¢, andpossiblyadditionalparameters, . . ., 7, thatareassociateavith for-

mulaschemed’, ..., P,, andCy, ..., C, which constrainpossibleinstantiationsof the argu-

ments.Thatis, theinferencerulesthatcanbe supportedy Q2ANTS areof the following general
form

pl:Pl mem
c1:C...cp:Cy R(m, ..., m)

Note thatthis generalform compriseS2MEGA tacticsandcalculusrulesaswell asthe methods
thatwe introducedfor the CORE systemin Chaptes6.

It is typical for this type of inferencerulesthattherearestrongsyntacticaldependenciebe-
tweenthe agumentsof a rule. Thesedependenciemanifestthemselfsin two ways: Firstly,
actualagumentinstantiationsfor someargumentsof a rule put syntacticconstraintson possi-
ble instantiationsof otherarguments. Secondly when someargumentsare left uninstantiated,
theseargumentshave to be computedfrom alreadygiven instantiationsof algumentsby a pat-
ternmatchingprocess.This is bestillustratedby usingthe =z rule of the QMEGA systemasan
example.Theargumentpatternof the = ruleis thefollowing

pliA pQZA:>B
=
c:B P (7.1)

Hereonefindsthefollowing syntacticalconstraintsthe agumentp; hasto be instantiatedvith

aformula A whichis syntacticallyequalto the antecedentf theimplication A = B thatsenes
asaninstantiationof < p, >. A similar dependeng holdsbetweenthe agumentinstantiation
< ¢ > for ¢ andthe succedenbf p,. Hence,instantiatingsomeargumentsof aninferencerule
restrictsthe setof putative instantiationgor the remainingarguments.

In QANTS we accounfor thisdependencielsy specifyingagentsocietiedor eachrule. Each
agentin a societyis specializedto searchfor instantiationsof one particularargumentof an
inferencerule by taking into accountinstantiationsof otheramgumentsthat arealreadypresent.
Thishastheadwantagehattheorderin whichinstantiationgor theseargumentsareprovideddoes
notmatter becausd is possibleto specifyoneagentor eachcombinatiorof existing/noneisting
instantiations.

7.1.1 Partial Argumentinstantiation (PAIl)

The conceptof a partial argumentinstantiation (PAl) is crucial for the understandingf the
QANTS system.Whenspeakingaboutpartial agumentinstantiationsve alwayshave in mind a
mappingfrom the agumentsof aninferencerule to actualinstantiationsf thesearguments.in
generalagumentaeedto beonly partially instantiatedor aninferencerule to beapplicable.In
this sensePAls areexactly the methodmatchingsntroducedin Chapte. In the context of the
CORE systemwe agreeto usethetermsPAl andmethodmatchingsynorymously
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The main computationatask of QANTS is to computemostcompletepartial agumentin-
stantiationgor eachinferencerule in agivenproof state.Sinceonly rulesfor which anon-empty
PAl exists areapplicable this alreadyallows usto filter out ruleswhich cannotbe appliedin a
givensituation.

Computatiorof partialagumentinstantiationss doneby societieof agentghatconcurrently
gatherinformation aboutthe currentproof state. Theseagentswork in the backgroundof the
theoremproving processn thetime while theuserremainsinactive.

The choicefor a concurrenttomputationrmodelis mainly motivatedby two considerations:
Firstly, computatiorof someargumentsnightinvolve someundecidablg@roblemssuchashigher
orderunification. In a sequentiatomputatiorthis could preventsomecomputationgrom being
executed. Secondly somecomputationamight be computationallyless expensve than others
and canthereforebe expectedto deliver a resultearlierin time. The useof concurrentcom-
putationsmakesit possibleto presenthe resultof the agentscomputationgdynamicallyto the
user Argumentinstantiationghatcanbe quickly computedwill bereportedimmediatelyto the
userwhile computationallyexpensve processesdeliver their resultswith arespectre delay The
dynamicpresentatiorof suggestionsloesnot force the userto wait until all computationsare
finished.Ratherhe canapplya suggestiorat ary time, wherethe quality of the suggestionsisu-
ally improvesthe moretime is givento theagents Distribution of computationandthe anytime
charactef the computationarethe mainstrengthof the QANTS mechanism.

Whenwe now describeheQANTS architecturave dothis with respecto theQ2MEGA system
to seemoreclearlywherethe currentimplementatiorhasto bechangedn orderto supportproof
constructionn CORE.

7.2 The Architecture

The QANTS mechanismis essentiallya threelayeredblackboardarchitecture(seeFigureF 21,
page81). At the lowestlevel, societiesof agentsconcurrentlycomputePAls for the available
inferencerules. At the secondandthird layer thesePAls are then sortedaccordingto certain
heuristicsin orderto presenionly the mostpromisingsuggestiongtheseare currentlythe most
completePAls) to theuser

We now introducethearchitecturdevel by level, startingatthelowestlevel, atwhichthecore
computationgake place.

7.2.1 ArgumentAgents

The core computationsof the QANTS mechanismare executedin parallel by societiesof so
called argumentagents(depictedin Redin FigureF 21). Onesuchagentsocietyis associated
with eachinferencerule thatis supportedy the suggestiormechanismWithin asociety agents
cooperatiely try to computea mostcompletePAl for the respectie inferencerule. To be able
to do so, every algumentagentwithin a societyis specializedfor providing instantiationsof
a particularagumentof the inferencerule. Computationsof actualargumentsarein general
dependenbn information containedin alreadyinstantiatedarguments. Every algumentagent
thereforetakesa PAl asinputandtriesto instantiatea further algumentof that PAl. In orderto
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characterizeéhe computationgerformedby the agumentagentswe distinguishbetweenthree
kindsof agents.

Thefirst classof agumentagentscomprisesagentghatsearchthe supportinesof XMEGAS
proof-datastructurefor putatveinstantiation®f theirassociatedrgument(i.e. apremise).Those
agentsarecalledsupportagents

Agentsworking for conclusionsof aninferencerule performtheir searchamongsthe open
nodesof the currentproof state.Agentsof thistypearehencecalledgoal agents

Thecomputation®f theindividualargumentagentsareasimplesearctthroughthe open-and
supportinesof aproof state.For every suchline anargumentagentdecidesvhetherthe formula
of thisline matcheghe correspondingchemeof the associate@mgument.If aformulamatches
theformulaschemeanddoesnot conflict with alreadyexisting instantiationsf otherarguments
thenthecorrespondingroofline will besuggestedsaninstantiatiorfor therespectreargument.
Technicallythe computationsare performedwith the help of a Lisp-predicatewhich hasto be
specifiedfor eachargumentagent. This predicatewill be appliedto putatve instantiationsand
returns true , if the respectre nodeis aninstantiationfor the correspondingargument. Hence,
goalandsupportagentsarealsoreferredto aspredicateagents

A third kind of agumentagentsdoesnot searchfor instantiationsof premisesor conclusion,
but simply computesnstantiationdor the additionalargumentsof aninferencerule (e.g. compu-
tationof a mostgeneralunifier). Theseagentswill be calledfunctionagentsaccordinglyandare
equippedwith afunctionratherthana predicate.

