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Abstract

Sincemorethantwo decadesresearchin interactivetheoremproving (ITP) hasattractedgrowing
interest. The primary applicationdomainsfor ITPs rangefrom hard–andsoftwareverification
tools to mathematicaltutor systems.To supportcommunicationwith the userin an adequate
waythesesystemsdependoncalculi thatallow for theconstructionof humanunderstandableand
readableproofs.However, mostcalculi thatareusedin currentITPsfall still shortof supporting
theuserin anoptimalway. Thereasonis thatthey enforcetheuserto constructproofsat a level
thatis far moredetailedthantheonethatcanbefoundin humanconstructedproofs.

Autexier [Aut03] hasrecentlyproposeda new theoremproving framework that allows to
modeldifferentlogics andcalculi in an uniform way. In CORE, a proof-stateis alwaysrepre-
sentedasasingleformulathatcanbemanipulatedby theapplicationof replacementrulesthatare
generatedfrom the logical context of the subformulaundertransformation.This approachalso
facilitatesproof constructionat theassertionlevel which is consideredasmorecloselymatching
the level at which humansconstructproofs(seefor instance[Hua94]). Togetherwith COREs
window inferencetechniquethis makesCORE apotentiallywell suitedbasisfor interactive the-
oremproving.

This thesistriesto excerptCOREs potentialfor interactive theoremproving by mappingim-
portantconceptsof theestablishedproofsystem

�
MEGA to CORE. A taskstructureis developed

to presentthecontext of a subformulain an intuitive way to theuserandto assisthim in struc-
turing proofs. The developmentof a methodinterpretermakes it possibleto specify abstract
inferencestepsdeclaratively andto encodeproof strategiesfor the usein CORE. The adapta-
tion of

�
MEGAs agent-basedsuggestionmechanism

�
ANTS to CORE helpsthe userwith the

identificationof applicablemethodsandreplacementrules.



Zusammenfassung

Interaktives Theorembeweisenhat in den letztenzwei Jahrzehntenzunehmendan Bedeutung
gewonnen. Die Anwendungsbereichevon Systemenmit denensich Beweiseinteraktiv führen
lassenreichenvon derHard-undSoftwareVerifikationbis zu mathematischenTutor-Systemen.
Die genanntenAnwendungsgebietemacheneserforderlichdasder Anwenderbei der Beweis-
führungadequatuntersütztwird. Um eineentsprechendeKommunikationmit demBenutzerzu
ermöglichenverwendeninteraktive BeweissystemeKalküle, in denenBeweisein einerfür den
BenutzernachvollziehbarenArt und Weise,geführtwerdenkönnen. Trotzdemkannmannoch
nicht davon sprechen,dassinteraktiveBeweiserdenBenutzeroptimalunterstützen.Der Hauptr-
gundhierfür ist, dassdie eingesetztenKalküle automatischdazuführen,dassBeweiseauf einer
viel detaillierternEbenegeführtwerdenmüssen,als mantypischerweisein einemmathematis-
chenBeweisfindenwürde.

Autexier [Aut03] hatkürzlicheineneuelogischeUmgebungfür dieBeweissucheentwickelt,
welcheesermöglichtverschiedeneLogikenundKalküleeinheitlichzumodellieren.In CORE ist
einBeweiszustandimmeralseineeinzigeFormelrepräsentiert,welchedurchdasAnwendenvon
Ersetzungsregeln,die ausdemKontext einerTeilformel abgeleitetwerden,transformiertwerden
kann.DieseHerangehensweiseerleichtertesauch,BeweiseaufdersogenanntenAssertion-Ebene
(vgl. [Hua94]) zu führen,welcheallgemeinals einenatürlichereEbenefür die Beweisführung
angesehenwird. Zusammenmit derWindow-InferenzTechnik,die von CORE unterstützt,wird
stellt CORE ein Systemdar daspotentiell als eine verbesserteGrundlagefür die interaktive
Beweissucheangesehenwerdenkann.

In dieserArbeit gehtesdarum,dasPotentialvon CORE im Hinblick auf die interaktiveBe-
weiskonstruktionauszunutzen.Diesesgeschiehtzum einendadurch,dassetablierteKonzepte
im BereichdesinteraktivenBeweisens,wie sieauchim Beweis-System

�
MEGA verwendetwer-

den,auf dasCORE-Systemabgebildetwerden.Desweiterenwird eineTask-Sruktureentwick-
elt, die eszumeinenermöglicht,denlogischenKontext einerTeilformel für denBenutzerver-
ständlichaufzubereitenunddarzustellen;zumanderenuntersütztsiedenAnwenderauchdarin,
Beweisestrukturiert zu führen. Der Entwurf einesMethoden-Interpretersermöglichtes, ab-
strakteBeweisschrittezu kodierenundim Systemanzuwenden.Die AnpassungdesVorschlags-
Mechanismus

�
ANTS anCORE stellteineweitereUnterstützungfür denBenutzerbereit,indem

sieautomatischVorschlägeübermöglicheFortsetzungeneinesBeweisesgeneriert.
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Chapter 1

Intr oduction

From the very beginning, automateddeduction(or automatedtheoremproving) wasa key re-
searchareawithin Artificial Intelligence(seefor instance[GHL60]). Although the automatic
generationof proofs for mathematicalconjectureswas a goal in its own right, automatedde-
ductiondrew additionalimportancefrom thefact that it wasconsideredasa meansto automate
commonsensereasoning.

While earlyresearchon automateddeductionwassolelyinterestedin fully automatedsearch
for derivations,onecannow broadlyclassifyresearchon automateddeductionalongtwo cate-
gories:machine-orientedproof searchandhuman-orientedproof search.

Machine-orientedproof searchcontinueswith the tradition of inventingcalculi andsearch
strategiesthatenablecomputerstosearchefficiently for proofswithoutrequiringany user-interaction.
Researchinto this directionhasleadto thedevelopmentof machine-orientedcalculi suchasres-
olution [Rob65],tableaux[Smu68]andmatrix [Bib82] proof search,of which resolutionandits
derivantsareprobablythemostsuccessful.

Althoughautomatedproversthatmake useof thesemachine-orientedcalculi hadsomesuc-
cessin proving previouslyunprovedtheoremslikeRobbinsAlgebra Conjecture [McC97] they are
subjectto atleasttwo linesof criticism. Firstly, despitebeingableto successfullyprovesomethe-
orems,the taskof searchingfor proofsoften turnedout to betoo complex to prove evensimple
theorems.Secondly, becausethe calculi underlyingautomatedproversusea machine-oriented
representationof theproblem,proofsthatarereturnedby thesesystemsarehardly readablefor
humans.

Theselimits of automatedtheoremprovershave sparkedinterestin socalledinteractivethe-
oremproving. Here,thetaskof finding a proof is dividedbetweenuserandcomputer. Typically
the userhasto constructa proof by applying inferencerules of a moreuserfriendly calculus
while thecomputerguaranteesthecorrectnessof thesoconstructedproof. Somesystemsgoeven
furtherandsupporttheuserby checkingwhich rulesareapplicablein agivenproofstateor even
makesuggestionsaboutwhich rule to applynext [BS99a].

To facilitatecommunicationwith the user, interactive theoremprovers(ITPs) make useof
calculi thatarethoughtto bettermatchthehumanstyleof reasoningthando calculi thatarede-
velopedfor fully automatedproof search.This enhancesthereadabilityof theproofsproduced
andfacilitatespresentationof a proof or proof stateto the user. Currently, the mostfrequently
usedcalculusis Gentzensnatural deductioncalculus (ND) or its relative the sequentcalcu-
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lus [Gen35],or variantsof it. For instance,systemslike the Carnegie Proof Tutor, ISABELLE

[Pau86]or
�

MEGA [BCF� 97] all usea ND variantasunderlyingcalculus. Othersystem,like
COQ [BBC � 97] areinternallybasedon constructive typetheory, but useanND calculusfor the
communicationwith theuser.

However, evenwith moreuser-friendly calculi andsuggestionmechanisms,suchas
�

ANTS

[BS99a], conductingproofsin aninteractivesystemis still achallengingtask.Onereasonfor this
is thatalthoughthecalculiemployedin ITPsaimatsupportingahuman-orientedstyleof reason-
ing, they still forcetheuserto derivea proof at a muchmorefine-grainedlayerthentheonethat
is usuallyusedby humanmathematicians.As a result,interactively constructedproofsrequire
to performmany calculusintrinsic proof stepsexplicitely thatoccurimplicitly in humancreated
proofs. An exampleis the explicit decompositionof assertions[Hua94], which is necessaryin
the sequentandnaturaldeductioncalculus. Humanswould immediatelyfocuson the relevant
subtask,withouthaving to extractit by employing lengthybut trivial inferencesteps.

Theseproblemshave led to attemptsto structurethe proof searchat a moreabstractlevel
whichresultedin thedevelopmentof tacticaltheoremproving[Mil85] andproofplanning[Bun88].
In tacticaltheoremproving,proofconstructionmainlyproceedsby theapplicationof tactics,little
programsthat transformtheproof stateby automaticallyapplyinga sequenceof inferencerules
andallow for theencodingof frequentlyrecurringproof patternsor evenhuman-orientedproof
techniques,suchasthe inductionprinciple, etc. In proof-planningthis proceduralencodingof
domain-dependentknowledgeis augmentedby a declarative specificationwhich makesit possi-
bleto usetheabstractproofstepsasplanningoperators(proofmethods). However, nonof thenew
paradigmshaveturnedout to betheultimatesolution(see[Bun02] for acritic onproof-planning,
also[BMM � 01]).

Autexier [Aut01, Aut03] recentlydevelopedtheCORE theoremproving systemwhich was
built asa basisfor the integrationof multiple proof paradigmsinto oneframework. Thesystem
supportsa context orientedproof style that is relatedto ideasof thewindowinferencetechnique
of [RS93]. The novelty of the systemlies in the fact that it doesnot make useof a fixed set
of calculusrules that aredefinedover the syntacticstructureof formulas; rather, it allows the
userto focus the reasoningprocesson subformulasof the overall goal formula. Information
containedin thecontext of thefocusis thenmadeavailableto theuserin form of transformation
rules,so called replacementrules, that canbe usedto transformthe subformulain the current
focuswithout enforcinga decompositionof the overall formula. Oneof the advantagesof this
reasoningstyle is that it supportsthe applicationof assertionsin a moreintuitive way. In fact,
the stepwiseunwrappingof subgoalsis replacedby relocationof the focusandapplicationof
replacementrules.

Accordingly, proofsearchin thenew systemproceedsby i) placingthefocusontosubformu-
lasof thegoal formulaandii) applyingreplacementrulesto subformulasin thefocus.Replace-
mentrulesareof theform � �"!$#&%('*)*)+)+',#.-0/

where
�1'1#2%('+)*)*)+'1#3-

arelogical formulas.Rulesof this form replacea formula
�
, calledthe input

of therule,by aconjunctionof formulas
#&%4'*)*)+)+',#.-

, thevaluesof therule.

However, althoughthe systemin principle allows for conductingproofsin a more’natural’
way thanotherITPs,thereis still additionalwork requiredto make full useof COREs potential
for interactivereasoning.Four issuesareparticularlyevident.
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1. In every proof statethereis a greatnumberof rulesavailablefor transformingthefocused
formula,eachcorrespondingto aparticularapplicationdirectionof anassertionin thecon-
text of the focus. However, in general,only a fraction of theserulesis applicablein the
respectiveproofstate.It is thereforeaproblemto identify theapplicablereplacementrules
amongstall availablerules.

2. This alsomeansthatwhentheuserwantsto applya particulardefinitionor lemma(asser-
tion) to thesubproblemin focushehasno directaccessto theassertionsin thecontext of
thatsubproblem.In orderto applyanassertionhehasto identify theparticularreplacement
rule amongsttheprobablymany applicableonesthatcorrespondsto theintendedapplica-
tion directionof theassertion.Ideally, hecouldfirst selectanassertionfor applicationand
thenconcentrateon finding therule for therequiredapplicationdirectionof theassertion.

3. Focusingon the appropriatesubformulaoften easesthe processof proving a theoremin
CORE. Currently, thesystemprovidesno guidanceasto whereto placethe focusof the
proof. In particular, theuseris notpreventedfrom switchingfoci arbitrarily insteadof in a
systematicway.

4. At the momentCOREs facilities for performingabstractproof stepsareinsufficient; i.e.
abstractproofstepscanonly berepresentedin theform of programs(socalledtactics),but
not in adeclarativeway (asis for instancethecasein the

�
MEGA system).

Thecontribution of this thesiscanbedividedinto threerelatedissues.Firstly, we developa
datastructureof socalledtasksthatmake it possibleto displayasubgoalof aproof togetherwith
all assertionsavailablefor proving this subgoalto theuser. Tasksprovide explicit accessto the
assertionsin thecontext andwill thereforeallow usto first selectanassertionfor applicationand
thengeneratejust thosereplacementrulesthat realizethe applicationof the assertion.We will
seethat in many casesit is straightforward to determinewhich replacementrule is appropriate
for applicationof thechosenassertion.This meansthatinsteadof having to selectoneout of all
admissiblerulesfor applicationweonly have to choosefrom thosereplacementrulesthatrealize
theapplicationof theassertion.Furthermore,we will develop tasksin a way that they resemble
the tasksusedin

�
MEGAs proof plannerMULTI [Mei03]. This will make it possibleto switch

betweenproof planningandinteractive proof constructionwithin a singleproof attemptwithout
having to changetherepresentationlayer.

Secondly, wewill beconcernedwith developinganotionof amethodfor theCORE system.
Methodsmake it possibleto encodespecificproof-techniquesor abbreviationsof frequentlyoc-
curringsubproofsin a declarative languageandapply themasa singleproof stepin CORE. In
fact,themethodsthatwe will introducein this thesisareauniform conceptwhich comprisesthe
conceptsof methodsandtacticsthatareusedin

�
MEGA andcanhencealsobeusedasplanning

operatorsby aproof-planneraswell asfor interactiveproofconstruction.Whendefiningmethods
wewill alreadymakeuseof thetaskstructureintroducedearlier.

Thirdly, we realizean adaptationof
�

MEGAs agent-basedsuggestionmechanism
�

ANTS

[BS99a] to thenew system.In
�

MEGA thismechanismcheckswhichinferencerules(i.e. calculus
rulesandtactics)areapplicablein a givenproof stateandsuggeststhemostpromisingrulesto
the user.

�
ANTS performsits computationsin parallel betweentwo user interactionsand is

in principle calculusindependent.We will adaptthis mechanismto supportinteractive proof
constructionin CORE. A mainproblemin this respectis to dealwith thedynamicallygenerated
inferencerules.
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AlthoughCORE is ahigher-orderframework it is treatedasafirst-ordersystemin this thesis
to make it easierto presentthe fundamentalaspects.However, all conceptsdevelopedin this
thesisscaleto thehigher-ordercase.

Accordingly, thethesisis laid out asfollows. Chapter2 andChapter3 preparethegroundon
whichsubsequentchaptersarebased.Chapter2 introducesthebasicterminologyandin Chapter3
we introducethe basicconceptsof the CORE framework. In Chapter4 we develop the task-
datastructure.This datastructurewill serve asa new communicationlayeron top of theCORE
systemwhich helpsusto structureproofs. Thethenfollowing Chapter5 stepsthrougha sample
proof to demonstratetheadvantagesthatthis datastructurebringsfor interactiveproof search.In
Chapter6 wewill beconcernedwith definingthenotionof aproofmethodfor theCORE system.
Themethodswe introducein thischapteraredeclarativespecificationsof abstractproofsteps.In
chapters7 and8 wewill seehow wecanusethisdeclarativespecificationto automaticallytestthe
applicabilityof methodsin a givenproof state.To performthesetestsandto make suggestions
aboutwhich methodto applywe will adapt

�
MEGAs suggestionmechanism

�
ANTS to CORE.

Chapter8 describeshow this is done,while Chapter7 introducesthe
�

ANTS mechanism.
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Chapter 2

Preliminaries

Although we assumebasicfamiliarity with first-orderlogic (seefor instance[Fit96]), sequent-
andnaturaldeductioncalculus[Gen35]aswell astactical theoremproving this chapterbriefly
introducesthebasicconceptsthatareusedin this thesis.We will begin with fixing a language5
of first-orderlogic formulasbeforeintroducingthe terminologyrelatedto the sequentcalculus.
Thiswill laterturnout to beveryusefulfor theunderstandingof theCORE framework which is
bestexplainedby comparisonto thesequentcalculus.

2.1 Syntax of First-Order Logic

Whenspeakingaboutlogical formulaswe alwaysassumethatthey areelementsof thelanguage5 definedbelow. Thebasicconstructsoutof which 5 is constructedarethefollowing

a) Countablyinfinitely many variables.

b) Countablyinfinitely many constants.

c) Countablymany 6 -ary predicatesymbols7 - '98 - '9: - '*)*)+)
d) Countablymany ; -ary functionsymbols<>= '1? = '(@ = '*)*)*)

In generalwe denoteconstantsas A ',B.',B.'+)*)*) andvariablesas C '1D>'9EF'*)*)*) ( or G ',HI'*)*)+)
whenwe

aredealingwith sets).

Wedefinethetermsof our languageasall symbolsdenotingvariablesandconstantsaswell as
all ;KJML -tuples NO<>= '1P,%4'*)+)*)Q'RP =

S
wherethe

PUT
areagainterms.Atomicformulasareall 6VJWL -tuplesNX7 - '1P,%('+)*)*)+'RPU- S , where

PUT
are termsand 7 - is an 6 -ary predicatesymbol. We display atomic

formulasas 7YN P,%('+)*)*)+'RPU- S andomit thesuperscript6 whenever thearity is clearfrom thecontext.
Similarly we displayterms NO<Z= '1P,%9'*)*)*)Q'1P =

S
as <[N P,%4'*)*)*)4'1P =

S
.

Wecannow definethelanguage5 asfollows.

Definition 2.1.1 Theset 5 is thesmallestsetfor which thefollowing holds:

1. All atomicformulasarein 5 .
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2. If \ is in 5 , sois ][\ .

3. If \ and ^ arein 5 then \W_I^ , \W`a^ and \"b ^ arein 5 .

4. If C is avariableand \dce5 then fFC ) \ and gZC ) \ arein 5 .

In orderto avoid bracketingwegive _ precedenceover ` and ] precedenceover _ . b haslowest
precedence.

Furthermorewe will considerasa literal all atomicformulas \ andtheir negation ]h\ . We
definethesetof subformulasof a formula.

Definition 2.1.2 Let i bea first-orderformulafrom thelanguage5 . Thentheset jhikNXi S of all
subformulasof i is thesmallestsetsuchthat:

1. i is in jliYNmi S .
2. If ]hn is in jhikNXi S , then nocpjhikNXi S .
3. If n % _Inrq , n % `Inrq or n % b nrq is in jhiYNmi S then n %4' nsqtcpjhiYNmi S .
4. If gZC ) n or fFC ) n is in jhiYNmi S then nucpjhiYNmi S .
If aformula i is of theform ]hn or

8 C ) n for
8 cwvxf ' gzy thenwecall n themajorsubformula

of i . Similarly i and n arethemajorsubformulasof i{_an , i{`an and idb n .

We will furtherassumefamiliarity with theconceptof substitutionandwrite iY|~}Q�3C�� for de-
notingthatall freeoccurrencesof C arereplacedby } in i .

2.2 Term Positions

In thesubsequentchapterswe occasionallyneedto make referenceto subformulasinsidea for-
mula.To seehow this canbeachievedwe introducetermpositionsin two steps.First,we define
whatavalid termpositionis andthenwedescribewhichsubtermof a formulais referencedby a
giventermposition.

Definition 2.2.1 (Valid TermPosition)A termpositionis a possiblyemptylist of naturalnum-
bers | �O��'*)+)*)Q'1�m- � .

Valid termpositionsfor terms
P

arethefollowing.

� If
P

is avariableor constantthen �e�u| � is theonly valid termpositionfor
P
.

� If
P �d<[N P,%4'*)+)*)Q'RPU- S and � T is a valid termpositionfor

PUT
,
� �oL '*)*)+)+' 6 then | �R' � T � is a valid

termpositionfor
P
.

For formulas ioce5 thevalid termpositionsaredefinedasfollows.

� If i is an atomic formula, i.e. i���7YN P,%('*)+)*)Q'RP =
S

and � T is a valid term positionfor
PUT

,� �dL '*)*)+)+' 6 then | �1' � T � is avalid termpositionfor i .
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� If i��"]ln and � is avalid termpositionfor n then |�L ' ��� is a valid termpositionfor i .

� If io��n %�� nrq , � c�vx_ ' ` ' b�y and � %4' ��q arevalid termpositionsfor n % and nrq respec-
tively then |�L ' � % � and |�� ' ��q1� arevalid termpositionsfor i .

� If id� 8 C ) nY|�C�� for
8 c�v+g ' f>y and � is avalid termpositionfor nk| C�� then |�L ' ��� is avalid

termpositionfor i .

If � is avalid termpositionfor i wedenoteby i�� � thesubformula(or subterm)referencedby � ,
i.e.

� il� ����i
� 7YN P,%9'*)*)*)4'1P =

S � � T ��� PUT
and <[N P,%('*)*)+)+'1P =

S � � T ��� PUT
for

� ��L '+)*)*)+' ; , apredicate7 anda function<
� NXn %�� nsq S � � T�� � ���"n T � � for

� cwvx_ ' ` ' b�y and
� � L ' � .

� 8 C ) nk| C�� � � %U� � ���"nk| C�� � � if
8 cwv+g ' f>y .

For a formulalike id�¡\W`¢Nm^ b 8 N ? NXA S '9B S1S wenow have i � � q � q ��%U��% ���£A and i � � % ����\ .

Using the above definition we introduce iY| P � � as a notationfor i � � � P
, i.e.

P
occursas

subtermin i at position � . ik| P � simply saysthatthereexistsa position � suchthat i � � � P
. We

extendthis notationto subformulasj ; i.e. iY|�j¤� � meansthat i � � ��j .

2.3 SequentCalculus

Thesequentcalculus(SK) wasinitially definedby Gentzen[Gen35]1 . However, in this thesis
we follow thedefinitionby Wallen [Wal90]. A sequentis thusdefinedasanorderedpair Nm¥ '9¦ S
of setsof formulas.Weusethecommonnotationandrepresentasequentas ¥$§ ¦ . Furthermore,¥ ' \ and

¦¨' \ denotethesets ¥M©Mv.\sy and
¦ ©¢v.\Vy respectively. We refer to sequentsof the

form ¥ ' \�§I\ '9¦ asinitial sequents.

Formulasiucª¥«© ¦ arereferredto assequentformulas(s-formula).Notethatasubformula
of ans-formulais notans-formulaof thesamesequent.

Sequentsare interpretedin the traditionalway namelythat a model ¬ satisfiesa sequent¥�§ª­ if it holdsthatwhen ¬ satisfiesall formulasin ¥ thenit alsosatisfiesat leastoneformula
in
¦

.

2.4 Natural Deduction

In this thesiswe do not requirea detailedknowledgeaboutthenatural deductioncalculus(ND).
However, for an introductionto ND we refer to [Fit96]. We will often make referenceto the

1Originally, Gentzendevised the sequentcalculusonly as a technicalaid to deal with the problemof Cut-
Eliminationin NaturalDeduction.
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naturaldeductionvariantof the
�

MEGA system.In thiscasewealwayshave in mindthecalculus
asdefinedin [Sor01].Whenwe have to displayproof segmentsof theND calculuswedo this in
linearizednotationasintroducedby [And80]. A proof fragmentin thelinearizedND calculusis
afinite setof proof lines,whereeachproof line is of theform

® )¯¦ §°iuN : S
In this notation

®
is a uniquelabel of the proof line,

¦ §£i is a sequentdenotingthe label i
of theproof line alongwith a setof local hypothesis

¦
which canbeusedto derive i .

:
is the

justificationof the line anddescribeshow the line wasderived in a proof; i.e. in
�

MEGA proof
linescanbejustifiedby ND rules,tacticsandmethods.
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Chapter 3

Intr oducingCORE

Becausein this thesiswe areconcernedwith the facilitationof interactive proof constructionin
CORE, this chaptergivesanoverview over thesystem.Thesystemitself is rathercomplex and
is exhaustively describedin [Aut03]. However, to keepthis thesisself containedwe introduce
COREs key characteristicsandthoseaspectsthatarerelevantfor this thesis.

The main motivation for the developmentof CORE was to provide a uniform framework
in which variousproof constructionparadigmscanbe integratedandcompared.For instance,
CORE alreadysupportsprocedural(tactical)theoremproving andwewill show in Chapter6 that
it is possibleto integratethe conceptof declarative proof constructors(methods)to the CORE
system. Autexier [Aut03] shows that it is not only possibleto supportdifferent proof search
paradigmsin CORE, but alsoto emulatedifferentcalculi (i.e. naturaldeductionandSK). How-
ever, we will ignorethis featurein the remainderof this thesis.What is of moreimportanceto
usarethefollowing aspectsof theCORE systemthatmake it well suitedfor interactive theorem
proving.

1. CORE facilitatesdirect reasoningat theassertionlevel (see[Hua94])which corresponds
to themoreabstractlevel at which humansoften justify andcommunicatetheir proofs,as
opposedto theveryfinegrainedlayerof calculusrule application.

2. CORE makesit possibleto transformsubformulasby exploiting the "knowledge"that is
containedin their context. Thisknowledgeis madeavailableastransformationrulesof the
form

� �"!±#&%('*)+)*)+',#.-²/
. Thesesocalledreplacementrulesaregeneratedfrom thecontext

of a formula and can be usedto replacean expression
�

by the expressions
#&%4'*)*)*)4',#.-

,
suchthattheoverall formulais transformedinto a refinedformula.This styleof reasoning
doesnot requireto decomposethe goal formulaor to transformit into normalform asis
necessaryin traditionalcalculi (e.g. resolutionandsequentcalculus).As a consequence,a
proofstatecanalwaysberepresentedasasingleformulawhichmakesit possibleto present
aproofstatein aconvenientmannerto theuser.

To realizetheproofstyledescribedabove,CORE annotatesformulasandsubformulaswith proof
theoreticinformation,suchasuniform typesandpolarities. Basedon this annotationsonecan
definetheconceptof a logical context of a formulawhich is centralto theunderstandingof the
CORE system.

In sections3.2 and3.3 we will introducethe importantnotionsof logical contexts and re-
placementrulesbeforewedescribetheCORE calculusrulesin Section3.5.
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3.1 Proof Theoretic Annotations

We begin with a descriptionof how formulasandsubformulasareannotatedin CORE which
leadsusto thenotionof signedformulasandindexedformulatrees(IFTs)

3.1.1 IndexedFormula Trees

The conceptof an indexed formula tree(which goesbackto Wallen [Wal90]) is centralto the
understandingof theCORE system.Usingindexedformulatreesin CORE makesit possibleto
supportthecontextual reasoningstyleCORE is aimingat. Furthermore,they provideameansto
maintainthegoalformulain its entirety, without having to decomposeit into sequentsor lists of
opengoals.

Indexedformula treesasdefinedin [Wal90] arebasedon thenotionof signedformulasand
theirannotationwith uniform typesof Smullyan’suniformnotation[Smu68].

Definition 3.1.1 (SignedFormulas)A signedformula is a pair
! \ 'O³p/ , where \ is a formula

in 5 and
³ cMv2´VL ' Lµy thepolarity of \ . We oftenwrite \·¶ for

! \ 'O³p/ andsometimesdisplay´sL as ´ and L as J .

Notethat if thepolarity of a formulais undefined,asis for instancethecasefor theconstituents
of anegativeequation,we indicatetheundefinedpolarityby ¸ (e.g. NX\ ��¹ ^ � S9º ).

Signedformulasare assigneda uniform type to distinguishbetweenconjunctive formulas
(type » ), disjunctiveformulas(type ¼ ), universalformulas(type ½ ) andexistentialformulas(type¾
). Table3.1-3.3definethe type of eachsignedformula aswell ashow typesare inheritedto

majorsubformulasof a signedformula. For thefollowing we agreeto denoteby »¿NX» ¶*À% ' » ¶4Áq S ¶ a
signedformula i of type » andpolarity

³
. » ¶(ÂT arethemajorsubformulasof i with polarities

³�T
.

Formulasof type ¼ ' ½ and
¾

aredenotedin a similar way. To indicatethe typeof a formulawe
frequentlyattachthetypeinformationto theleadingconnective of theformula,e.g. NX\�_¤ÃK^ S � .
We abbreviate »¿Nmi %(' »·Nmi q '*)*)*)4' »¿NXi - º %(' i - S1SRS as »·Nmi %('*)*)*)Q' i - S andusea respectivenotationfor¼ . The annotationof signedformulaswith typesintuitively describesthe "behavior" of that
formulain a sequentcalculusderivation. Thepolarity ( Jr�F´ ) of a signedformulais just another
representationof the succedent/antecedentdistinction madeby Gentzen[Gen35] with respect
to the sequentcalculus. The interpretationwhich Wallen [Wal90] has in mind is simply the
following: insteadof distinguishingbetweenformulasin the antecedentÄ andsuccedent

¦
by

using the sequentsymbol § (i.e. ÄÅ§ ¦
), he simply annotatesall formulasthat would occur

in the antecedentÄ of a sequent(after applicationof the appropriatesequentcalculusrules)
with a negative polarity ( ´ ), while formulasthat would occur in the succedentareof positiveNmJ S polarity. The uniform type of a formula describeswhetherthe subformulasinto which the
formulawould bedecomposedafterapplicationof thecorrespondingsequentcalculusrule will
occurtogetherin the samesequent(i.e. no split in proof) or will be partsof differentsequents
(i.e. theproof branches).In theformercasetheformulais assignedtheuniform type » while in
thelattercaseit hasuniformtype ¼ .

As anexampleconsidertheformula NX\W_a^ S . Dependingon thepolarityof theformula,that
is onwhichsideof asequentit occurs,this formulahasto bedecomposedthroughapplicationof
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» » % »zq
NX\�_I^ S º \ º ^ ºNX\�`I^ S � \ � ^ �NÆ\"b ^ S � \ º ^ �Nm][\ S � \ ºNm][\ S9º \ �

¼ ¼ % ¼�q
NÆ\W_a^ S � \ � ^ �NÆ\W`a^ S9º \ º ^ º
NX\£b ^ S º \ � ^ º

Table3.1: Uniform Notation(PropositionalTypes)

¾ ¾ �
NÇgZC ) ik| C�� S � iY|�C>�µ}9���NOfFC ) ik| C�� S9º iY|�C>�µ}9� º

½ ½ �
NÇgZC ) ik| C�� S º iY|�C>�µ}9� ºNOfFC ) ik| C�� S � iY|�C>�µ}9� �

Table3.2: Uniform Notation(Quantifiers)

oneof theSK rules

Ä ' \ ' ^�§ ¦
Ä ' \W_a^�§ ¦ _[È Äa§I\ '9¦ Äa§a^ '9¦

Ä«§É\�_I^ '9¦ _hÊ
(3.1)

When \±_p^ occurson theright handsideof thesequentit hasto bedecomposedwith therule_hÊ (3.1, right) which resultsin a split of thesequentÄW§¢\{_p^ '9¦ . Hence,in case\±_p^ has
positivepolarity it getsassignedtype ¼ . However, if theconjunctionoccurson theleft-handside
of a sequentit hasto be decomposedwith the rule _hÈ . In this casethe correspondingsequent
calculusderivationdoesnot branch.Accordingly \W_°^ is of type » in this case.

Furthermore,the types
¾

and ½ areassignedto formulaswith a quantifieras leadingsym-
bol (i.e. formulasof the form

8 C ) iY| C�� with
8 cËv+g ' f>y ). In the SK theseformulashave to

bedecomposedby applicationof quantifiereliminationrules. Hereonegenerallydistinguishes
betweenrulesthat imposean Eigenvariable conditionon the variableandthosewhich do not.
Quantifiedformulaswhosedecompositionintroducesan Eigenvariable conditionareof type

¾
,

whereasformulasthat introducefreely instantiableunboundvariableshave type ½ . In formu-
las with free variableswe will often indicatethe type of the variablesby printing the type in
superscript(e.g. C�Ì ).

Signedformulas i canberepresentedastreeswith onenodefor eachsubformulaof i . This
leadsto thenotionof an IndexedFormulaTree(IFT) which canberecursively definedover the
structureof i .

Definition 3.1.2 (IndexedFormulaTree)Let i bea signedformula. The indexedformula tree
for i is definedasthesmallesttree Í for which thefollowing holds:

1. Theroot of Í is labeledwith i .

2. If thereis anode6 in Í thatis labeledwith asignedformula »·Nm» ¶ À% ' » ¶ Áq S then 6 haschildren6 %(' 6>q thatarelabeledwith » ¶*À% and » ¶4Áq respectively.

3. If thereis a node 6 in Í thatis labeledwith a signedformula ¼�NÆ¼ ¶ À% ' ¼ ¶ Áq S then 6 haschilds6 %(' 6>q thatarelabeledwith ¼ ¶ À% and ¼ ¶ Áq respectively.
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Î Î % Î q
NX\ ¹ ^ S º \ � ^ �NmÏÐ� P S,º Ï � P �

Table3.3: EpsilonRules

4. If Í hasa node6 thatis labeledwith asignedformula ½[N 8 C ) iY|�C�� S ¶ for
8 cwvxf ' gzy then 6

hasfinitely many childs 6 %('+)*)*)+' 6>Ñ thatarelabeledwith iY|Ò} T �3C��¯¶ for terms} T . WesaythatÓ is themultiplicity of 6 .

5. If Í hasanode6 thatis labeledwith a signedformula
¾ N 8 C ) ik| C�� S ¶ for

8 c¢vxf ' gzy then 6
hasexactlyonechild with label iY|�C�ÔÕ�¯¶ .

Theabove definitiononly coversIFTs for formulasin 5 which is sufficient for this thesis.How-
ever, [Aut03] definesIFTs in awaythatthey canalsorepresentformulasof variousmodal-logics.
We have also left out Ö -type formulas(e.g. positive equivalences)becausethey do not occur
throughoutthis thesis.

Nodesof thetreearealsoreferredto asoccurrences, while theformulaassociatedwith anode
is calledthe label of theoccurrence(write ×ÆA B(Ø ×RNXÙ S for thelabelof anoccurrenceÙ ). Becauseof
theclosecorrespondencebetweenasubformulaof a formula i andthesubtreewhich represents
this formula in the IFT for i , we will only distinguishbetweena nodeand its label if this is
necessary. In this caseweusecapitalletters Ú to referto thelabelof anoccurrenceÙ .