7.2.2 SpecifyingArgument Agents

Argumentagentsarethe only part of the architecturehat hasto be specifiedby the user The

remainingcomponentsregenerategdutomaticallyby the system Argumentagentsarespecified
in a Lisp-like language.At this point, we provide a brief, informal descriptionof the language,
whichis followed by anexamplefor anagentspecification.

Thekeywordss- pr edi cat e, c- pr edi cat e andf unct i on areusedto specifythetype
of anagentj.e. s- pr edi cat e denotegsupportagentwhile c- pr edi cat e introducesagoal
agent.Not surprisingly functionagentsaredenotedoy f unct i on. Theremainingspecification
of an agentconsistsof two parts. The first part definesa dependencgegoal and exclusionset
which specifywhich informationmustbe presentn a PAIl for the agentto be applicableon it.
Thesethreesetsarethefollowing:

e DependenceSet: Argumentdn the dependencsetof anagenthave to be alreadyinstan-
tiatedin a PAl in orderfor theagentto beapplicable(seeabore).

e Exclusion Set: containmmamef all agumentf acommandhatmustnotbeinstantiated
for theagentto be applicableontherespectie PAI.

e Goal Set: Containsall agumentdor which the agenttriesto computeaninstantiation.

Dependenceset, exclusion set and goal set have to be mutually disjoint. The union of these
setshowever hasto be the completeagumentset of the inferencerule. By specifyingthese
setsfor eachargumentagentwe can make surethat agentsonly work on PAls which contain
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the informationthatis relevantfor their computations.Goal, dependencandexclusionsetare
declaredvith thehelpof thekeywordsgoal ,uses andexcl ude respectiely (cf. FigureF17).

The secondpartof anagentspecifications a Lisp-predicate(for goalandsupportagents)r
function (in the caseof functionagents¥or the agentwhich determineghe actualcomputations
performedby theagent.

SampleAgent

As anexampleof anargumentagentliet us consideroneof the agentshatsearchor aninstanti-
ation of the premisep, of the =g rule. Looking at the =z rule (page65), we canseethatary

instantiationof the agumentp, hasto be animplication line whosesuccedents syntactically
equalto the actualconclusionargument. A definition of an agumentagentthat searchegor

instantiationsf the premisep, is depictedn FigureF 17 below.

(s-predicate (for p2)
(uses c¢)
(excl ude pl)
(definition (inpe-p2.pred p2 c)))

FigureF 17: Specificatiorof a supportagentfor the=-z rule

The depictedagentis applicableon PAIs wherethe conclusione (cf. usesslot) but not the
premise; andp, arealreadyinstantiated.If the agentfindssuchaPAl P =< ¢ :< ¢ >,p; :
€,po : € > it appliesthe impe-p2.ped predicateto all supportlinesof < ¢ >. The predicate
returns true for all thosesupportlinesthatarelabeledwith animplication whosesuccedents
equalto thealreadyexistinginstantiation< ¢ > of theconclusiore. For every suchline theagent
returnsacopy P’ of P wherep, is now instantiatedvith therespectre proofline.

Example: Let usconsidera proof state

L, +P(z)= A(x) (Az)
Ly FR=T (Az)
Ly + M(a,b) = A(x) (Az)
G F Ax) (Open)

andanalreadyexisting PAl < ¢ : A(z) > for the=j rule. Ouragentfurthercompleteshis PAI
by suggesting.,; and L3 asinstantiationgor p,. It will thereforecreatetwo new PAls

<c:A(x),pe: Plx) = A(x) >, < c: A(x),ps : M(a,b) = A(x) >

A completeexampleof how theagentsnteractin thecomputatiorof PAls is givenbelow. Let us
first turnto the next layerof the blackboardarchitecture.

7.2.3 Command Blackboard

To enableagumentagentdo cooperatrely computemostcompletePAls theargumentagentdor
a commandmusthave a meango communicatej.e. to exchangepartial results(PAls). Thisis
donevia socalledcommandladkboards. Agentsof anagentsocietyhave accesso acommand
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blackboardon which they write the resultsof their computations.Furthermore gachargument
agentconstantlymonitorsits commandlackboardn orderto detectnew entries(PAls) onwhich
it is applicable MostcompletePAls arethereforecomputedasfollows. Initially, every command
blackboardcontainsonly theemptyPAIl. Thistriggersaninitial agentwith anemptydependence
set)which extendsthe emptysuggestiorby providing new instantiationfor the agumentsn its
goalset. TheresultingPAls arethenwritten ontothe blackboardvherethey triggerotheragents
in turn.

7.2.4 SampleComputation for =z command

To demonstraténow the agumentagentscooperatrely computePAls for their associatedom-
mand,we considera samplecomputatiorfor the =z command.We restrictthe exampleto the
subsebf agumentagentshatcomputePAls for backward applicationof the=- rule. To apply
therule backwardswe alwaysneedaninstantiationof the conclusionc. Hence theinitial agent
musthave c in his goalset,whilst the dependencesetandthe exclusionsetareempty This agent
is denoteohsA{c}}. Sincethis agentworks on the initial (empty)suggestiont doesnot needto

checkwhetherpossibleinstantiationdor its goal-agumentsyntacticallymatchalreadyexisting

instantiationof otherarguments Accordingly, theagentwill simply suggestarny opennodeasa

possibleinstantiationfor the conclusionof the associatedule.

Apartfrom this goalagentfurtheragentsarerequiredto searchfor appropriatenstantiations
of the agumentsp, andp,. This will be doneby two agentsasfollows: One agentAgﬁpl},
triesto further completePAls wherethe conclusion put not p, is instantiated.This agenthasto
considerall available supportnodesand suggesthosenodesasinstantiationsor p, thati) are
labeledby aformulawhichis animplicationandii) of which the succedentermis syntactically

equalto theinstantiationof c.

A third agentA?C’fQ}{} tries to find instantiationsfor the premisep;. It takes suggestions
(PAIs) with instantiatedconclusionand premisep, and searchegor a supportnodewhich is
labeledwith aformulathatmatchedhealreadypresenk ¢ > and< py >.

We now studytheinterplaybetweerthis agentsat handof thefollowing proof situation:

Ly +Pa)=Q (Az)
L, FR(z,y)=0Q (Ax)
Gi FQ (Open)

Whenthe suggestiormechanisnis initialized, all commandblackboardsin particularthe one
for the = rule, containonly the empty PAl <>. This triggerscomputationof agentswith an
emptydependencset. In our example,the only agentwith an empty dependencesetis Am}.
It suggest®very opengoal asaninstantiationfor the conclusione. In the abore exampleG; is
the only openline, so the agentinstantiates: with G; andwritesthe PAl < ¢ : Q > ontoits
command-blackboard.

This in turn will setof agentA?c’ﬁpl} which searcheghe supportlines for nodeswith an
implicationof which thesuccedenis equalto theinstantiationof c. In our casethesearelines L,
andL,. Hence theagentreturnsthefollowing extensionof thePAl: < c¢: @, ps : P(a) = Q >
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and< c¢: Gy : Q,ps: R(z,y) = @ >, whicharein turn addedto the commandlackboard As
aconsequencthe commandlackboardhow containshe entriesshavn in FigureF 18.

VD<c:G1:Q,pa:Ly: Pla)=Q >
Q< c: Gy :Q,ps: Ly : R(z,y) =
Q>

B<c: Q>

(4)<>

FigureF 18: Contentof thecommanddlackboardor the=-z rule

Eventually A{fl’;}z} } detectsentries(1) and(2) in FigureF 18 on which it is applicable.For
thefirst of the applicableentries(i.e. entry 2 in FigureF 18) it cannotfind a supportline whose
formulaequalsthe antecedentf line L,. However, the secondPAl (entry1 in FigureF 18) can
be extendedby line L, asinstantiationof p;. Hence,the agentA?c’jp}z}{} addsa completePAl:

c:G1:Q,p1: Ly : Pla),py : Ly : P(a) = @ > to the commandblackboardthat now
containsthe entriesdepictedn FigureF 19

0)< c¢: Gy : Q,p1 : Ly : Pla),py : Ly :
Pa) = Q >
VD<c:G1:Q,py:Ly: Pla) = Q >

Q< c:G1:Q,p2: Ly : R(z,y) = Q >
B<c: Q>

(4)<>

Figure F19: CommandBlackboardfor = g rule after all agumentagentshave finishedtheir
computations.

7.2.5 CommandAgents

Ontop of the layer constitutedoy the agumentagentsandcommandolackboardsve find the so
calledcommandagents(Light Redin FigureF 21). Onesuchcommandagentis associatedvith

eachcommandlackboard.Thejob of acommandagentis to monitorits commandblackboard
andto orderthe incomingentriesfrom mostto leastpromising. The heuristicwhich is usedto

sort the entriescan be declaratvely specifiedandis thereforeeasily exchangeable.Currently

commandagentgrefermorecompletePAls (entries)over entrieswith moreuninstantiatecrgu-

ments.

Looking atthesamplecomputatiorabove, thecommandagentfor the=- rulewouldratethe
completePAl ontheblackboardn FigureF 19.

<c:G1:Q,p1:Lyi:Pa),py: Ly: Pla) = Q >

asmostpromisingandthereforepropagatat to the suggestiorblackboard.
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7.2.6 Suggestionblackboard and suggestionagent

The suggestionagenttogetherwith its suggestiorblackboardconstituteghe highestlevel in the
three-layeredrchitecture Thepurposeof suggestioragentandsuggestiorlackboardesembles
thoseof thecommandagentsthesuggestiormgentmonitorsthesuggestiorblackboardvherethe
pre-selecteduggestionsvhich arecomputedat the lower layersof the architectureaccumulate.
Similarly to the commandagentghe suggestioragentkeepsthe entrieson the commandblack-
boardheuristicallyordered. Again,thosePAls arepreferredhataremostcomplete If two entries
areequalto thatrespectthe entry for the inferencerule thatis assumedo representhe larger
proof stepis preferred.To be ableto make this judgmentshe suggestioragenthassomenotion
of theexpansionsizeof aninferencerule (see[BS99).

The suggestiorblackboards the only blackboarahatthe usercanaccesdlirectly. Because
this blackboardcontainsonly the "best" suggestiongrom eachcommandlackboardhe always
findsthe mostpromisingsuggestionsn the suggestiorblackboardwith the highestranked sug-
gestionat the top. He canselectentriesfrom the suggestiorblackboardfor applicationat any
time. Whenan entry is selectedthe inferencerule associatedvith the PAIl is appliedwith the
argumentsprovidedby the PALL.

A changeof the proof-statgasis for instancecausedy the applicationof a suggestion)eads
to aresetof the whole system.During this reset,all blackboardsare erasedcandinitialized with
theemptysuggestionThe agentof the mechanismarethenableto computesuggestion$or the
new proof state

7.3 Chapter Summary

In this chaptemwe introducedthe threelayeredblackboardarchitecturé? ANTS whichis usedas
asuggestiormechanismn QMEGA. We have seenhow agentsat the lowestlayer cooperatrely
computePAls for QMEGASsinferencerules. ThesesuggestiongPAls) arethenheuristicallysorted
beforethe mostpromisingsuggestionsire presentedo the user It wasalsodemonstratetiowv
theagumentagentsat the lowestlayerarespecified.

In theremainingchapterwe will try to adaptthe QANTS mechanisnto the CORE system.
The key problemwill be to supportthe dynamicallygeneratedeplacementulesfor which no
agentanbe specifiedn advance.
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Chapter 8

QANTS and CORE

Throughoutthe previous chapterswe have seenthat interactve proof constructionin CORE

canbenefitenormouslyfrom a suggestiormechanisnthat automaticallychecksfor applicable
methodsandreplacementulesandwhich makessuggestionaboutwhich inferencestepto apply
next. We have introducedthe QANTS mechanismwhich performsthesetasksin the QXMEGA

system. In this chapterwe describehow this mechanisnwasadaptedo CORE. To do sowe

first describethe exact natureof the computationghat QANTS hasto performin the CORE

systemandwork out how they differ from correspondingomputationgor the XMEGA system.
Thereaftemwve describehe change®f the QANTS systenthatareimplied by this analysis.

8.1 Computations

We have alreadysaidthatwe wantto supporttheapplicationof replacementulesandmethodsn
CORE with thehelpof QANTS. However, the computationsiecessaryo checkfor the applica-
bility of bothobjectsareslightly different. We thereforefirst analyzethe requirementso support
replacementule applicationwith QANTS beforewe turn to methodapplication.