A sampleFVIFT for theformula3.2 is displayedin FigureF1

N1NmG _ H _wNOG _ H b 7 % S1S b$ÛV7 S � (3.2)

In the remainderof this thesiswe often have to distinguishbetweendependentandindepedent
nodesin anIFT.

Definition 3.1.3 (DependentOccurrence)Let A bea nodein an IFT
:

. We saythat A is depen-
dentin tree

:
if thereis a node

B
in
:

that is ¼ -relatedto A . Otherwisewe call A an independent
occurrencein

:
.

It makessenseto introducea partial ordering Ü on nodesof an IFT, where 6 % ÜÝ6>q if the
lengthof thepathfrom theroot to 6 % is smallerthenthedistancebetweentherootand 6�q ; i.e. we
have 6 % Ü{6>q if 6 % is anancestorof 6>q

Indexedformulatreesareusedin CORE to representthequantifierdependenciesof a proof
statein thefollowing way: whenwe loada goal formula n togetherwith axioms \KC %4'*)+)*)+' \tC -
from which we want to derive n thesystemcreatesan IFT for thesignedformula NX\tC % _ )+)*) _\tC - b n S � . Thesystemalsocreatesanfreevariableindexedformulatree(FVIFT) for thesame
formula. FVIFT andIFT togetherrepresenta CORE proof statewhereproof searchmanipulates
the FVIFT while the IFT is usedto maintainthe dependenciesbetweenquantifiers.The FVIFT

canbeeasilyobtainedfrom anIFT by simply removing all nodesof type ½ and
¾
.
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NRN1NmG _ H S _¢NOG _ H b 7 % SRS b Û 7zq S �
NRNOG _ H S _ Û NOG _ H b 7 % S1S º
NmG _ Û H S º
G º H º

NRNOG _ H S b Ã 7 % S º
NOG _ Û H S �
G � H �

7 º%

7 �q

FigureF1: Indexedformulatreefor NRN1NmGÞ_ H S _YNOGß_ H b 7 S1S b Û 7 S � . Subscriptsof literals
areaddedfor laterreference.

3.2 Logical Contexts

A look at thesequentcalculusderivationof thesampleformula3.2 illustrateshow theuniform
notationdescribesthe"behavior" of thesubformulasduringtheproof.

G ',HI' 7 % §a7 q
G '9H §I7 q ' G G '9H §a7zq '9H

G '9H §a7 q ' G _ HI' _hÊ
G '9H°' NOG _ H b 7 % S §a7zq b$È

NOG _ H S _wNOG _ H b 7 % S §I7zq _làÈ
NOG _ H S _�NOG _ H b 7 % S b 7zq b±Ê

FigureF2: Proofof thesampleformulain thesequentcalculus.Subscriptsreferto literalsin F1

As anexampleconsiderthe literal 7 º% in FigureF1. Thenegative polarity indicatesthat 7 %
will befoundon theleft-handsidein all sequentsin which it occursasasequentformula.When
comparingthis with thesequentproof in FigureF2 oneeasilyseesthat this is indeedthe case.
Similarly, onecanseethatthes-formula N1NmG _ H S � b 7 ºZS ºÃ only occurson theleft-handside
of sequents.Decompositionof this formulaby the b$È rule splits thesequentinto two sequents
(ascorrectlyindicatedby type ¼ ) whichcontainthesubformulas7 º% and

H �á_¨G"� respectively.

This leadsto the notion of a context. Intuitively, all formulasthat canoccur togetherin a
sequentbelongto thesamecontext. By usinguniform notationthecontext of a formulacanbe
staticallydeterminedfrom the FVIFT; i.e. two formulas i and n belongto thesamecontext if
their first commonancestornodeis of type » in which casewe call i and nd» -related.In case
therearemultipleancestors6 %4'*)*)*)Q' 6 = thefirst commonancestoralwaysrefersto themaximal

PUT
with respectto Ü (i.e. to the lowestnodein the tree). In theexamplein FigureF2 7 º% and 7 �q
have thefirst commonancestorNmGâ_ H _�NOG _ H b 7 SRS b Û 7 S � of type » andhencebelong
to the samecontext. However, 7 º% and

H � belongto differentcontexts as their first common
ancestorNOG _ H b Ã 7 S º is of type ¼ (i.e. we saythey are ¼ -related).Comparingthis to the
sampleproof (FigureF2), it is easyto verify thatthes-formulas

H � and 7 º% neveroccurtogether
in asequent.
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3.3 ReplacementRules

In CORE we useformulasthatoccurin the context of a subformuladirectly astransformation
rulesin a proof. As anexamplewe might want to usethe implication NOG � _ H � b�ÃY7 º% S9º in
3.2to replace7 �q by theformulas G � and

H � . Thiswould transform3.2 into

N1NOG º _ Û H º S _¢NmG � _ H � b Ã 7 º S º b Û G � _ Ã H � S � (3.3)

In anext stepwecanthenusetheliterals G º
and

H º
to transformG � and

H � to
Päã3åZØ � , which

yieldsthenew overall formula

N1NOG º _[Û H º S _¢NmG � _ H � b Ã 7 º S º b$Û PäãxåZØ � _ Ã PäãxåZØ � S � (3.4)

This correspondsto theaforementionedreasoningat theassertionlevel, which providesa more
intuitive basisfor interactive proof search.In CORE we usetheannotationof signedformulas
to generatereplacementrules that enableus to performthe transformationstepswe described
above. The 7 º% in the formula NOG � _ H � b�Ãæ7 º% S,º is a negative occurrenceof the literal 7 �q
in the samecontext. In a resolutionor matrix calculustheseliterals would correspondto two
resolventsor a connectionrespectively. We canthereforeconsiderformulasthatare ¼ -relatedto7 º% assubgoalsto which we canreduce7 �q . This reductionto subgoalsis facilitatedin CORE
by thedefinitionof anadmissiblereplacementrule.

Definition 3.3.1 (AdmissibleReplacementRules)Let A beanoccurrencewith polarity
³

in some
FVIFT Í . Then

� �"!$#&%4'*)*)*)R#3-²/
is anadmissiblereplacementrule for A , if

1.
�

is » -relatedto A by afirst commonancestor}
2. v #2%('+)*)*)+'1#3- y containsexactly thoseoccurrencesthatare ¼ç´ ãxØ ×XA PÕØ�è to

�
andoccurbelow }

(i.e. }VÜ #.T
) or,

#&%
and

�
areleft- andright-handsideof a negativeequationor equivalence

and v # q '*)*)*)Q',#3- y areall occurrencesthatare ¼ -relatedto
#&%

and
�

andoccurbelow } .
In particular, this meansthat a positive (negative) occurrenceG � ( G º

) without any ¼ -related
occurrencesimpliesthat G º �éPäã3å>Ø � ( G"� � <�A2×XÏ Ø º ) is anadmissiblereplacementrule.

Internallythesystemdistinguishesbetweenresolutionreplacementrulesandrewrite replace-
mentrules. Rewriting replacementrulesareall thoserulesthatoriginatefrom a (negative)equa-
tion or equivalence.All otherrulesarereferredto asresolutionreplacementrules.

However, not every replacementrule that is admissiblefor anoccurrenceA is alsoapplicable
on thatoccurrence.Applicablerulesarecharacterizedby thefollowing definition

Definition 3.3.2 (Applicablereplacementrules)A replacementrule êë� �·�"!ì#&%4'*)*)*)Õ#.-I/
is

applicablefor anoccurrenceA , if

1. thereis a sub-occurrenceAîí of A suchthatthelabelof Aîí unifieswith
�

undera substitutionï and

2. if ê is a resolutionreplacementrule, then
�
and A mustbeof oppositepolarities.
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Nmj Ì%²ð j Ìq b�ÃñgZò2NÆCec«j Ì% béCecªj Ìq S1S,º

NOj Ì%²ð j Ìq S � NÆC�Ì²c«j Ì% b�ÃÐC�Ìócpj Ìq S9º

NôC�Ìóc«j Ì% S � NÆC�Ìócpj Ìq S9º

FigureF3: Freevariableindexed formula tree for g�j %(' j�q ) NOj % ð j�q°b gZC ) NÆC cuj % b C cj�q SRS1S,ºÌ
Remark: Thedefinitionof admissiblereplacementruleshastheratherunintuitiveconsequence
thata rule like 7 º �"! G ¶4õ '9H ¶4ö /

canonly beusedto replacepositiveoccurrencewith label7 � by GW¶ õ and
H ¶ ö , while intuition wouldsuggestthatit replacesanoccurrencewith negative

polarity. Whendisplayingresolutionreplacementruleswe will thereforealwaysinvert the po-
larity if the input occurrence;i.e. theabove rule would bedisplayedas 7V� �"! G ¶ õ '9H ¶ ö /

.
Usingthisnotationwedisplayrulesin astylethatis commonin thefield of term-rewriting.

3.4 ReplacementRulesand AssertionApplication

To illustratetherelationshipbetweenreplacementrulesandassertionlevel reasoninglet uscon-
sidertheassertion(takenfrom [Hua94])

g�j %4' j�q ) Nmj % ð j�q·bégZC ) NÆC«c«j % béCecpj�q SRS (3.5)

and the correspondingFVIFT (seeFigureF3). Becausewe have to treat 3.5 as an axiom the
signedformula in FigureF3 is of negativepolarity. Fromthis treewe canreadof all admissible
replacementrulesthatarejustifiedby this tree.Thesearethefollowing

NÆCacpj % S º �"! NôC«cpj�q S º ' Nmj % ð j�q S � /NÆCacpj�q S � �"! NôC«cpj % S � ' Nmj % ð j�q S � /NOj % ð j�q S9º �"! NôCecpj�q S,º ' NôCecpj % S,º /NOj % ð j�q S9º �"! NôCecpj % bâCacpj�q S9º /NÆCacpj % bâCecpj�q S9º �"! NOj % ð j�q S9º /NOj % ð j�q¿b NÆCacpj % béCec«j�q S1S � � PäãxåZØ �

A careful examinationof theserules revealsthat they encodeall applicationdirectionsof the
assertion3.5.Take for exampletherule

NOj % ð j�q S º �"! NÆC Ì cpj % b C Ì cpj�q S º /
This correspondsexactly to the following rule for the SK (rememberthat we apply SK-rules
bottom-up) ¦¨' gZC ) C«cpj % bâC«c«j�q¿§I¥¦É' j % ð j�q¿§a¥ (3.6)
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wherewe replacea formula in the antecedent(in Huang[Hua94] we find a ND versionof the
rule). In asimilar wayrule

NôCecpj�q S � �"! NÆCec«j % S � ' NOj % ð j�q S � /
correspondsto theoppositeapplicationdirectionof rule 3.6,i.e.¦¨' j % ð j�q·§a¥¦¨' gZC ) C«cpj % b Cacpj�q¿§a¥ (3.7)

Whatbecomesclearis thatreplacementrulesmakeit possibleto applyassertionsin amuchmore
intuitivewayasthishasto bedonein thesequentor naturaldeductioncalculuswherewehave to
decomposeanassertionin orderto applyit or, alternatively, wouldhaveto extendthecaclulusby
assertionrules(see [Hua94]),suchas3.6and3.7,for everyassertion.

Basedon the definitionsof indexed formulas,contexts and replacementrules we cannow
introducetheCORE calculus.

3.5 The CORE Calculus

A proof statein CORE is representedasa pair
!ø÷�',ù·úe/

, where
÷

is a FVIFT and
ù·ú

is an
IFT that representsconstraintson the instantiationsof variablesin

÷
. We prove a formula

÷
by

transformingthe initial proof state
!û÷ü'9ù·úÉ/

into a proof state
!ý÷ í '9ù·úÉ/ where

÷ í is eitherPäã3åZØ � or <�A2×mÏ Ø º .

CORE provides12 rulesto transforma proof stateinto exactly onenew proof state. This
ensuresthata proof statecanalwaysberepresentedasa singleformula. Therulesthatwe make
useof in this thesisare(1) theapplicationof a replacementrule to a subformula,(2) therule to
increasethemultiplicity of avariable,(3) thecontractionruleand(4) thecut-rule.Whenwenow
considertheseruleswe restrictour attentionto theeffect thattheserule haveon theFVIFT

÷
.

3.5.1 Application of ReplacementRules

In Section3.3we definedwhich replacementrulescanbeappliedto a givensubformula(i.e. an
occurrence).A questionthatstill needsto beansweredis thatof how applicationof areplacement
rule ê of form

�Oþ��"!$# ¶ À% '*)+)*)1# ¶(ÿ- /
affectstheproofstate.Let usthereforeassumethatwewant

to apply ê to anoccurrenceA�¶ of anFVIFT Í . In orderfor theruleto beapplicableits input
�mþ

has
to unify with A�¶ underasubstitutionï andit mustholdthat

³����� . If this is thecaseA�¶ is replaced
byaconjunctionof the

# ¶4ÂT ï . Thisconjunctionis expressedby ¼ -relatingthe
# ¶(ÂT ï . Becauseweare

dealingwith first-orderlogic theruleaswell asthesubtreebelow A�¶ donotcontainany elements
from a modallogic. Theeffect of applyingtherule is thereforea replacementof A�¶ by a subtree¼�N # ¶ À% ï '*)+)*)*',# ¶ ÿ- ï S . This effect is shown graphicallyin FigureF4. The subtreefor ¥ indicates
thatthenewly introducedvalues

#3T ï T will have thesamecontext ¥ as A ¶ . Thesituationis slightly
differentwhenweapplyarewriting replacementrule. Rewriting replacementrulesoriginatefrom
negativeequivalencesor equationssuchas NX\ �¿¹ ^ � S,º which canbeappliedin two directions;
thatis, to positiveandnegativeoccurrences.They arespecialin thesensethattheir input

�
aswell

as
# ¶ À% areof undefinedpolarity. Whenapplyingsucharuletheoccurrence

#&%
inheritsthepolarity

from theapplicationoccurrenceA ¶ to which therule is applied.More precisely, afterapplication
of a rewriting replacementrule wehave

³�% � ³
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»
¥ A � �����
	 ú À ������� � ú ÿ�
�

»
¥ ¼# ¶ À% ¼# ¶ Áq ¼# ¶ ÿ�� À- º % # ¶ ÿ-

FigureF4: Applicationof a resolutionreplacementrule

3.5.2 Instantiation of Variables

A problemthathasnotyetbeenaddressedis thatof instantiatingvariablesandtherelatedproblem
of increasingthe multiplicity of variables.We refer to [Aut03] for a detailedtreatmentof how
this is realizedin CORE. Hereweonly sketchhow variablesareinstantiated.

Instantiatinga variable C�Ì asin 7Y|�C�Ì.� is donein CORE by replacingthenodeof theFVIFT

for 7Y|�C�Ì*� by anodewith thenew label 7k| P �3C�Ì�� , where
P

is thetermwith which C�Ì is instantiated.
Thesameprocedureis thenrecursively appliedto all subnodesof 7k| C Ì � .

Oncethe C�Ì is instantiatedin 7Y| C�Ì�� it is not possibleto instantiateC�Ì in 7 any further. How-
ever, any completeproofsystemhasto beableto instantiateuniversalvariables( ½ typevariables)
morethanonce. This problemis commonlyreferedto as"increasingthe multiplicity" of vari-
ables. Eachcalculushasits own way to dealwith this problem. While in matrix proof search
(seefor example [Wal90]) onehasto guessa"maximal"multiplicity andthencopy all literalsin
advance,thesequentcalculuscopiesquantifiedformulas,beforeinstantiatingthem.

In CORE the mulitplicities of individual variablesareincreasedon demandby copying all
subformulasthat containthesevariablesand » -relatethis copy to the respective sourcesubfor-
mulabeforerenamingthevariablein thecopy. As anexampleFigureF5 describeswhathappens
with asubtreefor 7YNÆC�Ì S _ 8 NôC�Ì S if we increasethemultiplicity of C�Ì .

a)

7kNôC Ì S _ 8 NÆC Ì S
7YNÆC�Ì S 8 NÆC�Ì S

b)

»
7YNÆC Ì S _ 8 NôC Ì S
7YNÆC Ì S 8 NÆC Ì S

7YNÆC í Ì S _ 8 NÆC í Ì S
7YNÆC í Ì S 8 NÆC í Ì S

FigureF5: Increasingthe multiplicity of C�Ì in 7kNôC�Ì S _ 8 NÆC�Ì S . a) shows the tree beforethe
variablesareinstantiatedandb) aftertheinstantiationwascarriedout.

3.5.3 Contraction

A relatively simple,but yet powerful rule is thesocalledcontractionrule which allows to copy
subtreesof the FVIFT on demand.Althoughtheneedfor sucha rule might not be immediately
clearit will soonturn out that it is importantwith respectto thetaskstructureto bedescribedin
Chapter4. For themomenttheneedfor sucha rule shallonly bemotivatedby a smallexample:
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assumeonewantsto provetheformula

NX\ º ` Ã \ º S º b Û \ �
and is for somereasonrestrictedto rewrite only the right-handsideof the implication (this is
importantwhenmodellingSK or ND derivationsin CORE ). Thenaplicationof \ � � \ º
whichcanbegeneratedfrom any of the \ º yields

NX\ º ` Ã \ º S º b$Ûá]tNÆ\ º S �
which cannotbe proven any more. However, copying \ � beforeapplicationof the rule would
haveresultedin theformula

NÆ\ º ` Ã \ º S º b$Ûs\ � `[ÛÐ] NÆ\ º S �
which canbe provenby generationof \ � � �

from the rightmost \ º andapplicationof this
rule to \Ð� .