8.1.1 ReplacementRules

Adaptationof QANTS to supportreplacementule applicationis moredifficult thanmeresupport
of methodapplication. The reasonfor is that the replacementulesthat occur during a proof

attemptarenotknown in advanceandhencewe cannotspecifyagentssocietiedor theindividual

rules. As afirst solutionof this problemwe will devise a genericrule agentthatchecksfor the

applicabilityof all admissibleeplacementulesfor agiventaskin asequentiamanner Of course
onecouldgeneralizehis approacrandspecifymultiple of theserule agentssuchthateachagent
worksfor a differentclassof rules. However, it doesnot seempossibleto easilyavoid sequential
processingvhendealingwith the dynamicallygeneratedules. A possibleway outis alludedto

in [VBAO3] who suggest$o employ a genericagentfor every context-formula, which computes
suggestionsisto how to applytherespectie formulato thegoal.

Thequestiorthatconcernsisis, whatarethecomputationshattherule agenthasto perform?
Givenareplacementule R = i —< of*,... v2» > andataskT = ¥ > G we areinterestedn
thefollowing information
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1. Are theresubtermgy, ..., t; in G onwhich R is applicableandif so,whatarethet; ? In
factwe areinterestedn the position; of ¢; within G suchthatt; = G|, unifieswith i
undera substitutions;. Thisinformationis in particularsufiicient for decidingwhetherk
is applicablewrt. T'; i.e. R is applicableif atleastonesucht; exists.

2. We know thateachu!* of R will becomethe goalwindow of a new task. However, if we
canalreadyfind anunconditionak; ** in the supportwindows 3 of 7' thenwe canprove
the respectre v/ immediatelyby applicationof the rule v?* — true* which we obtain
fromv; **. Thisis analogouso the closureof the premise®f a methodin Chapte®.

To illustratethejust said,considera task
Q(a)", R(a) ", R(b) ", (R(z") = P(c))” > P(c)" AQ(a")"

This somevhatartificial exampleis well suitedto characterizéhecomputationsve areinterested
in. Whatinformationdo we wantour rule agentto computefor this task?First, we areinterested
in the replacementules that are applicableto the goal window P(c)™ A Q(z7)" of the task.
Amongstothersthisis therule Ry = P(¢)™ —< R(z”)* >, which canbe appliedto P(c)*

at position7 = [1] in the goal window (cf. 1, above) . We are then interestedin possible
instantiationdor thevalue R(z”)" of rule R, (cf. 2, above). Candidaténstantiationsare R(a)~

andR(b)~. Herewe have arrived at animportantproblem. We cannotsimply instantiatevalues
v of areplacementule with any occurrence» that unifieswith v. Thereasons thatwe might
instantiatevariablesn othersubformulasn away thatpreventsusfrom deriving our initial goal.
With respectto this example we can obsere, that R(b)~ would be the wrong choice for an
instantiationof R(z7)*, becaus®f thevariablez” that R(z”)" shareswith Q(z7)*. If wewere
to first apply Ry to P(c)™ andthenR(b)™ — true™ to thenewly introducedR(z")*, we would
transformour taskinto

Q(a) ,R(a) ,R(b) , (R(z") = P(c)) > truet AQ(b)

which we cannotclosearny more. In short, our problemconsistsof the following: whenwe
close someof the subgoals(values)that are introducedby applicationof a replacementule
automatically this corresponddo the executionof further proof steps. Of course,this might
involve a choiceasto which proof stepsto carry out. A wrong choicewill requirebacktracking
whichwe wantto do asrarelyaspossiblein interactve proof construction.

The problemis obviously relatedto the unifierso; for valuesy; of arule: < vq,...,v, >
andpossibleinstantiations; for thesevalues.We thereforeintroducea unifier selectorS. S is
apredicateover substitutionsr; andwe useoccurrences; asinstantiationf valuesy; of arule
only if S holdsfor o;. By usingdifferentunifier selectorsS we canimplementvariousheuristics
for the selectionof value-instantiationsCurrentlywe have chosenS in away thatS holdsfor a
substitutiono only if o is emptyor ¢ instantiateonly variablesthat occurnowhereelsein the
FVIFT for thecurrentproof state.With this choiceof S we have implementedileastcommitment
strategy andcanbe certainthatwe only instantiatevariablesautomaticallyif this doesnot affect
the constructiorof proofsfor othersubgoals.

We now introducetheconcepbf arule matdingin analogyto amethodmatchingto describe
thecomputationghattherule agenthasto perform.

Definition 8.1.1 (RuleMatching)Let R =< o}, ..., vE» > beanadmissiblereplacementule
for thewindow G of ataskT = X > G andS aunifierselector If R isthesmallestsubtreeof the
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currentFvIFT thatcontainsall windowsin 7" thentherule matchingfor R with respecto 7' is a
partialmapping
matchg : {i,v1,...,v,} = OCCr

whereOCCr is the setof all occurrencesnside the windows in ¥ U {G} andthe following
conditionshold for matchx.

1. If matchgr (i?) = 0? thenp = 0 or p = g ando? liesinsideG.
2. If matchg (v¥') = o? then

(a) if p; # 0 thenp; # q.
(b) If p; = 0theng # p wherep is thepolarity of matchz (iP).
(c) o?is unconditionain R andliesin oneof the supportwindows Y of 7.

3. If o, = unify(matchr(vy),v) fork = 1,...,n ando = unify(matchr(i),:) thenS
holdsfor o andeachof theo;,i =1,...,n.

Similarly to methodmatchingswe referto ano with matchr (v;) = o asaninstantiatiorof v; and
write < v; >= o. As we did with methodmatchingswe oftenrepresena rule matchingmatchzr
ofaruleR as<i:<i>,v < vy >,...,< v, >>x.

Point 2) of Definition 8.1.1 needssomeexplanation. We have defineda rule matchingin a
waythattheinstantiationgor thevaluesy; of arule R canbeusedto immediatelyprove subgoals
thatareintroducedhroughapplicationof R. If R is arewriting replacementule thenthepolarity
of 7 andv; is undefinedi.e. 0). However, thesubgoathatcorrespondso thevaluew; will inherit
the polarity of the occurrenceo which R is applied;i.e. matchz (7). Therefore,instantiations
for v; mustbe of oppositepolarity asmatchr (7) (cf. point2) in Definition 8.1.1).

Therule agentthatwe will addto the QANTS architecturecomputesall rule matchingsfor
the rulesthat areadmissiblefor the goal window of the active task. Becauseonly rulesR for
which a non-emptyrule matchingexistsareapplicablewrt. the active tasktherule agentalready
filters outnon-applicableules.

8.1.2 Methods

Thecomputationmecessaryo supportheapplicationof methodsaremucheasierdescribedhan
thosefor replacementules. We aresimply interestedn thecomputatiorof methodmatchinggor
all methodswrt. to the active task. Methodmatchingshereforeplay a similar role asthe PAls in
theQMEGA system.Of course methodgor which no methodmatchingexistsarenotapplicable.
Because€2ANTsS was designedo computemethodmatchings(PAls) we will find thatwe can
easilyadaptQQANTS argumentagentsto computemethodmatchingsfor the CORE system(cf.
Sec.8.2.1).