Thecontractionrulemakesit possibleto replaceasubtree
8��

by asubtreewhich » -relates
8��

andacopy
8 í � of it; i.e.

8��
becomesreplacedby »¿N 8��9'98 í � S .

3.5.4 Cut Rule

Sometimesonewantsto do speculative stepsduring the processof proving a theorem,like in-
troducinga formula \ asa lemma,which is only later verified. Suchspeculative stepswill for
instancebeof major importancewhenit comesto applicationof tacticsandmethods(seeChap-
ter6). In CORE, speculative stepsaremodelledby applicationof a socalledcut-rule. Thecut-
rule in CORE is amappingof thecut-ruleasis usedin sequentandnaturaldeductioncalculieto
theCORE framework. For thesequentcalculus,thecut-rulehasthefollowing or a similar form
(seefor example[Gal86]): ¥±§É\ '9¦ ¥ ' \�§ ¦

¥$§ ¦
ùrå�P NÆ\ S

(3.8)

which makes it possibleto introducearbritrary formulas \ into the proof asa sort of lemma.
Whenapplyingthecut ruleoneoftenspeaksabout"introducingacut-formula\ ".

Cut-formulasin CORE have to be introducedwith respectto a subformula
÷

(which corre-
spondsto the

¦
in 3.8. Introductionof \ over

÷
is doneby replacingthepartof theFVIFT for

÷
by a new subtreefor ¼�Nm»·NX\ º '(÷ S ' »¿NÆ\ � '(÷ S1S .

»
¥ ÷ � »

¥ ¼
»÷ \ º

»÷ \Ð�
FigureF6: Introductionof cut-formula\ wrt.

÷
in CORE.

In the resultingtree »·NX\ º '(÷ S correspondsto the sequent¥ ' \ § ¦
in 3.8 wherewe can

usethe cut-formula \ to derive
¦

. Similarly, the subtree»·NX\Ð� '(÷ S correspondsto the sequent¥"§w\ '9¦ . Intuitively this canbeseenasa new obligationto proof \ which we canthensafely
useasa lemmain thesequent¥ ' \�§ ¦ .
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3.6 Window Infer ence

On top of thecalculusrulesdecribedabove,CORE supportsreasoningwith a socalledwindow
inferencetechniquewhich is basedon ideasof [RS93]. In thissectionwedescribethiscommuni-
cationlayerwhich makesit possibleto focusthereasoningprocessto subformulasof theoverall
goal. This canbedoneby placinga window(focus)on a subtreeof the FVIFT. As a result,the
surroundingsof this window arehiddenfrom theuser. However, this operationdoesnotalterthe
proofstatebut restrictstheview on it to aparticularsubtree.Thecontext of theactivewindow is
madeavailableto theuserasa list of thereplacementrulesthatareadmissiblefor thecontentof
thewindow.

Autexier [Aut03] showsthatthewindow inferencemechanismcanbeusedto structureproofs
in away thatsequentcalculusaswell asnaturaldeductionproofscanbesimulatedin CORE.

Thewindow inferencemeachanismof CORE consistsof rulesto focusandunfocuscertain
subformulasaswell aswindow versionsof eachof theCORE calculusrules.It is worthpointing
out thatthesewindow inferencerulesdonotextendthereasoningcapabilitiesof CORE. Rather,
the window versionsof the calculusrulesareinternally realizedpurely baseduponthe CORE
calculusrulesandtherulesfor openingandclosingwindows.

3.6.1 Opening and closingwindows

The two basicwindow rulesarethosefor openingandclosingwindows on subformulas(sub-
trees).By applyingtheseoperationsto anFVIFT we imposea windowstructureon this tree.As
a window structurefor anFVIFT

:
we understanda partial function <3Ê from anenumerableset�

of window names(e.g.
� ��� ) into the setof subtreesof

:
. Intuitively, whenopening

a new window � on a subtree
ã

in
:

thenwe addthe tuple N�� ',ã S to <3Ê . Closinga window is
exactly the inverseoperationwhich removesa tuple from <3Ê . We will depicta window struc-
ture <xÊ on an FVIFT

:
by drawing boxesaroundsubtrees

ã
for which a window � exists (i.e.

if <3Ê[N�� S � ã
). FigureF7 (left) shows the FVIFT for Nm7YNÆC S b 8 NÆC S _ : NÆC SRS � after opening

windows on Nm7YNÆC S b 8 NÆC S _ : NôC S1S � ' 7kNôC S � and
: NôC S � respectively. FigureF7 (right) shows

thesametreewith anew window structurewherethewindow on
: NôC S is closed.

It is useful to imposea partial ordering Ü
��� on windows � , where �âÜ������ í meansthat<[N�� í S denotesa subtreeof <¤N�� S . Windows that aremaximalwith respectto this orderingare
calledactivewindows. Thesearethewindows thatcanbemanipulatedby applicationof CORE
calculusrules.Wearenow ableto definewhatthesubwindowsof awindow are

Definition 3.6.1 (Subwindows) If � is a window in anFVIFT
:

thenthesetof all subwindows
of � is definedas

j åZB � � 6 è Ù �ÐÏ2N�� S �dv�� í"! �ìÜ#� í and �tí is awindow in
: y

Windowscanbeclosed,providedthatthey donotcontainany subwindows.Notethatopening
and closing of windows never affects the FVIFT, but rather the "view" the user takes on the
problemrepresentedby thetree.
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NX7kNôC S b Û 8 NÆC S _ : NôC S1S �

7YNÆC S º N 8 NôC S _ Ã : NôC S1S �
8 NôC S � : NôC S �

Nm7YNÆC S b Û 8 NÆC S _ : NôC S1S �

7YNÆC S º N 8 NÆC S _ Ã : NÆC SRS �
8 NÆC S � : NôC S �

FigureF7: Samplewindow structuresfor theFVIFT for NX7kNôC S b 8 NÆC S _ : NôC S1S �
3.7 Oracle Rule

Whenit comesto applicationof methodswe will needto beableto applyabritraryreplacement
rules (i.e. replacementrules that are not admissible). We can performsuchspeculative steps
with the help of the cut-rule. Assumewe want to simulateapplicationof the (non-admissible)
replacementrule $ �"!&%�%('*)+)*)+'�%�-²/

(3.9)

Notethatweuseupppercaselettersto indicatethat
$

and
%�T

areformulas,ratherthanoccurrences
asin replacementrules.We cansimulateapplicationof this rule by performinga cut over N %�% _)+)*) _ %�- S

. This replacestheapplicationoccurrence
�

with label ×ÆA B4Ø ×ÕN � S �
$

in anFVIFT by the
new subtreein FigureF8. Wecanseethatapplicationof thecuthasreducedthegoal

�
to two new

subgoals.Thesubtree»¿NX¼�N %�%('+)*)*)+''%�- S � ',� S � basicallyrepresentsthefactthat,insteadof proving�
wecannow alsoproofall of the

%�T
. This treecanthereforebeseenastheresultof applying3.9

to
�
.

Thesecondsubtree»¿NX»¿N %�%9'+)*)*)+''%�- S9º '1� S � encodesthegoalto show that
$

followsfrom N %�% _)+)*) _ %�- S
. A proof of this subgoalthereforewarrantsthe useof 3.9. Note that 3.9 hadbeen

admissibleif wehavehad NRN %�% _ )*)*) _ %�- S � b $ S,º
somehwerein thecontext of

�
.

¼»

»¿N %�%9'+)*)*)+''%�- S º
�

( )+* ,-.-0/ À�1 ����� 1 / ÿ+2 ��354 2 �

»

¼�N %�%('*)+)*)+'�%�- S �
�

( )+* ,-0/ À"1 ����� 1 / ÿ62 �87 T
FigureF8: Oracleapplication

$ �"!9%�%('+)*)*)+''%�-0/
.

We canthereforesaythatapplicationof 3.9 is aspeculativeproof stepasits validity depends
on a proof of the additionalgoal NRN %�% _ )+)*) _ %�- S º b

$ S � CORE providesa calculusrule to
applysuchspeculative proof steps.Rulesasin 3.9arethencalledoraclerules. Whenwe apply
suchanoraclerulewehaveto distributethe

%�T
overtwo sets,conditions: andvalues

%
suchthat:<; % �>= and :W© % �ûv %�%4'*)*)*)4'�%�- y . Theresultingcut is independentfrom thedistribution
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of the
%�T

. However, applicationof theoraclerule will returntwo lists of windows. Thefirst list,
thesocalledconditionlist containswindowson those

%�T
in »¿NÆ¼·N %�%9'*)*)*)4'�%�- S � ',� S � thatbelongto

theconditionset : . Similarly, thereplacementlist containswindowsonthe
%�T

in thevalueset
%

.
Wewill makeuseof this technicaldetailin Section6.3.To indicatethedistributionof the

%�T
over: and

%
wefrequentlydisplayoraclerulesin theform |?:�� $ �"!&%�%('*)*)*)Q'�% = / .

3.8 Interacti veTheoremProving with CORE

WhenusingCORE theusercurrentlyworkswith thewindow inferencemechanism.Thismeans
that whenwe invoke CORE in interactive modeon a goal n with axioms \KC %4'+)*)*) \tC - it as-
semblesanIFT for theformula NX\tC %4'*)*)*) \KC - b n S � andcreatesaninitial window on n which
is presentedto the user. The contentof that window canthenbe alteredby applicationof the
window versionsof COREscalculusrules.Typically thiswill beanapplicationof areplacement
rule. Proofsearchin CORE is thereforecharacterizedby two majorkindsof choices.

1. Thefirst kind of choiceconsistsof theselectionof a subformulain theactive window on
which theuserwantsto focustheproof search.This kind of choicewill bereferredto as
foci-choice.

2. Having focussedtheproofsearchonawindow, oneof theadmissiblereplacementrulesfor
thatwindow hasto beselectedfor application.Thiswill bereferredto asrule-choice

However, althoughCOREs inferencemechanismis in principle well suitedfor interactive
proof construction,foci– andrule choicestill imply somedifficulties.Two problemsareparticu-
lary salient.

3.8.1 Rule Selection

The first of theseproblemslies in the selectionof theappropriatereplacementrule for the ma-
nipulationof awindow. Typically therearemany admissiblereplacementrulesfor everywindow
thatoneencountersduringa proof. Evenfor rathertrivial problemstherearealreadydozensof
admissiblerules.Thereasonfor this is twofold.

First,everyformulain thecontext of awindow givesriseto thegenerationof multiplereplace-
mentrules. Intuitively this is dueto the fact that thereis a replacementrule for every possible
applicationdirectionof thisformula(if weseetheformulasin thecontext asaform of assertions).
Assumefor examplethat the FVIFT in FigureF9 wasavailablein the context of a window

�
.

How many admissiblereplacementrulesfor
�

canweobtainfrom this tree?It is easyto seethat
eachoccurrenceof thisFVIFT canserveasaninput for at leastonereplacementrule. Becausethe
treehas @ nodeswe obtain5 replacementrulesthatareadmissiblein

�
. This illustratesthatfor

eachsubformulain thecontext of a window we canhencegenerateat leastasmany replacement
rulesas therearenodesin the tree that representsthis formula. Second,the problemis made
worseby the fact that the systemcurrentlyautomaticallyloadssomelemmassuchasthe tran-
sitivity of � andthe inductionaxiom which arethencontainedin every FVIFT. Becausethese
lemmaswill be found in the context of every window in a proof, they will causegenerationof
evenmorereplacementrules.
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Nm7YNÆC S _ Û 8 N D S b Ã : NôC ',D SRS º
NX7kNôC S _ Û 8 N D S1S �
7kNôC S � 8 N D S �

: NÆC ',D S9º
: NôC ',D S � �"! 7YNÆC S � '98 N D S � /: NôC ',D S � �"! 7YNÆC S � _ 8 N D S � /7YNÆC S º �"!±8 N D S � '9: NôC ',D S º /8 N D S º �"! 7kNôC S � '9: NôC ',D S º /7YNÆC S _ 8 NôC S � : NÆC '1D S

FigureF9: IFT with replacementrulesthatcanbegeneratedfrom this tree.

Furthermore,aswasnotedearlier, not every admissiblereplacementrule is alsoapplicable.
Whenselectingareplacementrulefor applicationtheuserfirst hasto identify theapplicablerules
amongstall admissiblerules. Determiningwhethera rule is applicabemeanscheckingwhether
the input of the rule unifieswith a subformulaof the currentwindow. Having identifiedthese
applicablerulesit remainsto selectoneof theserulesfor applicationalongwith a subformulaof
thefocusto which theformulais to beapplied.

It is easyto imaginethat this constitutesquitea challengingtaskwhentoo many admissible
replacementrulesareavailablefor agivenwindow.

3.8.2 Foci Choice

A furtherdifficulty for proof constructionarisesfrom theneedto identify subformulason which
theproofsearchcanbefocussed.Becauseeachproofstatein CORE simultaeneouslycontainsall
subgoalstogetherwith their alternativesit is necessaryto identify anapropriatesetof subgoals,
onwhich theproofsearchcanthenbefocussed.

Thetwo problemsoutlinedin 3.8.1and3.8.2abovemotivatetheneedfor

� a mechanismthat aids the user in structuringthe proof searchby preventing him from
focussingonarbritrarysubformulas.

� a suggestionmechanismthat is ableto checkall replacementrulesandtacticsfor applica-
bility in agivenproof stateandmakessuggestionsto theuseraboutwhich rule to apply.

In the next chapterwe will introducethe notion of a task datastructurewhich can be usedto
structurethe searchfor proofs. Later we will seehow the multi-agentmechanism

�
ANTS that

is currentlyusedasa suggestionmechanismfor the
�

MEGA theoremprover wasadaptedto the
CORE systemto performexactly thetasksdescribedabove. However, beforebeingableto make
properuseof themechanismwe have to introducea meansto structurethesearchfor proofsby
systematicallyfocussingoncertainsubformulas.

3.9 Chapter Summary

In thischapterwehaveseenhow CORE usesannotatedformulasto realizeacontextualreasoning
style. We have alsodemonstratedhow information in the logical context of a formula canbe
directlyusedin aproof in theform of replacementrules,whichoffersaconvienientway to apply
assertionsdirectly. Finally, we pointedto someinconviniencesof interactive proof construction
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in CORE. In the next chapterwe will introducea further communicationlayer on top of the
window inferencemechanismwhich triesto overcomesomeof theseproblems.
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Chapter 4

Tasks– OrganizingProof Search

In theprevioussectionwe saw how CORE s window inferencetechniqueis usedin interactive
proof construction.However, wealsopointedto somedifficultiesthis still impliesfor interactive
proof construction.As themainproblemwe identifiedthefact thatthecontext of a window can
only bepresentedto theuserasa (usuallylong) list of replacementrules. The disadvantageof
this presentationis thatalthoughtheuseroftenknows which assertionhewantsto apply to the
currentwindow, he might not be able to easily identify the replacementrule that corresponds
to the appropriateapplicationdirectionof the assertion.Let us thereforethink abouthow the
representationof a window canbeimprovedto easetheapplicationof anassertion.Assumethat
we have a goal-formulaof the form \Ëb ^d_ ù , togetherwith theaxioms \KC %4'*)*)+)+' \tC - . Let
usfurtherassumethattheassertiongZC )¯8 | C��hb ^ is amongtheseaxioms.A convenientway of
presentingthis situationto theuserwould beto list theaxiomsonein eachline followedby the
goalformula.ThiscanbeschematicallydepictedasABBBBBC

DFE %
...G�H�I E ÌKJMLON�P ºQDRE -

SUTTTTTV
G D LON<WYXZP �

(4.1)

Using this representationthe formulasin squarebrackets representall the information that is
availableto infer thegoal NÆ\�b ^£_ ù S � . Thepresentationwe have in mind is thereforerelated
to theoneusedfor proofpresentationin theTHEOREMA system[PB02]. How mightauserwant
to proceedin this situation?It seemslikely that he would continueby trying to prove the goalNX^$_ ù S � with thehelpof theadditionalhypothesis\ . In fact,thiswould resultin thenew proof
situation ABBBBBBBC

DFE %
...G�H�I E J Ì LON�P ºQDRE -D

SUTTTTTTTV
G N<WYXZP �

(4.2)
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In a similar fashionthe usermight then concentrateon proving ^ � , beforecoming back to
establishing

ù � . Thiscorrespondsto adecompositionof thegoal NX^�_ ù S � into two subgoals.

G
ABBBBBBBC

DFE %
...G�H�I E Ì JMLON�P ºQDRE -D

SUTTTTTTTV
N �

[
ABBBBBBBC

DRE %
...G�H�I E Ì J\L]N^P ºQDRE -D

SUTTTTTTTV
X �

P (4.3)

Theuseris thenconfrontedwith thefirst elementof thelist in 4.3.Thesecondelementrepresents
the(now inactive)subgoal

ù � whichhasto betackledafter ^ � isproven.A stepinto thedirection
of proving ^ � might be to apply theassertionN 8 |�C�Ì3�lb ^ S,º to ^ � andrefinethegoal ^ � to8 |�C�Ì.� � . Wewould thenobtain

G
ABBBBBBBC

DFE %
...G�H�I E Ì6JMLON�P ºQDRE -D

SUTTTTTTTV
G�H�I E ÌKJ_P �

[
ABBBBBBBC

DRE %
...G�H�I E ÌKJ\L]N^P ºQDRE -D

SUTTTTTTTV
X �

P (4.4)

In this chapterwe will developa datastructureof socalledtasksto beableto presenta window
togetherwith theassertionsin thecontext of thewindow aswe did in 4.1–4.4. Furthermore,we
will definea setof ruleson this datastructureto actuallyperformthe transformationsdescribed
above. Therulesthatoperateon thisdatastructurewill beentirelyrealizedthroughapplicationof
COREs window inferencerules;e.g. rulesthat realizestepsasfrom 4.1 to 4.2 will go backto
therulesfor openingnew subwindows. Rulesthatrealizetheapplicationof ahypothesisasfrom
4.3to 4.4will basicallyconsistof theapplicationof awindow replacementrule. In thissensethe
datastructuredevisedhereintroducesa new layeron top of thewindow inferencemechanismon
which theuserinteractswith CORE.

Whendevelopingthe taskdatastructurewe will pursuethe additionalaim to employ tasks
alsoasa datastructurefor proof planning.Theideais that tasksprovide a commoninterfacefor
automatedandinteractivereasoningprocesses.This ideallyenablesusto tackleinactivesubgoals
(suchasthe

ù � in 4.3)with anautomatedproof planneror anautomatedtheoremprover (ATP)
in thebackground,while theusertriesto constructaproof for anothersubgoalinteractively.

Thetaskdatastructurethatis developedin thischapterwill resemblethatof a taskin
�

MEGAs
proofplannerMULTI [Mei03] andalsohavemuchin commonwith thefocusdatastructurethatis
usedby

�
ANTS (see[Sor01]).

4.1 A Calculus for Tasks

In this sectionwe develop a taskdatastructureon top of COREs window inferencetechnique.
Intuitively, thetasksthatwill beintroducedbelow denotesubgoalstogetherwith all theformulas
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thatcanbeusedto closethis subgoal(all subtreesthatare » -relatedto thegoal). Accordinglya
taskwill simplybedefinedasa list of windowsthatall occurin thesamecontext.

4.1.1 Definition of Tasks

For proof planningit is oftenusefulto attacha certainrole to a window which occursin a task,
e.g. it is often convenientto distinguishbetweenwindows that denoteaxiomsand thosethat
would denotea local hypothesisin a ND proof. For instancein 4.2we couldlabel \ asa locally
introducedhypothesis,while all otherwindows inside the bracketsareclassifiedasaxiomsor
definitions. This informationcanbe exploited in proof planningandproof presentation.To be
ableto doso,wefirst definethenotionof a roleandanannotatedwindowonwhichthedefinition
of taskswill thenbebased.

Definition 4.1.1 (Roles)
Wefix afinite set `ý��v.\tC � Ù Ó ''aæØ < � 6 �XPä� Ù.6 ''baD.³ '*)+)*) y consistingof uniquerole specifiers.

Definition 4.1.2 (AnnotatedWindow) An annotatedwindow \ is a tuple \ � N � '9: S
, where�

is aCORE window and
: cc` is theroleof

�
.

In the following we will refer to annotatedwindows simply aswindows. Taskscannow be
definedto besetsof annotatedwindows.To reflectthedistinctionbetweenaxioms(i.e. everything
thatoccursin bracketsin 4.1)andthegoalthatwewantto derivewewill dividethesetof windows
of a taskinto agoalwindowandsupportwindows.

However, beforewe make this intuition formal we transferthenotionof a dependentoccur-
renceto windows.

Definition 4.1.3 (ConditionalWindow) Let � bea window on a subformulai in anFVIFT
:

.
Wesaythatthewindow � is conditionalin

:
if f thenodein

:
thatis labeledwith i is dependent

in
:

. Otherwisewecall � unconditionalin
:

.

Definition 4.1.4 (Tasks)Let
:

be the FVIFT of the currentproof state. A task Í is a setof
annotatedwindows ÍÅ�øv�� %('+)*)*)+' � - y for

:
with exactly onegoal window � T , � c"v2L '*)*)*)Q' 6 y

andsupportwindowsv�� %('*)*)+)+' � - yedFv�� T y , wherethefollowing holdsif
: í is thesmallestsubtree

in
:

thatcontainsall windows in Í :

1. thesubtreesdenotedby the � %4'*)*)*)4' � - are » -relatedbetweeneachother.

2. all supportwindowsof Í areunconditionalin
: í ,

We denotetasksÍ��ov�� %9'*)*)*)Q' � - '1? y with goalwindow
?

as � %4'+)*)*)4' � - ­ ?
or ¥W­ ?

if we are
not interestedin theexactnatureof thesupportwindows. Notethatthis notationis only slightly
different to the representationwe usedat the beginning of the chapterwherewe displayedthe
supportwindowsabove thegoalwindow.

Selectingonewindow asthegoalwindow playsarolewhenreasoninginteractively. However,
thedistinctionis notaprincipleone,somethingthatis reflectedby thefactthatwewill introduce
ashift rule thatallowsusto swapasupportwindow with thegoalwindows.
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Herewe find an importantdifferenceto thesequentsin thesequentcalculus.In thesequent
calculusit is relevantonwhichsideof thesequentans-formulaoccurs.In CORE thisinformation
is alreadyencodedin thepolaritiesof eachformula. We canthereforefreely exchangetheorder
of windows in a task.This alsomotivatesour decisionto definea taskasa setof windows. Also
notethat a task ¥ ' A�¶á­¡A þ doesnot necessarilycorrespondto an initial sequentin the sequent
calculusbecausethe A&í s mighthave thesamepolarity (i.e.

³ ��� ).
Theconstraintthatno supportwindow of a taskmustbeconditionalis importantbecausethe

contentof supportwindowswill bepresentedto theuserassomedirectly available"knowledge"
that can be usedto derive the formula in the goal window of the task. If the contentof the
supportwindowswouldbe ¼ -relatedto subtreesthatlie outsidetherespectivewindow, thenthese
treeswould automaticallybecomeconditionsfor any replacementrule that is generatedfrom
this window; i.e. the ¼ -relatedsubtreeswould representimplicit "knowledge" which will be
introducedin form of new proof obligations.This is unwantedfor interactiveproof construction,
astheusermight want to beableto seewhethercertainformulasin the"context" aredependent
on furtherformulas,beforeapplyingthemin theform of a replacementrule.

As anexampleconsiderthe formula N a �Mb Ã NmÏk� P S º S º b Û ^¨|�Ï+��� . Without the require-
mentthat supportwindows mustbeunconditionalwe couldgeneratethe following taskfor the
above formula: NOÏp� P S9º ­£^¨|~Ï+� � . However, althoughthis taskgivesthe impressionthat the
equationÏY� P

couldbeuseddirectly to transform̂¨|~Ï*� to ^¨| P � , this is not thecase,as Ïç� P
is

dependenton
a � andhencethereplacementrule Ï �"!�P(''a � / , insteadof Ï �éP

hasto beused
to carryout thetransformation.

Becausetasksarebasicallyrepresentationsof subgoalswenext definewhena taskis closed.

Definition 4.1.5 (Closedtask)A task ¥�­Wn is closedif f thereexistsa �oc¢¥w©�v3n0y suchthat� denotesaprovedsubtree;i.e. � is either
PäãxåZØ � or <�A2×XÏ Ø º .

An initial problemof deriving a goal n from theaxioms \tC %4'*)*)*)Q' \KC - is representedby the
systemasan IFT for the signedformula NX\KC %4'+)*)*)+' \KC - b n S � . Whenreasoningin the just
definedtaskstructure,eachproof startsout with aninitial taskwhich containsa window for the
goal formula n asthe goal formula andonewindow for eachof the axiomsassupports.This
motivatesthefollowing definitionof an initial task.

Definition 4.1.6 (Initial Task)Let n be a formula and \KC %4'*)+)*)+' \tC - formulasthat represent
axiomsfrom which n canbederived. Let further

:
beanIFT for NX\tC %4'*)*)*)Q' \KC - b n S � , � T a

window on asubtreefor \tC T and
?

awindow on n then � %4'*)*)+)Q' � - ­ ?
is the initial taskfor n .

Fromnow onwewill notdistinguishanymorebetweenawindow andtheformulait contains
whenwerepresenttasks.Hence,theinitial window for n with axioms\KC T will berepresentedas\tC %4'*)*)*)4' \KC - ­en . Notethatthis impliesthatwecanencountertasksof theform ¥ ' \�¶ ' \·¶h­an .
In this casethe \�¶ aresyntacticallyequalformulasthat occurin differentwindows. However,
becausewe aredealingwith windows, ratherthanformulaswe have to treatthe \·¶ s asdifferent
entities.

We have seenthata taskwith a goalwindow of type ¼ canbesplit into two tasksby decom-
positionof thegoalformula(cf. 4.3). Becausewe alwayswant to keeptrackaboutall tasksthat
arecreatedduringaproof attemptwedefinetheconceptof anagenda.
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Definition 4.1.7 (Agenda)An agenda is a set of tasks. An initial agenda is an agendathat
containsonly theinitial taskfor a goal n .

Tasksontheagendacanbemanipulatedbydecompositionof thegoalwindow ( » - or ¼ -decomposition),
applicationof areplacement-or oracleruleto thegoalformula,closureof thewindow onthegoal
formula or selectionof a differentgoal window (shift). In the following sectionwe will define
a setof rules that allow us to performexactly thesemanipulations.The ruleswill be of formã3å × Øgf Ít\Ðjihpj � �Kj\k\lemnl . That is, by applicationof a rule to a taskthis taskis replacedby
zeroor moretaskson the agenda.The rulesareshown in FigureF10 in a declarative notation
whichresemblesthatof sequentcalculusrules.Premisesof therulesconsistof oneor moretasks
andpossiblyadditionalsideconditions.The conclusionof a rule containsall tasksthat replace
thepremiseon theagenda.In thatsensetheserulescanonly beappliedin forwarddirection.We
now investigateeachof therulesin turn.

¥ ­M»¿NÆ\·¶�o ' ^ñ¶qp S
¥ ' ^ñ¶qpk­¢\�¶qo »zÊ ¥M­ »¿NÆ\·¶�o ' ^ñ¶qp S

¥ ' \·¶�oY­¢^ñ¶qp »�È
¥ ­M»¿NRNO] NX\ º ¶ S1S ¶ S

¥M­ \ º ¶ »sr
¥ ­ ¼�NX\·¶�o ' ^ñ¶qp S

¥ ­ \ ¶ o ¥M­M^ ¶ p ¼
¥M­Mn nrí��£7VA ãxØ 6 P Nmn S

¥M­Mn í j åZB � � 6 è Ù �ÐÏ NXn í S �t= iVÙ3} å Ï ´ ù ×ÆÙµÏ Ø
¥ ' i"­Mn
¥ ' nì­ i Ï @�� < P ¥M­�u= }4×ÆÙµÏ Ø
¥W­ �

¥ ',� ­ #2%>)*)+) ¥ ',� ­ #.- A ³î³ × D N � �"!$#&%('*)*)+)+',#.-0/ S

FigureF10: Thetaskmanipulationrules.

4.1.2 v -decomposition

Decompositionof a goal formula of type » is the simplestof our task manipulationrules. It
realizesthe tasktransformationdescribedin 4.1–4.2. To decomposea formula »·NX\·¶�o ' ^ñ¶qp S it
is merelynecessaryto opennew windows on the \·¶�o and ^ñ¶qp and thendecidewhich of the
new windowsbecomesthenew goalwindow. To beableto selecteithersubwindow asnew goal
window wedefinethreerules:

¥ ­M»¿NÆ\·¶�o ' ^ñ¶qp S
¥ ' ^ñ¶qpk­¢\�¶qo »zÊ ¥M­ »¿NÆ\·¶�o ' ^ñ¶qp S

¥ ' \·¶�oY­¢^ñ¶qp »�È
(4.5)

¥ ­M»¿NRNO][\ S ¶ S
¥M­ \ º ¶ »sr

(4.6)

Wecanseethatthedecompositionstepfrom 4.1–4.2canberealizedwith rule »�È .
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wx G D W Ã N�P �zy Û G X{W ÃR| P �G D W Ã N�P �D � N �
G X}W Ã~| P �Xt� | �

FigureF11: FVIFT for the task ¥ ' NX\�_¢^ S � ­�N ù _ a S � . Dashedlines indicateexisting but
inactivewindows.

4.1.3 � -decomposition

Therule for decompositionof agoalformulaof type ¼ enablesusto performproofstepssuchas
theonefrom task4.2–4.3.Therule asit will bedefinedhereis in principleeasy. Decomposition
of a taskwith a goalformula ¼�NÆ\ ¶ o ' ^ ¶ p S will leadto asplit of thetaskinto two taskswith goal
formulas\ ¶'� and ^ ¶ p respectively. Accordingly, therule for ¼ -decompositionlooksasfollows:

¥M­ ¼·NÆ\·¶�o ' ^ñ¶qp S
¥M­ \ ¶ o ¥ ­M^ ¶ p ¼

(4.7)

To allow for anunrestricteddecompositionof ¼ -formulasit needsa little moreeffort whenim-
plementingthis rule thanwasthe casewith the rules for » -decomposition.The reasonis that
theremustbe no conditionalsupportwindows in a task. That is, afterdecompositionof a goal
formula ¼�NXn %(' nsq S the constituentsn % and nrq canonly becomesupportwindows if we make
themunconditionalwhenapplyingthe ¼ -decomposition.This canbe doneby splitting up the
goal formula ¼�Nmn %(' nrq S while retainingthe context

÷
aroundit. We canachieve this through

applicationof a rule of the form
÷ NX¼�NX\ ' ^ S1S � ¼�N ÷ NÆ\ S '(÷ Nm^ S1S which is describedin [Sch77]

and[Aut03]. Autexier [Aut03] canshow thatthis SchütteRuleis admissiblein any CORE proof
state.

To seewhy we needtheSchütteRule, considera task ¥ ' NX\{_e^ S � ­"N ù _ a S � . An FVIFT

for this task is shown in FigureF11. If we implementthe ¼ -decompositionrule with the help
of the SchütteRulewe not only changethe window structureof the FVIFT aswe do with the» -decompositionrule,but we alsochangetheFVIFT itself. For instance,if we ¼ -decomposethe
goalwindow N ù _ a S � weobtainthenew FVIFT in FigureF12.

Weseethatthetask ¥ ' NÆ\¢_æ^ S �0­ ù � correspondsto theminimal FVIFT
:r%

with root-node» % andtask ¥ ' NX\Y_ñ^ S �ñ­ a � is representedby theminimalFVIFT Í>q below »�q (cf. FigureF12).
It is importantto notethat

ù � and
a � areunconditionalin therespectivetrees

:r%
and

: q . Hence,
we caneasilymake themto supportwindows of a task. This will be importantin Chapter4.1.6
whenwedefinetheshift-rule.

4.1.4 Lar ger DecompositionSteps

» - and ¼ -decompositionstepscanbecombinedin a macro-rulethatallows us to focusdirectly
on a particularsubformulainsidethegoalwindow of a task. Theuniform typesof thenodesin
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¼
» %

¥ N ù ` Û NX\W_a^ S1S �
ù � NÆ\W_[Ãt^ S �

\ � ^ �

»zq
¥ N a ` Û NX\�_I^ S1S �a � NÆ\W_¤Ãt^ S �

\ � ^ �
FigureF12: A logicalequivalentFVIFT to theonein FigureF11. This treewouldresultfrom the
decompositionof the treein FigureF11 if we realizethe ¼ -decompositionwith thehelp of the
SchütteRule. Theleft subtreebelow » % correspondsto task ¥ ' NÆ\ _¨^ S � ­ ù � while thesubtree
below »�q representstask ¥ ' NÆ\�_I^ S � ­ a � .

anFVIFT thatoccuron a pathbetweentheselectedsubformulaandtheroot of thegoalwindow
uniquelydefinea sequenceof » - and ¼ -decompositionstepsthatneedto beappliedin orderto
obtainthe chosenformula asa goal window in a singlestep. Sucha macro-rulegivesus great
freedomin theselectionof subwindows but simultaneouslykeepstrack aboutparallelsubgoals
thatappearastaskson theagenda.

4.1.5 FocusClose

It is often necessaryto undo a decompositionof the goal window of a task, which hasto be
realizedby closingthe focusof the goal window n andwith it, all otherfoci below the parent
of n . The following focus-closerule providesexactly this functionality. Furthermore,this rule
is alsonecessaryto realizethesideconditionsof otherrules(e.g. shift, seeSection4.1.6),which
requireto closewindows.

¥M­Mn nrí��£7VA ãxØ 6 P Nmn S
¥M­Mn í j åZB � � 6 è Ù �ÐÏ NXnrí S �t= iVÙ3} å Ï ´ ù ×ÆÙµÏ Ø

(4.8)

Unfortunately, it is not enoughto simply closeall subwindows below the parent-window n í of
the window n to which the rule is applied. Becausethe active subwindows areconstituentsof
othertasksit is necessaryto updatethetasksstructureon theagendawhile closingsubwindows
of n í . Closingsubwindows recursively while updatingtheagendaat thesametime canbedone
relatively straightforward.Wehave to treat » - and ¼ -windowsdifferently.

1. Windows
�

of type ¼ with subwindows
� %4' � q canbe simply closedby removing all

tasksfrom theagendathat containeither
� %

or
� q asgoalwindow. In fact,

� %
and

� q
canonly occurasgoal windows, becausethey aremutually ¼ relatedandcanhencenot
occurassupportwindow. Having removedtherespective tasks(if thereareany),

� %
and� q canbeclosed(recursion)anda new taskwith goalwindow

�
andthesamesupports

as
� %

and
� q have to bepushedon theagenda.

2. Closingwindows
�

of type » with subwindows
� %4' � q is only little morecomplicated.