8.2 Making QANTs safefor CORE

Basedon the above analysiswe arenow readyto describethe adaptatiorof the QANTS mecha-
nismto CORE. To beableto dealwith the dynamicallygeneratedeplacementulesfor which
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we wantto computerule matchingswe extendQ2ANTS by therule agentthatwe alreadyalluded
to. Thisrule agentis basicallya genericagumentagentwhich computegule matchingsfor all

replacementulesthatareadmissiblein a given proof state.Along with the rule agentwe adda
rule bladkboaid andarule commandagentto the architecturgcf. FigureF 21). Ruleblackboard
andrule commandagentcorrespondo commandlackboardeandcommandagentsespectrely

andwill sene asimilar purpose.

Method matchingswill be computedwith the help of the alreadyexisting architecture.Be-
causeof theclosecorrespondendeetweemmethodmatchingsandPAls aswell asbetweermeth-
odsin CORE andtacticsin 2MEGA this partof thearchitectureneed=only little changen order
to functionin the CORE system.

We now turnto a descriptionof the component®f the extendedarchitecture We begin with
thosecomponentshatarealreadypresenin QANTS andwhicharenow usedto computemethod
matchings.

8.2.1 ArgumentAgents

The adaptationof the agumentagentsto searchfor methodmatchingsis rathereasy When
usedin conjunctionwith QMEGA they computemostcompletePAls for the QMEGA tacticsby
searchingor argumentinstantiationsamongst2MEGAS the proof lines. Now we have to make
surethatthe searchfor algumentinstantiationgs performedamongsthe occurrencessidethe
windows of theactive task. To make this taskaccessibléo the agentsve introducea new global
variableact i ve*t ask whichalwayspointsto thetaskontheagendavhichtheuseris currently
working for. Becauseve arestill essentiallysearchingor formulasthatfit into a certainformula
schemewe can leave the specificationlanguagefor agumentagentsunchanged. Merely the
keywordsthatspecifythetype of anagentobtaina differentmeaning.

s- predi cat e: Supportagentdry to instantiateargumentsin the premiseof a method. Ac-
cordinglythey now searchamongsthe negative occurrencefsidethe supportwindows
of theactive task.

c- pr edi cat e: Goalagentqor conclusionagentskearcHor instantiationf a conclusionof
amethod. This searchs now performedamongsthe positive occurrencefsidethe goal
window of theactive task.

function: Functionagentscomputearbritraryobjectsasbefore.

Looking at the specificationof an agentthatsearchegor oneof the premisef the C-TRANS
methodin CORE, we seethatargumentagentscanindeedbe specifiedasbefore.In FigureF 20
thepredicate ac=subset -t r ans. pl isthepredicatehatis appliedto all occurrences the
supportwindows of the actve taskandwhich returnstrue for all occurrenceshatare labeled
with aformulawhich matchegheformulaschemeA(C B) for the parametep; .

Argumentagentscomputemethodmatchingsin the samecooperatre way asthey did for
PAls in the QMEGA system. This cooperatiorstill dependson the commandblackboardhatis
associateavith eachagentsociety
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(s-predicate (for pl)
(excl ude p2)
(uses c¢)
(definition (tac=subset-trans.pl (:paramc) (:parampl))))

FigureF 20: Specificatiorof a supportagentthatsearchesor possiblenstantiationof the argu-

mentp; for theC —TRANS method. The agentis applicableon methodmatchingsvherethe

conclusiorne but notthe premisep, arealreadyinstantiated: par amis a keyword thatspecifies
thatonly thelabelof the putative instantiationof p;.

8.2.2 CommandAgents& Command Blackboards

Commanddlackboardsarestill monitoredoy commandagentswvhich functionexactly asbefore.

As wasthe casein QMEGA the commandagentskeepthe entrieson their associatedommand
blackboardn a certainorderandpropagatéestsuggestionso the suggestiorblackboard.The

heuristicthatis employed to rank the entries(i.e. methodmatchings)on the commandblack-

boardprefersmore completemethodmatchingsover methodmatchingswith fewer instantiated
arguments.

Having seenthat the adaptationof QANTS for the computationof methodmatchingsis quite
straightforvard we now concentrateon describingthe extensionof the architecturewhich en-
ablesthemechanisnio supportapplicationof replacementules.

8.3 Supporting ReplacementRule application

We have alreadyarguedthat becausehe replacementuleswhich occurduring a proof are not
known at the outsetof a proof, we cannotspecifyagentdor theserulesin advance.The solution
we have alreadysketchedearlieronin this chaptens to extendthe architectureby a rule-agent
thatcomputesule matchingsn asequentiamanner Of coursethisis only asub-optimakolution
becausé breakgadicallywith thephilosophyof QANTS to distributecomputation®verconcur
rentprocessesThe mostseriousdravbackof a serializationof computationss thatif we want
to computerule matchingsfor replacementulesR4, ..., R, andgetstuckat rule R; because
we encountern undecidablegroblem(e.g. a higherorderunification) or a programerror then
the systemmight not recover andwe cannotprocessulesR; .1, ..., R, ary more. To slightly
easdhisdravbacktherule agentexcludesall rulesfrom consideratiorthatcontaina higherorder
variable(i.e. avariablethatrangesover a functionor a statemenbf type o). At the momentwe
cansafelydo sobecaus€€ORE doesnotyet provide a higherorderlogic inputlanguageandwe
arehencerestrictedto work with first-orderproblems.Theonly higherorderformulasthatmight
occurduringaproofaresomeaxiomsthatareautomaticallyjoaded(e.g.theinductionaxiomand
the transitvity of =) which areonly neededn particulardomainsanyway. Oncethe systemis
extendedwe canintroducea secondagentor evenseveraladditionalagentshatexclusively deal
with higherorderrules. The benefitof this decisionis thatwe ensurethat at leastall first-order
rulesareconsideredy therule agentwithout encounterin@anundecidablesubproblem.
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8.3.1 The Rule Agent

Lik e the agumentagentstherule agentis locatedat the lowestlayer of the architecture.lt has
accesso thewindows of theactive taskwhereit searchefor mostcompleterule matchingdor all

admissibleeplacementulesthatcanbe generatedrom the supportwindows {wy, ..., w,} = X

of theactualtask. However, recallthatwe canchoseoneof thewindows w; to applytheformula
containedn this window to thegoalwindow G of the active task(cf. Chapte#). In this casethe
rule agentshouldrestrictits searchto rulesthatcanbe obtainedrrom this particularwindow. We
thereforeintroducea secondglobal variableact i ve* w ndows which always containsthose
windows from which we wantto generateandapplyrules(thatis, it containseitherX: or exactly
onew; € ¥;il.eacti ve*w ndows alwayscontainsa subseof the supportof theactive task).