We canclose
�

by first retrieving theset Í of all tasksfrom theagendathatcontainboth
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windows (in fact eachtaskcontainseitherboth or noneof
� %4' � q ). In a secondstepthe

closerule is appliedrecursively to
� %

and
� q before

� %
and

� q arereplacedby
�

in all
tasks.

4.1.6 The shift rule

The shift rule changesthe goal formula of a task. This is particularly importantbecausethe
rulesdefinedhereonly allow for manipulationof goalwindows. Considerfor instanceasituation
wherewe have a window on a formula \ ¶ anda window for NÆ\ ¹ ^ S º amongstthe support
windowsfor agoal n ; i.e. ¥ ' NÆ\ ¹ ^ S,º ' \·¶ ­Mn . If wenow wantto apply \ ¹ ^ in a forward
stepto \�¶ we have to make \�¶ thegoalwindow. To beableto performthis transformationof a
taskwedefinetheshift-rule. ¥ ' \¡­ n

¥ ' nì­¢\ Ï @�� < P
Becausewe realized¼ -decompositionwith theSchütte-Rulewecanbecertainthatthegoalwin-
dows of a taskarealwaysunconditionalwhich is a prerequisitefor the above definition of the
shift-rule.

4.1.7 Closing tasks

Of course,theremust be a way to remove tasksfrom the agendain casethey areclosed(i.e.
oneof the windows in the task is proved). This canbe donewith the following rule for eachuYcwv Päã3å>Ø � ' <�A2×XÏ Ø º y . ¥W­�u= }4×XÙxÏ Ø

(4.9)

whichsimply removes ¥ ­�u from theagenda.

To beableto makeuseof COREs reasoningcapabilitiesit is necessaryto augmentthesetof
rulesby additionalonesfor theapplicationof replacementandoraclerulesto tasks.This is par-
ticularly important,becausemethodapplicationwill be realizedthroughoraclerule application
aswill beelaboratedin detail in Chapter6. Herewe introducethetaskrule for replacementrule
application.

4.1.8 ReplacementRule Application

The way tasksaredefined,all replacementrulesthat areadmissiblefor a goal window canbe
generatedfrom thesupportwindowsof a task.Whenwenow definearule thatallowsusto apply
a replacementrule to a taskwe have to make surethatwe loseno "information" whenwe apply
thereplacement-rule.To seewhatis meantconsidera taskof theform

¥ ' n � ' NX\ � b Ã ^ º S º ­¢\ º
Thewindow on NX\Ð�pb Ã ^ º S º justifiestheadmissiblereplacementrule \ º � ^ º . Intuitively,
applicationof thereplacementrule to \ º shouldyield anadditionalwindow on ^ º suchthatthe
taskthatresultsfrom applicationof this rule is ¥ ' \ º ' n � ' NX\ � b Ã ^ º S º ­M^ º ; i.e application
of theruleshouldnot remove \ º from thetask.However, merelyapplyingthis rule to \ º would
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replace\ º by ^ º (see3.5.1),which wouldyield ¥ ' n � ' NX\ � b�Ãs^ ºZS9º ­M^ º . This is notquite
whatwewant.

Thesolutionto thisproblemlies in theapplicationof thecontractionrule to thegoalwindow.
By copying thewindow beforeapplicationof thereplacementrule,weensurethatno knowledge
is "lost". Accordingly, the rule for applicationof a replacementrule ê � �r�"!Å#&%4'*)*)+)+',#.-ª/
looksasfollows ¥ ­ �

¥ '1� ­ #2%>)*)*) ¥ ',� ­ #3- A ³î³ × D Nôê S
(4.10)

Theway this rule is definedit canonly beappliedto anoccurrencethatis theonly contentof the
goalwindow of a task;but not to occurrences

�
insidea goalwindow (i.e. nY| � � ). However, this is

noproblemaswecanalwaysmakean
�
in nY| � � thegoalwindow by applicationof themacro-rule

for » - and ¼ -decomposition(seeSection4.1.4).

4.2 Tasksvs. Sequentsand ND

Whenlooking at the effects that » - and ¼ -decompositionshave on the taskstructurethereare
somesimilaritiesto thesequentandnaturaldeductioncalculus.Thesimilaritiesareparticularly
striking when we comparethe motivating exampleat the outsetof the chapterwith the "cor-
responding"proof stepsin the ND calculus. In this part of the chapterwe will relatethe task
approachintroducedabove to thesequentandnaturaldeductioncalculusto work out thediffer-
encesandcommonalities.

Althoughtheeffectsof the » - and ¼ - decompositionruleswehaveintroducedaboveresemble
someof thesequentcalculus(i.e. _[È ' _hÊ ' `hÈ ' `hÊ ' b$È ' b±Ê S andnaturaldeductioncalculusrules
(e.g. b 4 ' b�� ), thereis animportantdifference.While therulesin SK andnaturaldeductionlead
to arealdecompositionof theformulathey areappliedto, the » -decompositionrulemerelyaffect
thewindow structureon the FVIFT. Accordingly, whenwe » -decomposethegoalwindow of a
taskthis only changestheview we take on theproof state,but not theproof state(FVIFT) itself
whichmodifiestheIFT. Considerfor exampletheND rule

|~i �....nidb n b 4
Backward applicationof this rule decomposesa formula iÞb n into formulas i and n . The
correspondingtaskrule is therule for » -decompositionwhich,appliedto a window NXiub n S � ,
merelyopensa new subwindow on i and n . We can thereforesay, that » -decompositionin
CORE only anticipatesthecorrespondingstepsin theSK andnaturaldeductioncalculusandcan
thereforebeseenasakind of look-aheadon » -decompositionin thesecalculi.

It is furthermoreworth pointingout that thetaskstructurerestrictsthesetof possibleproofs
of a theorem. The reasonfor this is that using taskswe canonly openandclosewindows in
a systematicway. This restrictsthe setof subformulason which we canfocus. Using the task
structurethereforeimposesa certainstructureon proofs. Autexier [Aut03] shows thatwhenwe
restrict the choicefor focusingand replacement-ruleapplicationeven further it is possibleto
emulateSK derivationsin CORE.
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However, the taskstructuredevelopedherestill enablesa moreflexible reasoningthendoes
the sequentcalculus. For instance,whenusingthe macro-rulefor » - and ¼ -decompositionwe
canperformlargerdecompositionstepsthanarepossiblein theSK.

4.3 Tasksin Interacti veProof Search

The taskstructurethat we introducedin this chapterwasdevelopedwith respectto two aims.
Firstly, we wantedto beableto presentthe formulascontainedin thecontext of a window in a
moreaccessibleway thenmerelyasa (possiblylong) list of replacementrules. Secondly, while
focusingon subformulasduringaproof,wewantedto beableto determineconjunctivesubgoals
outsidethecurrentfocus. This for instancemakesit possibleto call automatedtheoremprovers
whichareencapsulatedasconcurrentprocessingthreadson theseinactivegoalswhile theuseris
workinginteractively ontheactivegoal.Wewill arguethatbothaimshavebeenfulfilled with the
implementationof thetaskstructure.

With respectto the issueof presentation,tasksallow us to presenta proof situationto the
userin an intuitive way. Insteadof listing all replacementrulesthat canbe generatedfrom the
context, the supportwindows give us accessto the assertionswhich we canlist line by line on
top of the screen,followedby the goal window at the bottom(FigureF23, Appendix). Sucha
presentationof a taskis meantto resemblemorethepresentationof proofsin mathematicaltext-
books,whereall availableassertions(axiomsanddefinitions,etc) arelistedbeforethe theorem
is stated.Individualproof stepson theassertionlevel arethengenerallyjustifiedby referenceto
theseassertions.

In a systemstatewherethe useris shown the currenttaskhe hasthe following optionsto
continuetheproof. He caneither » - or ¼ -decomposethegoalwindow. A secondchoiceis the
applicationof oneof the assertionsthat arerepresentedby the supportwindows. This canbe
achievedby simply clicking on therespective formula.Thesystemthenpresentsall replacement
rules that canbe generatedfrom the chosensupportwindow. It is then the choiceof the user
to identify thereplacementrule thatencodesthepreferredapplicationdirectionof theassertion.
Thisis alreadyanimprovementto thesituationwheretheuserwaspresentedwith all replacement
rulesthatareadmissiblewith respectto thecurrentwindow; i.e. thereplacementrulesgenerated
from all formulasin thecontext.

However, it is possibleto do evenbetter. For many of the rulesthat canbe generatedfrom
a singlesupportwindow in a task,onecan seein advancethat they are not applicablein the
goalwindow. For otherrulesit is likely that they do not representa suitableapplicationof the
formulafrom whichthey weregenerated.As aconsequence,thesystemcurrentlyusesaheuristic
to generateonly thoserulesthatarelikely to representthe intendedapplicationdirectionof the
assertion(seeChapter5).

In casetheuserdoesnot know immediatelywhich assertionto apply, hehasto fall backon
selectionof apromisingreplacementrulethatcanbegeneratedfrom oneof thesupportwindows.
Laterwewill seehow theuseris supportedin this taskby theagent-basedsuggestionmechanism�

ANTS which identifiesapplicablereplacementrulesandpresentsthemostpromisingof these
rulesto theuser. Becauseeachapplicablereplacementrule correspondsto anapplicablesupport
window we couldevenexploit this informationto highlight applicablesupportwindows on the
interface.
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A further reasonfor the introductionof taskswasto be ableto determineconjunctive goals
outsidethecurrentfocusto which externaltheoremproverscanbeappliedin thebackgroundas
concurrentprocesses.Tasksalsolay the foundationfor this aim. The tasksthatarecreatedby
applicationof therules4.5–4.10areconstantlymaintainedon theagenda.Theagendatherefore
representsa segmentationof a proof into differentsubgoals.In Chapter8 we will seehow the
agentarchitecture

�
ANTS canbeusedto employ externalreasoningsystemsin thebackground

to tackleproblemsencodedby inactive tasks.

4.4 Chapter Summary

In this chapterwe have introducedthe task data-structurethat allows us to display a window
togetherwith its context in an intuitive way to the user. Furthermore,we have developeda
set of rules to manipulatetasks;e.g. to perform decompositionstepson the formulasinside
particularwindows of a taskor to applyreplacementrulesto a task.By reasoningwith this task
manipulationruleswe automaticallykeeptrack aboutparallelsubgoalswhich will show up as
separatetaskson theagenda.This providesthebasisfor theemploymentof externalreasoning
systemsthattry to solveinactivesubgoalsautomaticallyin thebackgroundof theinteractiveproof
process.In thenext chapterwe will have a look at how interactive proof constructionproceeds
whenwereasonwith thetaskstructure.
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Chapter 5

Tasks- A workedexample

In this chapterwe make useof the taskstructureto stepthrougha proof of a simpletheorem.
In doingsowe areableto point out theadvantagesthat the taskstructurebringsfor interactive
theoremproving aswell asputative weaknessesof the approach.In particularwe outline the
two major strengthsof the taskstructure.The first beingthe intuitive presentationof subgoals
togetherwith theaxiomsandhypothesisthatareavailablein thecontext of thissubgoal.Secondly,
weshow how taskssuccessfullyexcerptCOREs potentialto easetheapplicationof assertions.

Theexampletheoremthatwe will consideris thefollowing

Theorem 5.0.1 Let \ and ^ besets,such that \ ð ^ thenit alsoholdsthat � k ð ��� .

Let us furtherassumethatwe canmake useof theaxioms5.1–5.2. Note thatsofar CORE
doesnotprovideaway to defineconceptsotherthanexpressingthemasequivalencesor implica-
tions. Furthermore,to easethepresentationin this chapter, we assumethatthedefinitionsbelow
areencodedashigher-orderformulaswith polymorphictypes1.

g�G{g HI) G ð H ¹ g E�)¯E cpG b E c H (5.1)

g��Ig�G ) �éc«��� ¹ � ð G (5.2)

For thepresentationof theproofweassumethatataskis presentedto theuserin awaysimilar
to how we depictedtasksat thebeginningof thepreviouschapter. This meansthateachsupport
window is displayedin oneline andthecontentof thegoalwindow is shown below thesupports.
However, asaslight modificationwe decideto displaypositivesupportwindowsonly if they are
not the copy of a goal window that wasmadebeforethe applicationof a replacementrule (cf.
Rule4.10).Thisdecisionis motivatedby theobservationthatwerarelyneedto usethesepositive
copies.However, wedo notgetentirelyrid of thesesupportwindowsasthey might beusefulfor
backtracking(i.e. they canserve aspossiblepointsto which the usermight want to backtrack)
andin refutationproofs. The copiesof positive windows arethereforeonly hiddenbut canbe
madeavailableuponrequest.Clearlytheissueof how to presenta taskto theuseris alsorelated
to thedevelopmentof anadequategraphicaluserinterfacefor CORE. It shouldbepossiblefor
theuserto choosebetweendifferentpresentationmodes,dependingonhow hewantsto construct
theproof.

1In thecurrentimplementationthey still haveto beencodedin asortedfirst-orderlogic.
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Looking at figure F23 (Appendix)we canseethat the presentationof taskswe usein this
chapteris very similar to theway tasksareactuallypresentedin thecurrentGUI of our system.
Thesoledifferenceis thattheGUI doesnotyetindicatewhichpolaritygoal-andsupportwindows
have. However, this caneasilybe changed;for instanceby coloring eachformula insidea task
accordingto its polarity.

g>\ ' ^ ) \ ð ^ b � k ð � � (5.3)

We cannow turn to a proof of our sampletheorem.With thegoal representedasin 5.3 we
obtainthefollowing initial task.� G�� P G�� ����������� L ���Y� P ºG�� P G_�O��� � �]�O�}� P º �G D � N#L � k �}� � P � (5.4)

How dowebegin ourproof? As afirst step,wemightwantto proof �ek ð � � undertheadditional
hypothesisNX\ ð ^ S9º . We caneasilyperformthis stepby applying » -decompositionto thegoal
(this is achievedby clicking on theDecomposeGoal link in Fig. F23). Thetaskweobtainis the
expected AC G�� P G�� ����������� L ���Y� P ºG�� P G_�O��� � �]�O�}� P ºG�� P G D � N�P º

SV
G�� k �}� ��P � (5.5)

where NX\ ð ^ S � occursas a new supportwindow. We can now apply the definition of
ð

(5.5.1)to thegoalformula NO�ek ð � � S � . In theGUI this is doneby clicking onthecorresponding
definition. CORE thenusesa heuristic(cf. Sec. 5.1) to computethosereplacementrulesfrom
theselectedformulathataremostlikely to betheappropriaterulesto applythisformula.Fromthe
suggestedrulestheuserthenhasto selectthecorrectrule andapplyit to thegoal. In thecurrent
situationtheheuristiccomputesthesingleapplicablerule (i.e. NOG ð H S � �"! N E cwG b E cH S � /

) which is thenappliedautomaticallyto the correctterm position. Oneinteractionhas
takenusto thenew task AC G�� P G�� í ��� í �]�z��� í L �z�Y� í P ºG�� P G_�O��� � �]�O�}� P ºG�� P G D � N�P º

SV
G������ k�L ����� � P � (5.6)

As aresultof applyingthereplacementrulewehaveobtainedthenew goal N E cp�ekÉb E c«� � S � .
Note thatalthoughthe applicationof the replacementrule hasinstantiatedthevariablesG andH

in (5.6.1),we now have an uninstantiatedversionwith freshvariablecopies G£í and
H í in

the supports. (Technicallythe systemhasincreasedthe multiplicity of the equivalence(5.6.1)
and a window for the newly createdcopy hasbeenaddedto the task, while the window on
the instantiatedversionis removed from the task). From now on we alwaysassumethat after
applicationof anassertionwe have anuninstantiatedversionin thesupports,without indicating
this explicitely.

In a next step,we applythedefinitionof powerset(5.6.2)to theformulas
E cw� k and

E c�� �
respectively. Wedothisasbeforeby selectingthecorrespondingassertion(5.6.2).In factwehave



37

to repeattherelevantstepfor eachof thetwosubformulas.Notethatafterclicking ontheassertion
(5.6.2)thesystemsuggeststo apply therule � c � � �"! � ð G /

wherewe merelyhave to
determinetheapplicationposition,i.e. N E ð \ S or N E ð ^ S . Whenwe apply5.6.2againwe are
now presentedwith two suggestionsashow to apply5.6.2;theseare � c$� � �"! � ð G /
and � ð G �"! � c � � /

. Whenselectingtheformerrule thesystemautomaticallyapplies
therule to theuniqueapplicationcondition.Weobtainthenew taskAC G�� P G�� í �}� í ���z��� í L �z�Y� í P ºG�� P G_����� � ��� �}� P ºG�� P G D � N�P º

SV
G���� D L ��� N�P � (5.7)

A further » -decompositionresultsinABBC G�� P G�� í �}� í ���z��� í¡L �z�Y� í¢P ºG�� P G_����� � ��� �}� P ºG�� P G D � N�P ºG_£ P G���� D P º
SUTTV

G���� N�P �
(5.8)

How to proceed? At this stage,a humanmathematicianwould probablyarguethat N E ð ^ S �
canbeinferredfrom (5.8.3)and(5.8.4)with thehelpof alemmawhichstatesthat

ð
is atransitive

relation,which we don’t have at our disposal.Later we will seehow thesystemcanbe further
developedto suggestto closethisgoalby applicationof amethodthatcorrespondsto application
of just this lemma. However, currently we are left with no other choiceas to further expand
definitions,beforewecanclosethegoal.Thatis, webasicallyhave to proof thelemmaby hand.