On aresettherule agentcomputesule matchingsasfollows. First, it generatesll replace-
mentrulesfrom the {w;, ..., w,} thataredenotedby theact i ve*w ndows. For eachsuch
ruleR =i* —»< o', ..., v2» > andataskT = X > G theagenthengenerateshe sets

I = {(0%0)lo?insideG,p = q andic = o}

V;fl _ {(oq,a) 0 insﬁdeary of.t.he Yoo # q, 00 = 0}
ando is unconditional
for aresolutionreplacementule R and
I = {(0%0)lo?insideG andic = o}
( {(0q7 o) o insidea_ry of theX andv,oc = o andoq} it =1
is unconditional.
1. 0? inside ary of
V’;jol = theX
(09,0) 2 wo = op # q otherwise

ando is uncondi-
\ tional

’Upl
of instantiationgr, for theinputof R andfor thevaluesy, of R (i.e. V' ). For eachreplacement
rulewith Iz # 0 (i.e. all applicablerules)therule agenthengeneratesll possiblerule matchings
from thesesets.To seehow let

V! :{ {(e.{}} if V=0

%3 else

wheree representghe emptyinstantiationtheneach
m = ((c",0), (", 01), ..., (0%, 0%)) € Tr x Vi x ... x V"

givesriseto arule mappingif S holdsfor ¢ andeachof theo; andR is aresolutionreplacement
rule. For rewriting replacementuleswe have to make the additionalrequirementhatp # p;
becauses, inheritsthe polarity p from the occurrenceo which it is applied. The rule matching
for R thatcorrespond$o m is< i : o,v1 : 01,...,v, : 0, >x. Notethatasa byproductof the
computatiorof the I we obtainthe applicationpositionsr,, for eachrule matching.

For eachof thecomputedule matchingsnatchy, theruleagentwritesanentrye = (w, matchg)
on the rule commandblackboard.This meanghat eachrule matchingis augmentedvith infor-
mationaboutwhereto applytherule in the goalwindow of the active task. The entriesarethen
furtherprocessetby the rule commandagent.
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8.3.2 The Rule Command Agent

The rule commandagentplaysa similar role asthe commandagents.It monitorsthe rule com-
mandblackboardandsortsthe entrieson this blackboardheuristically The bestsuggestionsire
then passedn to the suggestiorblackboard. The reasonwhy we needan extra agentfor the
rule blackboards thatthe heuristicusedby the rule commandagentis slightly differentto the
heuristicsusedby the commandagentsjn fact,the heuristicscanbe declaratvely statedandare
thereforeeasilyexchanged By usingdifferenttypesof command-agentwe make it possibleto
usedistinctsortingcriteriafor rule-andmethod-matchings.

Currentlytherule commandagentsortsentriese = (w, matchg) accordingto the numberof
valuesin R thatarenot instantiatedoy matchyr. Entrieswith fewer non-instantiatedraluesare
preferredover entrieswith for amatchingwith ahighernumberof non-instantiatedalues.More
precisely therule commandagentsordersthe entriesaccordingo the ordering< g, where

e1 <g es iff [{v|matchg, (v) = €}| < [{v|matchg,(v) = €}|

for entriese; = (w1, matchg,). Entriesthatare minimal with respectto this orderingarethen
propagatedo the suggestiorblackboard.

The motivationfor this heuristicis thatwe propagatehoserule matchingso the suggestion
blackboardthat will introducethe leastnumberof subgoals(recall that eachnon-instantiated
valuew in arule-matchingeadsto theintroductionof a new taskfor v).

8.3.3 Suggestiorblackboard and SuggestionAgent

The suggestiorblackboards the placewherethe entriesfrom the commandagentsandtherule

commandagentaccumulateThesuggestiomlackboardhereforealwayscontainssuggestionas
to which methodor replacementulescanbe applied.Incomingentriesarepermanentiyordered
by thesuggestioragentsuchthatthe mostpromisingentriesarealwaysontop of the blackboard.
Theusercanchooseanentryfor applicationatary time. Whenheselectsanentryfor application
it is givento an application handler which distinguishesetweenentriesfor rule and method
matchings.

Entriese = (match,,) for methodmatchingsaresimply executedasdescribedn Chapte
by usingmatch . asthe methodmatchingfor M.

Whenthe userchoosesanentrye = (7, matchg) with arule matching,the applicationhan-
dlerappliesrule R atpositionr to thegoalwindow G of theactive task. This leadsto areplace-
mentof G|, by asubtree

v

ﬁ(vml Pip,  Pigyr pin)
il PICIEICIE ik’ik+1’..., ZTL

wherewe alreadyorderedthe v; accordingto whetherthey areinstantiatedn matchg or not. If
vit, ..., v~ aretheinstantiatedzaluesof R in matchy (i.e. matchg (v;') # €, forl =1,..., k)

il 9.
it >= v, "' to generatehereplacementule v;* — o (for

thenwe canusetheinstantiations< v; i
o € {true™, false”}) andapplyit to v; *. We thenobtainthe simplifiedsubtree

2
1

Di Di
,B(vz-kff, C ")
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Next, awindow is openedn eachof the remaininguzi’

tasks.Notethatwe couldalsocreateonly onenew taskfor theentireformula g(v
andleave the decompositiorio theuser

which becomehe goalwindows of new
Pig 1 Din,
iy e Uy )

8.4 SampleComputation

In this sectionwe go througha samplecomputationto considerin detail the computationgper
formed by the rule-agent. The exampleis constructedo shav how valid rule matchingsare
computedandhow applicationof sucha rule matchingshortcutamultiple basicreasoningsteps.
We consideratask

T=%,(Aly")AB(z")=C)",A(y")",Ba)" >C"

Thesupportwindows of T' give riseto a numberof replacementulesthatareadmissiblefor the
goalwindow of thetask. Amongstotherstheseare

R =CT =< A(y"), B(z")" >
Ro = A(y")t — truet
R3 = B(a)™ — true®

Theserules are computedby the rule agentwhen it encounterghe empty suggestioron the
rule commandblackboard.For eachof theserulesthe rule agentthencomputeghe setsiz, of
possibleapplicationoccurrencesnside the goal window of 7. For our examplethesesetsare
Iz, = {(C*,{})} andIg, = 0 for i = 2,3. This meanghatonly rule R, of theabove rulesis
applicable.In a next stepthe setsVé‘lW) ={(Ay")~,{H} andVé(m) = {(B(a)~,{a/z"})}
are computedby the rule agent. Note that (B(a)~.{a/z7) is in Vfi(:m if we assumehatthe
variablez” occursnowhereelsein the FvIFT. In this caseS({a/y"}) holdsbecausef the way
we have chosenS. Fromthesets/z,, Vé‘l(yv) andVé(‘”) we obtainthe singlerule matching

matchg, =< CT :CT AWt : A(y")", B(z")* : B(a)” >g,
This rule matchinggivesrise to anentrye = ([, matchg,) on the rule commandblackboard
which will thenbe propagatedo the suggestiorblackboard.If the userselectsentry e for ap-

plicationthe suggestioragentpasses to the applicationhandlerwhich appliestherule R, to T
which leadsto theintermediatdask

%, (A(y") A B(2") = C7, A(y") 7, B(a)” > B(A(y")", B(z")")"
The handlerthenimmediatelygenerateshe rules A(y?)* — truet and B(a)™ — true™ and
appliesthemto thenewly introducedoccurrencemsidethegoalwindow. Thetaskobtainedafter

applicationof entry e anda simplificationof the goalwindow thenis

Y, (A(y") A B(z") = C~, A(y") ", B(a)” 1> true*
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8.5 Integration of External Reasoners

In the previouschapterave have identifiedthe needto integrateexternalreasoningystemssuch
as automatedirst-ordertheoremproversinto CORE thattry to closeinactive tasksautomati-
cally. Thiscannow berealizedby combiningthefeaturegprovidedby thetaskstructurewith the
QANTS mechanism.

To be ableto make useof automatedorovers X suchas OTTER or SPASS we assumehat
we have a method AT Px for eachof theseprovers(cf. Sectiorn6.6) that canbe usedto justify
a goal by a call to suchan ATP in the following way. Argumentagentsfor a method AT Px
instantiatethe conclusionof the methodwith the goalformulaof atask. Premise®f the method
areinstantiatedvith the correspondingupportformulas. The agentsheninvoke the ATP X to
seewhetherthe automatedeasonercanderive the conclusionfrom the premises.If this is the
casethenthe correspondingnethodmatchingis passedntothe suggestiorblackboard.

We wantto applymethodsAT Py to inactive tasks but only if thesystemloadis nottoo high.
This might for instancebe the casewhenmostagentshave finishedtheir computationsput the
userhasnotyet selecteda suggestion.

Theideais now to index every taskon the agendawith a naturalnumberi andto augment
all blackboardentrieswith anindex for atask. Thisindex will tell theamgumentagentsn which
taskto searchor possiblecompletionsof therespectie entry (i.e. method-or rule matching).If,
in addition,we give the commandagentsfor the methodsAT Py accesgo the agendawe can
realizetheintendedapplicationof externalreasonerso inactive tasksasfollows.

On a resetof the suggestiormechanismall commandblackboardsareinitialized with the
empty suggestiorfor the active task 7, (i.e. (a,<>)). This will setoff the agentsto search
for suggestionssto how to apply their correspondingnethodto the active task. All command
agentscan monitor their associatedommandagentsand recognizewhenthe agumentagents
have finishedtheir computationslf acommandagentdor amethodAT Px becomeswarethat
its algumentagentshave finishedtheir computationdor taskT, it addsthe emptyentry (b, <>)
for the next task7;, ontheagendéao the blackboard.Thiswill thencausehe agumentagentfor
AT Px to checkwhetherthetheoremprover it worksfor canclosetask7;, automatically

An extensionof QANTS in this way would have the effect thatif thereis a sufficiently long
delaybetweenwo userinteractionghenthe agentdry to closeinactive tasksin the background
of the reasoningprocess.Successfusuggestiongsto closeaninactive taskautomaticallywill
eventuallypopup atthe suggestiorblackboardalongwith the suggestion$or the currenttask.

8.6 Chapter Summary

In this chapterwe have describedhow the suggestiormechanisnm2ANTS was adaptedo the
CORE-system.We have seenthatthis wasstraightforvard with respecto methods.To be able
to supportthe applicationof replacementuleswe hadto extendthe architectureby arule-agent.
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Chapter 9

Conclusion& Further Work

In this thesiswe wereconcerneadvith an extensionof the CORE theorem-praing ervironment
by additionalfunctionality to facilitate interactve proof development. To achieve this goal we
developedataskdatastructurentop of COREswindow-inferenceechnique We furthermapped
thenotion of a proof-methodo the CORE system.Thesemethodsoperateon the taskstructure
andmalke it possibleto performabstraciproof stepsn CORE.

Furthermorewe adapted2MEGAS suggestiormechanisnf)ANTS to CORE whereit now
supportsinteractve theoremproving by identifying applicablereplacementules and methods
for a givenproof stateandmakessuggestionaboutwhich of theseinferencego make next.

Whenwe devisedthe methodsor CORE we took into accounthe experiencanadewith the
interactve theoremproving ervironmentQMEGA, wheredistinctdatastructureareusedto apply
abstracinferencestepsn interactve proof constructiorandautomategroof-planning We were
ableto memge the tacticsand methodsof the QMEGA systeminto a single conceptof a method
thatcannow beusedin interactve proof developmentaswell asin proof-planning.

The contribution of this thesisthereforelies in the developmentof a commoninterfacefor
interactve theoremproving andautomategroof-planningwhich is constitutedoy the tasksand
methodghatwe have introduced.

Togethewith the adaptatiorof the QANTS suggestioomechanisnwe werethusableto pro-
vide evidencefor two hypothesisFirstly, it is claimedthat CORE providesawell suitedbasisfor
human-orientedtheoremproving. In Chapteb we saw thatthis is indeedthe caseif we properly
exploit the potentialprovided by CORE. Theimplementatiorof tasksandmethodshasshovn
thatby usingCORE we areableto hide mary logical details(suchasthe quantifierelimination)
from the user while we areat the sametime ableto useestablishedonceptdik e methodsn the
theoremproving process.

Secondlythe successfuadaptatiorof QANTS to CORE shows thatthe agent-basedugges-
tion mechanisnf2ANTS is indeedcalculusindependenasclaimedin [BS99b]and cansupport
proof developmentn variousinteractve theoremproving ernvironments.