We want to applydefinition(5.8.1)to (5.8.3),(5.8.4)andthegoal. For thegoal this is easy.
We simply select(5.8.1) for application. The systemheuristicallycomputesa single correct
replacementruleto apply(5.8.1)andhenceappliesit automatically. Furtherapplicationof (5.8.1)
to (5.8.3)and(5.8.4)canbeachievedby first making(5.8.3)andthen(5.8.4)thegoal formula.
On the GUI we do this by using the link Make goal that is attachedto every non-axiom(cf.
FigureF23). Internallythis link appliestheshift-rule. Thetaskafterexpansionof N E ð \ S º andNÆ\ ð ^ S º is ABBBBBBC

G�� P G�� í �}� í ���z��� í L �z�Y� í P ºG�� P G_����� � ��� �}� P ºG�� P G D � N�P ºG_£ P G���� D P ºG�¤ P G_�¥��� L �z� N�P �G�¦ P G_�z�Y� L �¥� D P º
SUTTTTTTV

G_�z� D L �z� N�P º
(5.9)

Where(5.9.5)and(5.9.6)originatesfrom theexpansionof N E ð ^ S � and N E ð \ S,º . Thenew
goal is obtainedthroughapplicationof (5.8.1)to (5.8.3). After making(5.9.5)thegoalwindow
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anda further » decompositionto it weobtainABBBBBBBBC
G�� P G�� í ��� í �]�z��� í L �z�Y� í P ºG�� P G_�O��� � �]�O�}� P ºG�� P G D � N�P ºG_£ P G���� D P ºG�¤ P G_�§�Y� P ºG�¦ P G_�z�Y� L �¥� D P ºG�¨ P G_�§� D L �z� N�P º

SUTTTTTTTTV
G_�z� N�P �

(5.10)

This goalcannow beclosedby applicationof (5.10.7),(5.10.6)andfinally (5.10.5)to thegoal.
Duringall thisstepsthesystemcomputesthecorrectsuggestionsasto whichreplacementrulere-
alizestheapplicationof therespectivehypothesissothattheuseris only concernedwith selecting
theappropriatesupportwindow for application.TheremainingproofstepsarethenABC G�� P

...G���� P
SUTV

G_�z� N�P �
©

ABC G�� P
...G���� P

SUTV
G_�z� D P �

©
ABC G�� P

...G���� P
SUTV

G_�z�Y� P �
©

ABC G�� P
...G���� P

SUTV
ª"«6¬M­ � (5.11)

Wehaveobtainedanagendawith asingletaskwhichcanbeclosedandremovedfrom theagenda
by applicationof thecloserule. Thisconcludesour interactiveproofof thetheorem.

Whatdoesthisexampleillustrate?Wecanidentify threebasicadvantagesthatarisewhenwe
makeuseof thetaskstructure.

1. Themainfeatureof thetask-structureis thatalthoughit allows to conductproofsin a way
thatresemblesND styleproofs,it hidesthecalculuslevel from theuser. Noticethatinstead
of applyingdifferentND caclulusruleswe cannow applyformulasto thegoalwindow in
auniformway.

2. Although the proof stepsstill resemblethe essentialstepsin an ND proof, proofs con-
ductedwith thetaskstructureareshorter. For instance,we do not needto applyquantifier
eliminationrulesbecausethis is doneimplicitly by CORE.

3. Tasksallow us to presentassertionsin an intuitive way to theuser. This is a prerequisite
for makinguseof thefacilitatedway to apply theseassertions.Togetherwith thefact that
we avoid a branchingof theproof whenwe applyassertions(aswould for instancebethe
casewhenwe applythe b�� rule backwardsin ND proofs)this providesa convenientway
to constructproofs.

Overall, we canseethat theproof above doesnot requireany logical knowledgeabouta certain
calculus.Ratherthe tasksstructureenablestheuserto concentrateon the essentialstepsof se-
lectingandapplyingformulascontainedin thesupportsof agoal.Althoughtheapplicationof an
assertionstill requiresto choosebetweena numberof replacementruleswe have alreadysignif-
icantly reducedthenumberof possibleoptionsby concentratingthecomputationof replacement
rules to a particularassertion. In the next sectionwe will seehow this choicecanbe further
reducedby asimpleheuristic.
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5.1 Computing ReplacementRules

Throughoutthe chapterwe have often mentioneda heuristicthat, given a supportwindow and
a goalwindow, computedthosereplacementrulesthataremostlikely to be appropriatefor ap-
plicationof theknowledgecontainedin thecontentof thesupportwindow to thegoal. We will
now examinethis heuristicin moredetail.Let usthereforenotethattheformulasin thegoaland
supportwindow eachcorrespondto a subtreeof the IFT for thecurrentproblem. We will refer
to theroot nodeof thesupportformulaasassertionoccurrenceandto theroot nodeof thegoal
formulaasgoal occurrence. The questionis then: how canwe apply the label of the assertion
occurrenceto thelabelof thegoaloccurrence?Webegin with makingtwo observations

1. We canonly applya replacementrule ê to a formula i if the input
�

of ê unifieswith a
subtermof i .

2. Two formulascanonly unify if their head-symbolsareequal.

Theheuristicthatwe will developherewill makesuseof thesefactsandtries to find themini-
mal occurrencebelow theassertionoccurrencethatpotentiallyunifieswith anoccurrencebelow
thegoaloccurrence.To find suchcandidateswe comparetheheadsymbolof putative input oc-
currenceswith theheadsymbolsof occurrencesbelow thegoaloccurrence.This occurrence,if
it exists,will thenbe usedasan input for the replacementrule we generatefrom the assertion.
Note that this input occurrenceuniquelydeterminesa replacementrule if we requirethat only
literalsoccurasvaluesin therule. In casetherearemultiple occurrencesÙ %('*)+)*)+' Ù - thatqualify
asinputoccurrencewesuggestonereplacementrule for eachÙ T c Ó � 6 v3Ù %4'*)*)*)Q' Ù - y 2. Thereason
for usingminimal occurrencesis that if ÙeÜËÙ í in an IFT then Ù is likely to have less ¼ -related
occurrencesthan Ù í . Accordingly, replacementruleswith minimal input occurrenceswill tendto
have lessvalueoccurrencesandthereforeintroducefewersubgoals.Wethereforealwayssuggest
thoserulesfor applicationthat introducethe leastnumberof new subgoals.Note that in order
to maintaincompletenessthe usercanalways requestto seeall replacementrules that canbe
obtainedfrom theparticularsupportwindow.�®G�� Ì [ � Ì P �<�¯G E Ì [ � Ì P°L �±G E Ì [ � Ì P ��²G�� [ � P �³G E Ì [ � Ì�PsL �³G E Ì [ � Ì�P � W G��²G�´nG_� [¶µ P [¸· Ô P [¶¹ P ��²G�´nG_� [¶µ P [¸· Ô'P �´nG_� [¶µ P � · Ô � ¹ � (5.12)

FigureF13: Assertion(left) andgoaloccurrence(right) for theexamplementionedabove. G Ì
and

H Ì arefreely instantiablevariables,º Ô is a
¾

typevariableand i ce5 .

Beforeweformally presentthealgorithm,let usfirst look atanexample.Wetaketheassertion
occurrenceto belabeledwith thealreadyfamiliar formula G¡Ì ð H Ì ¹ C�Ì0cwG¡Ìáb C�Ìçc H Ì .
Weassumefurtherthatthegoaloccurrenceis labeledwith aformula N���©¼» ð ºKÔ S _ti . TheIFTs
for theseformulasareshown in Fig. F13 (we useprefixnotationto make it easierto identify the
headsymbols).We canseethatthenodelabeledwith

ð NmG¡Ì '9H Ì S in theleft treeis theminimal
occurrencewhich qualifiesasaninput for a replacementrule accordingto thecriteriamentioned

2Therecanbemultipleminima,because½ is a partialordering
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above; i.e. it hasthe sameheadsymbolas the framedoccurrencein figure F13 (right). The
replacementrule thatis suggestedby theaboveheuristicthereforeis

NOG Ì ð H Ì S � �"! NÕcMNôC Ì ' G Ì S b"cMNôC Ì '9H Ì SRS � /
which is exactlywhatweneedto applytheassertionto thegoal N��û©g» ð ºKÔ S _Ii .

The algorithm that identifiesthe possibleinput occurrencesis shown below. Note that it
excludesoccurrenceswith a headsymbolin vx_ ' ` ' b ' ] ' ¹ y from thesetof input occurrences.
Thereasonis thattheheuristictriesto find the"characteristic"non-logicalsymbolof theassertion
from which it triesto generatea replacementrule.

In the algorithmbelow the function SUBFORMSWITHSYM NOÏ ' Ù S returnsa setof all occur-
rencesbelow Ù thatarelabeledwith a formulawith headsymbol Ï . In fact, in thecurrentimple-
mentationit alsoreturnsthetermpositionof eachsuchoccurrencewithin ×ÆA B4Ø ×ÕNXÙ S , whichallows
to automaticallyapplythepreferredrule if thereis auniqueapplicationposition.

Theoccurrencesthatarereturnedby thisalgorithmserveasinputoccurrencesof thereplace-
mentruleswhich realizetheapplicationof theassertion.

Algorithm 5.1.1: COMPUTEINPUTOCC( A Ï.Ï Ø*ã3P Ù3}4} '1? Ù3A2×XÙ3}4} )
Ï�¾ @�Ø A è Nm×ÆA B4Ø ×ÕNXAFÏ.Ï Ø*ã.P Ùx}4} SRS$ ¾ j åZB <�Ù ã Ó � �mPR@ j D Ó NmÏ ' ×ÆA B(Ø ×ÕN ? Ù3A2×XÙ3}4} SRS
if Ï¨�cwvx_ ' ` ' ] ' b ' ¹ y·_

$ ��t=
then Ó � 6[N

$ S
else ¿ v3} %('*)*)+)+' } = y^¾ } @�� × è Ï2NmA Ï.Ï Ø*ã.P Ù3}Q} SÀ§Á�Â�Ã�ÄzÅÇÆÇÈÊÉ6Ë�ÌÍÅÇÆÇÈÊÎ�ÏÐÏeÑ"Ï Á�Ò�Ó Ã Ô�Õ�Ã ÏqÏ+Ö
Theheuristiccanfail in two ways. In somecases,it might not returnanappropriatereplace-

mentrule. To maintaincompletenesstheuserthereforealwayshastheoptionto seeall rulesfor
a givenassertionto selectthecorrectrule by hand.Secondly, thesuggestedrule might not unify
with asubformulaof thegoal.This is possiblebecausewedonotperformafull unificationwhen
we try to identify suitableinput occurrences.Thereasonto avoid full unificationhowever is that
weareinterestedin fast,but shallow computationsthatdonotkeeptheuserwaiting.

It is interestingto remarkthat we canphrasethe problemof finding the appropriateinput
occurrencefor a replacementrule alsoin moreabstracttermsin a way that resemblesthe term
indexingproblem(see[SRV01] for anoverview).

More precisely, givena anassertionoccurrence
Ô

anda goaloccurrence
Ã

we areinterested
in finding the minimal childs

Ô\× Ò6Ø+Ø6ØÐÒ Ô¡Ù
of

Ô
suchthat Ú Ñ"Ô ÁÛÒ Ã�ÜÝÖ

holds for a binary relation Ú
anda child

Ã Ü
of the goal occurrence.We have to chooseÚ in a way that if Ú Ñ"Ô Á�Ò Ã Ü Ö

thenany
replacementrule with input

Ô Á
canbe appliedto

Ã Ü
. Ideally, we chooseÚ Ñ"Ô ÁÞÒ Ã Ü Ö

to hold if f
Ô Á

and
Ã Ü

are unifiableandof differentpolarity. However, we have alreadysaid that we want to
avoid unification. To increasethe precisenessof our heuristicwhile maintainingefficiency we
couldextendthecomparisonof thehead-symbolsof

Ô Á
and

Ã Ü
to acomparisonof all non-variable

symbolsin
Ô Á

and
Ã

(in [SRV01] this is alsoreferredto asoutlineindexing). Wewould thenhave
chosenÚ in a way that is moreprecisethanthecurrentlyimplementedapproach,but still not as
computationallyexpensiveasa testthatinvolvesfull unification.

Note thatwe do not actuallyindex termsto decreasethesearchprocess,but only frameour
problemin termsof termindexing. This allows for a moreprecisedescriptionandalsosetsthe
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groundfor employmentof real term-indexing techniquesin futurework. However, notethatwe
would alsohave to addressthe additionalcomplicationconstitutedby the fact that CORE is a
higher-orderframework.

In chapter8 we show how the ß ANTS suggestionmechanismchecksfor theapplicabilityof
replacementrulesby using full unification. To make this possibleß ANTS will performthese
computationsasparallelprocessesin the backgroundin ordernot to postponethe userinterac-
tions.

5.2 Summary

In this chapterwe have demonstratedthe potentialthat theuseof taskscanbring to interactive
proof construction.In particularwe have shown that thetaskdatastructureeasestherepresenta-
tion of subgoalstogetherwith its context andfacilitatestheapplicationof assertions.Furthermore
we have seenthat tasksprovide a way to hideadmissiblebut irrelevant replacementrulesfrom
theuser. Wehavealsopointedoutsomeopenproblems.

Whensteppingthroughtheproofof theorem5.0.1wearrivedatastagewherewesaw theneed
to beableto applylargerproof steps(step5.8). In thenext chapterwe will formally developthe
notionof a proof-methodfor theCORE system.Methodswill provide a way to encodeabstract
proof steps,suchaslemmaapplicationor certaindomain-specificproof techniquefor theusein
CORE. Wewill definemethodsto operateon thetaskstructure.
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Chapter 6

Interacti veProof Planning in CORE

Sofarwehaveseenthatproofsearchin CORE is realizedthroughtheapplicationof replacement
rules,which aregeneratedfrom the context of the currentfocus. However, althoughwe have
notedthat COREs reasoningstyle facilitatesthe applicationof assertionsduring a proof, the
level of reasoningthat is constitutedby the applicationof replacementrulesis often still more
detailedthanthelevelatwhichhumanmathematiciansconstructandcommunicateproofs.In fact,
whenlookingat proofsin mathematicaltextbooks,wefind thathumansoftenjustify aproofstep
by applicationof a certainreasoningpattern,suchasthediagonalizationprinciple,theinduction
argumentor applicationof aparticularlemma.

To beableto supportamoreuserfriendly styleof interactiveproof construction,theconcept
of a tacticwasintroducedto interactivetheoremproving [GMW79, Mil85]. Traditionally, tactics
areunderstoodasprogramsthatexecuteasequenceof frequentlyoccurringinferencestepsauto-
matically. Accordingly, applicationof atactictransformsanopengoalinto a(possiblyempty)list
of subgoals.Furthermore,tacticsandinferencerulescanusuallybecombinedto morecomplex
tacticsby socalledtacticalssuchasRepeat,If, Else, etc. This enablesa hierarchicalstructuring
of tacticsandtheencodingof generalproofstrategies.Thisnotionof atacticis now usedin many
interactivetheoremprovers,suchasISABELLE àPau94á Ò NUPRL àCAB â 86á andothers,wherethe
available tacticsrangefrom simpleoneswhich, for example,only apply an inferencerule for
quantifiereliminationrepeatedly, to tacticsthatperformafull fledgedproof-searchautomatically
(e.g.theBlasttacticof theISABELLE systememploysa full matrix search).

Motivatedby the insight that humansplan their proofsat variouslevels of abstraction,but
not on calculuslevel, Bundy [Bun88] suggestedto augmenttacticsby pre- andpostconditions
to be ableto usethemasplanningoperators(methods). This makesit possibleto plan proofs
automaticallyat the abstractlevel representedby the pre- and postconditionsof the methods.
The plan returnedby a planningalgorithmcanthenbe refined(expanded)to calculuslevel by
applicationof thetacticsthatareassociatedwith eachof themethodsthatoccurin theplan.

In this chapterwe developtheconceptof a methodfor theCORE system.To do so,we first
comparethenotionsof tacticsandmethodsthatareusedin the ß MEGA system.Wewill find that
theconceptsof tacticsandmethodsin ß MEGA arenot muchdifferent.Basedon this insightwe
setout to deviseaconceptof amethodthatcanbeusedfor interactiveproofdevelopmentaswell
asfor proof planning,thusrenderingit unnecessaryto havedifferentmodulesanddatastructures
for tacticaltheoremproving andproof planning. This will make it easierto work on the proof
interactively aswell aswith thehelpof anautomatedproofplanner. Furthermore,thedeclarative
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specificationof a methodwill enableus to checkfor applicabilityof methodswith a suggestion
mechanismaswe will seein Chapter7. However, in this thesis,we will not be concernedwith
devising a planningalgorithmfor this methods.Ratherwe assumethatwe will usemethodsto
performabstractproof stepsinteractively.1

In Chapter5 wesaw theneedfor theapplicationof thefollowing lemmaãåäçæ�è"é Òëê æ è�é Ò Â æ�è"é Ø äíì êtî±ê ì Âíï äíì Â
(6.1)

whichwewill useasanexampleto illustratetheconceptswe introducein this chapter.

6.1 Tacticsand Methods in ð MEGA

In ß MEGA , tacticsare the objectsthat representabstractreasoningstepsin interactive proof
development,while methodsarethecorrespondingdatastructuresfor automatedproof-planning.