However, althoughwe provided an interfaceon which interactve theoremproving and au-
tomatedproof-planningcan be basedthereis still a way to go in orderto make CORE a full
fledgedinteractve theoremproving environment. We now list the mainissuesthatstill have to
beaddressed.
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Integration of extemal reasoningsystems Taskstructure methodsandthe QANTS suggestion
mechanisnalreadyprovide the basicfunctionality to integrateexternalreasoningsystems
into CORE (seeSectior.6 and SectiorB8.5). In principle it is now straightforward to
invoke suchexternalsystemsn CORE. A methodthatusesanautomatedeasoningystem
hasto translatea subproblem(e.g. a task)into the input languageof an appropriateATP,
It shouldbe almosttrivial to developatranslationmodulethat,givena problemin CORE
representatiorfi.e. a setof signedformulas), generates problemuniform description
which canbe usedasinput to the mathematicakoftware bus MATHWEB which provides
accesdo a variety of specialpurposereasoningsystems.A problemthatis more serious
concerngsthe expansionof the resultsreturnedby the externalreasonerge.g. a proof).
Application of inferencesthat are justified by the call to an external systemhave to be
expandedby translatingthe resultreturnedby thesesystemsnto CORE proof fragments.
This requiresthe developmentor adaptationof entire translationmodules,similar to the
TRAMP module[Mei00] whichis usedin QMEGA. However, notethatin absencef sucha
modulewe cannonethelesmake useof externalreasoningystemsf we trusttheirresults
andignorethe problemof expandingtheir contributionsinto a CORE prooffragment.

Shared variables We have seenthroughoutthe thesisthat variableswhich are sharedbetween
differentsubformulasmight sometimesauseproblems for instancewhenwe wantto ap-
ply externalreasonerso a taskthat containsvariablesusedin othertasks. This problem
requiresghoroughinvestigation A first stepinto thedirectionof a solutionwould beto see
how techniquesusedin othersystemghat dealwith this problemcanbe usedin CORE.
Forinstancet mightbeworthto pursueasimilarapproactasin theCQ2MEGA systemanduse
aconstrainstorealongwith a constrainsolverto treatthe problemof variableinstantiation
asasetof constraints.

Automated proof-planning We have completelyignoredthe problemof automategbroof-planning
in thisthesis.However, thetaskstructure¢ogethemwith themethodgshatwe haveintroduced
shouldsene asabasisfor the developmenif anautomategroof-planneifor CORE.

UserInterface We have seenthatalthoughtasksallow usto presenta subproblenin anacces-
sible way to the userit is importantthat only the information necessaryo continuethe
proofis shavn to the user In fact,therequiredinformationmight be dependenon various
variablessuchasthe proof-stratgy preferredby the user(e.g. directvs. indirect proof),
etc.

This issuecanbe generalizedo the broaderquestionof how we candesignan interface
that takesadvantageof CORESs novel way to represent proof-stateandto organizethe
reasoningprocess.ldeally, the developmentof suchan interfaceshouldgo togetherwith
empirical studiesthat try to establishwhich informationis consideredasrelevant by the
user(or differenttypesof users)n a givenproof situation.

CompletenessOf course whenwe make useof the taskstructureintroducedin Chapte#d, it is
importantto establisithe completenessf the taskmanipulationrules. However, aformal
treatmentof this issuewould have beenclearly out of scopefor this thesisasthis would
have for instancerequireda formal definition of the semantic®f signedformulas.

Moreover, althoughwe were only concernedwith COREs first-orderfunctionality it is
essentiallyahigherorderframenork. Onceit is possibleto loadhigherorderproblemsnto
CORE, any completenesproof hasto cover the higherordercaseaswell. This might not
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even be possiblewithout new techniquego shov completenessf higherorderreasoning
framewnvorksaswereonly recentlyproposedn [BBKO3].

Term Indexing Currently the conceptslevelopedin this thesishave only beentestedon rather
simpletheoremdrom the domainof nawve settheory Whenthe systemis to be usedfor
real-world problemswve might beableto make thecomputatiorprocessemoreefficient by
the employmentof realterm-indeing techniqguesaswe alreadypointedout in Chaptebb.
With term-indeing techniquegroperlyimplementedt might for instancebe possibleto
identify applicablereplacementulestogetherwith the applicationpositionin a more ef-
ficientway. However, we postponework in this directionuntil we canload higherorder
problemsn CORE. Thereasons thatwhenwe usehigherordertermswe will encounter
new problems suchashow to dealwith variablehead-symbol®f terms. The questionof
how to employ term-indeing strategiesin a higherorderframenork is thusa topic on its
own.
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BNF-Grammar
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<inference> ::= (defmethod < name>
(in <theory>)
(declarations
(type-variables (< typevarlist >))
(variables (< varlist>))
(methodvars (< mvarlist>)))
(parameters (< name-list>))
(premises (< amg-list>))
(conclusions(< amg-list>))
(outline-mappings (< map-list>))
(expansion< name>))

< appl-dir> ::= (defdirection < name> < name>
(declarations
(type-variables < name-list>)
(variables < varlist>)
(methodvars < mvar-list>))
(hypothesis( < hyp-list>))
(premises( < arg2-list>))
(conclusions(< arg2-list>))
(application-conditions < list-of-expr> )
(outline-computations (< comp-list>))

<amg-list> = <amg>
| <arg> <amg-list>
<amg> ::= (<name> < decl_content ) | e

< map-list> ::= <mapping> | €
| <mapping> <map-list>
< mapping>::= ({existinglnonexisting}* < name> )
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<mvarlist> 1= <mvar> | e
| <mvar> < mvarlist>
<mvar> ::= ( <name> < mvartype> )
<mvartype> ::= < basetype-
| ( < constructor- < mvartype> )

<type> ::= <basetype-
|<type-var>
|(< type-list>)

<type-list>::= <type> | €
|<type> < type-list>

<typevarlist>:= <type-\ar> | e
|<type-var> < typevar-list>
<type-var> ::= <name>

< constructor> ::= listof | pairof | ...

<varlist> = <var> | e
| <var> <varlist>
<var> = (<name> <type>)

<comp-list> 1= <comp> | €
<comp> < comp-list>
<comp> = (<val-list> < lisp-expr>)

<val-list> ::= <name> | €
<name> < val-list>

<hyp-list> ::= <hyp> | e
| <hyp> < hyp-list>

<hyp> .= ( <name> < decl-content- :for < name>)

<amg-list2> 1= <amg2> | ¢

| <arg2> <am-list2>
<amg2> = (+ <name>)

| (— <name>)

| (* <name>)

<name> = STRING
<theory> ::= <name>
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< name-list> ::= <name> | ¢
|<name> < name-list>

< decl_content> = All termsover all types,variablesand function symbolsthatare visible af
this point. Theseareall objectsthat have beendeclaredn eitherthe theory the methodor the
particularapplicationdirection.

< lisp-expr> ::= anarbritraryLisp-expression

< list-of-expr> =< lisp=expr> | €
| <lisp-expr> < list-of-expr>

FigureF 22: BNF grammairfor the methodspecificatiodanguagantroducedn chapteré
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Chapter 11

Screenshots

CORE@murphy (Development: Hone)
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FigureF 23: GUI of the CORE system.Theinitial taskfor theexamplefrom Chapteb is shovn
in thewindow on theright-handside.
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