However, in contrastto the traditionalunderstandingof a tactic describedabove, tacticsinß MEGA not only consistof a program. Instead,tacticsarerepresentedby a declarative anda
proceduralpart. Thedeclarative contentspecifiessetsof premisesandconclusionsthathave to
bematchedwith proof linesof ß MEGAsproof datastructureñ�ò§ó whena tacticis applied.This
declarativepartof a tacticthusdefinesanabstractinferencestep.Theproceduralpartof a tactic
is essentiallyanexpansionfunctionthat is usedto translatetheabstractproof stepdescribedby
thetactic into a sequenceof proof stepsin ß MEGAs naturaldeductioncalculus.This expansion
function hasto be executedat somepoint during the proof to show that the abstractproof step
performedby thetacticwasactuallycorrect.Theexpansionfunctioncanagainmakeuseof other
tacticswhichallows for theuseof multipleabstractionlevels.

Thedeclarativepartof a tacticin ß MEGA canbegraphicallydepictedasô × Ø6Ø6Ø ô ÙÂ õ Ñ � × Ò6Ø+Ø6Ø �8ö Ö
where õ is the nameof the inferencestep. ÷ ô × Ò6Ø6Ø6ØqÒ ô ÙÍø are the premisesand

Â
is the con-

clusionof the tactic.2. Along with a setof additionalparameters÷�� × Ò6Ø6Ø6ØÐÒ �8ö ø theseparameters
arecalledthe formal argumentsof a tactic. Premisesandconclusionsof a tactic aredescribed
by formula schemesthat constrainpossibleinstantiationsfor this arguments.Furthermore,the
declarativepartcanalsocontainasetof arbritrarysideconditions3 thatmusthold for thetacticto
beapplicable.

Application of a tactic proceedsin essentiallytwo steps: in the first stepthe formal argu-
mentsof a tactic have to be matchedwith proof lines of ß MEGAs proof datastructure(in case
of premisesandconclusions).Additional argumentscanbeinstantiatedwith appropriateparam-
eters,suchasterms,substitutionsor term-positions.Themappingof formal argumentsto actual
argumentsof a tactic is referredto asa partial argumentsinstantiation(PAI) or tactic (method)
matching. Eachtacticmatchingdeterminestheeffect of theparticularinstantiationof a tacticon

1This is whatwecall InteractiveProofPlanning
2In ù MEGA it is possibleto specifytacticswith multiple conclusions,however for thesakeof simplicity we will

concentrateon caseswith only oneconclusion.
3Sideconditionsarealsoreferredto asapplicationconditions.
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theproof statein thesensethateachcombinationof instantiatedandnon-instantiatedarguments
correspondsto a differentapplicationdirectionof the tactic. We will speakof forward applica-
tion whensomeof the premises,but not the conclusionof a tactic are instantiatedwith actual
arguments(i.e. proof lines in the caseof ß MEGA). Backward applicationrefersto a situation
wheretheconclusionbut notall premisesof a tacticareinstantiated4.

To seein moredetailwhattheputativeinstantiationsof thepremisesandconclusionof atactic
are,weneedto takeacloserlook at ß MEGAsproofdatastructureñ�ò§ó [CS00]. Themainentity
of this datastructurearesocalledproof lines (seeChapter2). We distinguishbetweenopenlines
thatrepresentopensubgoalsandclosedlines. Tacticsandmethodsuseextra datastructures(foci
andtasksrespectively) whichrelateeachopenline to asubsetof theclosedlinesthatcanbeused
to derive therespective openline. Onealsospeaksof theclosedlinesthatarerelatedto anopen
line assupportlinesfor anopenline.

Whena tactic is applied,theconclusionof thetactichasto beinstantiatedwith anopenline,
while instantiationsof thepremiseshave to comefrom thecorrespondingsupportlines for that
goal. Note that proof lines can only serve as instantiationfor an argumentif their associated
formulamatchestheformulaschemeof therespectiveargument.

Theeffect of a partial argumentinstantiationfor a tacticon theproof stateis the following:
non-instantiatedpremisesareintroducedto the ñ�ò§ó asnew openlineswhich (generally)inherit
thesupportsfrom theinstantiationof theconclusion.Non-instantiatedconclusionsbecomenew
supportnodes,while instantiationsof conclusionsareremovedfrom thelist of openlinesasthey
representclosedsubgoals.

Methodsin ß MEGA (cf. [Mel98, EM99]) arerepresentedin framelike datastructuressimilar
to theoriginalsuggestionby [Bun88]. They show thesamedistinctionbetweenadeclarativeand
proceduralpartthatwefind for ß MEGA tactics.

Thedeclarative contentis representedby slotsfor premises,conclusions,applicationcondi-
tionsanddeclarations.Of mainconcernaretheslotsfor premisesandconclusionswhichtogether
providealogicalspecificationof theinferencesteprepresentedby themethod.Premisesandcon-
clusionscanbeannotatedby ú and û to specifytheeffect of themethodon theplanningstate.
Here û meansthat a premise

ô
labeledwith û mustbe instantiatedwith a supportline which

will be removed from the supportlines of the respective goal when the methodis applied. Aú premiseremainsuninstantiatedand is introducedas new openline. Similarly, conclusions
annotatedwith û areremovedasopenlineswhile ú conclusionswill beaddedassupports.

The proceduralcontentof a methodessentiallyconsistsof a proof scheme(i.e. a natural
deductionproof segmentwherethe justificationof eachline canagainbea method)thatcanbe
seenasaninstructionof how to expandtheabstractreasoningstepto lessabstractinferencesteps
andeventuallyto calculuslevel. Thisagainmakesit possibleto structuremethodshierarchically
by nestingmethodsin theproceduralpart.

Applicationconditionsof amethodaredecidablepredicatesthatareevaluatedwhenamethod
is applied;i.e. a methodis only applicablein a givenproof statewhenits applicationconditions
all evaluateto true. Thepurposeof applicationconditionsis to enabletheuserto encodeheuris-
tic knowledgeasto whenapply a method,into the planningprocess.As an example,take the
PeanoInduction method[EM99] of ß MEGA . It triesto closea line

ã Ì Ø ô Ñ�ÌüÖ
by application

4Notethatthis definitionsubsumesthefrequentlyusednotionof sidewardsapplicationif we assumethattactics
haveonly oneconclusion.
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of the inductionaxiom for naturalnumbers. However, this concreteinstanceof the induction
principle requires

Ì
to be a naturalnumber. The sideconditionof the methodthereforechecks

whether
Ì

is indeeda naturalnumber, beforethemethodis applied.

As canbeseen,tacticsandmethodsin ß MEGA differ in otheraspectsthantraditionaltactics
andmethods.To describethis difference,we have to distinguishbetweenan inferencestepand
its applicationdirections.An inferencestepalwaysstatesthatcertainconclusionscanbederived
from particularpremises.However, eachinferencestepcanin generalbeappliedin differentdi-
rections.In averybroadsensewecanthereforesaythat ß MEGA tacticsspecifyaninferencestep
while ß MEGA-methodsdefineanapplicationdirectionof aninferencestep(wheretheapplication
directionis determinedby the û , ú annotations).

6.2 Methods in CORE

Whenwe now definemethodsfor theCORE systemwe want to separatetheabstractinference
stepfrom thecomputationsnecessaryto applythis inferencestepin a particulardirection.In the
following we thereforeintroducetwo objects:methodsandapplicationdirections. Methodswill
consistof a declarative descriptionof an inferencestep,togetherwith the informationcommon
to all applicationdirectionsof that inferencestep(e.g. the expansionfunction andthe formula
schemesof the arguments).Application directionsdescribecomputationsnecessaryto apply a
methodin aparticulardirection.

The reasonfor this decisionis twofold. Firstly, we notethatan inferencestepwith
Ì

argu-
mentscantheoreticallybeappliedin ý Ù�þ ÿ

differentdirections.If we hadto definea different
methodfor eachsuchapplicationdirectionthis wouldconstituteaseriousproblemto auserwho
wantsto selecta methodfor applicationinteractively. In ß MEGA this problemcanbe ignored
becausemethodsaregenerallyonly usedin automatedproof planning. Furthermore,many ab-
stractinferencestepsusedby ß MEGAs plannerMULTI areonly appliedin particulardirections
anyway. However, theapproachthatwedevelopherewill besuitedfor interactivemethodappli-
cationtoo, becausetheuseronly needsto get in contactwith thenameandabstractdescription
of theinferencestep(i.e. themethod),but notwith theapplicationdirections.

Secondly, moving the informationthat is sharedbetweenall applicationdirectionsof an in-
ferencestepto a singleobject(i.e. a method)removessomeredundancy in thedeclarationof an
inferencestep,becausethis informationonly hasto bespecifiedonce.Thisis for instancethecase
for the formulaschemesof a methodsarguments.Becausetheseformulaschemesareidentical
for eachapplicationdirection,wewantto statethemonly oncefor all applicationdirections.

Beforewe now formally definemethodsandapplicationdirectionsfor theCORE systemlet
usnotethat thedistinctionbetweeninferencestepsandapplicationdirectionis not entirelynew,
but in principlereflectstheway tacticsareimplementedandrepresentedin ß MEGA .

We now definemethodsas descriptionsof abstractinferencestepsthat can be applied in
differentdirectionsvia socalledapplicationdirections.

Definition 6.2.1 (Method)A methodis atuple
� � Ñ ô Ò Â Ò ä Ò Ã Ò�����Ò É��¡Å	�cÖ

where
ô

(premises)
and

Â
(conclusions) arelists of argumentnamesand

Â
is non-empty.

ä
is a possiblyemptylist

of additionalparameters.
���

is a setconsistingof oneformulaschemefor eachargumentname
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in
ô�
 Â

.
É��¡Å	�

is theexpansionfunctionof themethod.Finally,
Ã

is anpartialfunction(called
anoutlinemapping)thatmapsan ��
�ý������ to anapplicationdirectionof

�
.

Sideconditionsthatspecifywhenamethodis applicablearepartof theapplicationdirectionsthat
areintroducedbelow.

We canrepresenta method
�

with argumentnames
ô ��÷ Å × Ò+Ø6Ø6Ø+Ò ÅMÙÍø Ò Â ��÷ Ï6× Ò6Ø6Ø+Ø+Ò Ï��eø

additionalparameters�ý� ÷�� × Ò6Ø6Ø6ØÐÒ ��� ø andformulaschemes
��� � ÷ ô × Ò6Ø6Ø6ØÐÒ ô Ù Ò Â�× Ò+Ø6Ø6ØqÒ Â��eø

graphicallyas Å ×�� ô × Ø+Ø6Ø ÅMÙ�� ô ÙÏ6×���Â�× Ø6Ø6Ø Ï���� Â�� � Ñ � × Ò6Ø+Ø6Ø+Ò ��� Ö
For a concreteexamplelet usconsidera trivial methodthatencodesthesamplelemma6.2 asa
proof methodandcanhencebeusedto applythetransitivity of

ì
in aproof.Å ×�� ä ì ê Å�� � ê ì ÂÏ!� äíì Â ì þ ��Ú ä#" �

(6.2)

where
ä Ò'ê�Ò Â

aremeta-variablesthatrangeoverformulas.
äíì ê

is thereforeaformulascheme
thatspecifiesstructuralrequirementsfor possibleinstantiationsof theargument

Å ×
. In Section6.8

we describehow theseformula schemescanbe declaratively statedin a methodspecification.
However, currently formula schemesare still expressedas Lisp-predicatesthat test whethera
putativeinstantiationis of acertainsyntacticalform. Notethattheapplicationof the

ì
-transitivity

lemmais asimpleinferencestepthatwouldnotusuallybestaticallyencodedasamethod.Rather,
onewouldemploy thislemmaasanaxiom.In general,lemma-applicationshouldonlybeencoded
asa methodif theapplicationof the lemmarequiressomeadditional(heuristic-or procedural-)
knowledgethatneedsto beencodedin thesideconditionsor computationfunctionsof a method.
An exampleis the applicationof the inductionprinciple which often requiresknowledgeasto
how to find awell-foundedorderingonagivenset.However, wewill usemethod6.2to illustrate
thebasicconceptsintroducedin this chapter.

Having introducedthe conceptof a methodwhich enablesus to specifyabstractinference
stepswe still needto make precisethe notion of an applicationdirection that representsthe
knowledgeabouthow to applyaninferencestepin aparticulardirection.

Methodapplicationdirectionsrealizethe differentapplicationdirectionsof a method
�

in
the following way: assumethat � ì Ñ ô$
 Â�Ö

is thesetcontainingtheargumentsof
�

which
becomeinstantiatedwhen a methodis matchedwith a task. Then eachsuch � corresponds
to a differentapplicationdirectionof

�
. The effect of applyinga methodin that direction is

describedby themethodapplicationdirection % �& to which � is mappedby theoutlinemapping
(i.e.

ÃÍÑ � Ö �'% �& ). Notethat if
ÃÍÑ � Ö

is undefinedfor a � thentherespectivemethodcannotbe
appliedin thatdirection.

Definition 6.2.2 (Method Application Direction) A methodapplication direction % �& for a
method

� � Ñ ô Ò Â Ò ä Ò Ã Ò(����Ò É��¡Å)� Ö
and a � ì ô*
 Â

is a tuple % �& � Ñ � Â Ò Â�Î�+ ô Ö
where

� Â
is a setof predicates(calledsideconditions) and

Â�Î�+ ô
containsonecomputation

function
Ï��

for each, in � .

Theapplicationdirection % �& for agiven � will first evaluateits sideconditionswith respect
to theinstantiations-.�0/ of thearguments� . If thesideconditionsevaluateto truethemethod
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is consideredapplicable.For eachnon-instantiatedargument,1
 Ñ ô2
 Â�Ö43 � therehasto bea
computation

Ï��
in thecomputations

Â�Î�+ ô
of thecorrespondingapplicationdirection.Eachof

this functions
Ï��

takesasinput theinstantiationsof theparameters� to computetheinstantiation-5,6/ of argument, . Notethatin thefollowing weagreeonthenotationthatif , is anargument
of a methodthen -',7/ refersto theinstantiationof , or theresultof thecomputationfunction
for , .

After having appliedall computationfunctionsof theapplicationdirection,eachargumentof a
methodis instantiatedwith eitheranodefrom theFVIFT or atermcomputedfrom acomputation
function. We will then say that the methodhasa completedoutline. This completedoutline
containsall informationnecessaryto applyamethodto aproof state.

We will latermapthecompletedoutlineto a statetransformationrule thatrealizestheeffect
of the methodapplicationon the CORE proof state.However, beforeconsideringthis in more
detail,it is necessaryto think aboutwhatit meansto instantiateargumentsof amethodin CORE.

6.2.1 Method matchingsin CORE

Wedefinethenotionof amethodmatching5 for theCORE systemin awaysimilar to themethod
matchings(partial argumentinstantiations)in ß MEGA . In the context of the ß MEGA system
methodsoperateon tasks8:9<; whicharebasicallysetsof proof lines.Tasksin CORE consists
of pointers(windows)to subtreesof theFVIFT. It is thereforeobviousthat,asaresultof matching
a methodwith a taskin CORE, the argumentsof the methodshouldbecomeinstantiatedwith
occurrencesinsidethe windows of the task. The matchingprocessitself is a patternmatching
processbetweenthe formulaschemesof theargumentsandthe labelsof theoccurrencesin the
windowsof a task.

To seewhichoccurrencesqualify asvalid instantiationsfor theargumentsof amethodnotice
thatwecanmapamethod Å ×�� ô × Ø+Ø6Ø Å\Ù�� ô ÙÏ ��Â �
backto anaxiomscheme

Ñ ô × îzØ6Ø6ØÛî ô Ù�ï Â¥Ö(=
whichis availablein thecontext of everywindow>

(hencethenegative polarity). Annotationof this signedformulawith uniform notationyieldsÑ ô â× î�Ø6Ø6Ø î ô âÙ ï@?§Â = Ö =
. Fromthis annotatedformulaonecanreadof, that instantiationsfor

the premises
ô × Ò6Ø6Ø+Ø+Ò ô Ù

canonly be instantiatedwith occurrenceswhich have a negative or an
undefinedpolarity (suchasequivalencesor equations).The instantiationof theconclusionof a
methodhasto beof positiveor undefinedpolarity.

However, a closerlook revealsthat therearemoreconstraintson possibleinstantiationsfor
the argumentsthenjust the polarity. Looking at putative instantiationsfor the premiseswe see
thatthey mustbeindependent.Intuitively thisbecomesclearwhenweconsideratask A Ò Ñ ä â ï ?ê =�Ö 9 > . In thissituation

ê =
is dependenton

ä â thatis, if wewereto use
ê =

asaninstantiation
for thepremiseof amethodthevalidity of theconclusionwouldsuddenlydependon thevalidity
of

ä â .

In thefollowing definitionwethereforeexcludedependentoccurrencesfrom thesetof admis-
sibleinstantiationsfor theargumentsof amethod.Laterthisadditionalconstraintwill turnout to
beveryhelpful.

5In proof planningthis is alsoreferredto asanaction.
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Definition 6.2.3 (MethodMatching)Let
� � Ñ ô Ò Â Ò ä Ò Ã Ò��B��Ò É��¡Å	�cÖ

be a methodand �Ý�AC9 > a task for the currentFVIFT Ú . Furthermorelet Ú Ü
be the smallestsubtreeof Ú that

containsall windows in � . Thenamethodmatching for
�

with respectto � is amappingÄ³Ô ÈÊÏ�D)�E� ô5
 ÂGF Î¥Â�ÂIH
where

Î�Â�ÂIH
is thesetof all occurrencesinsidethewindows in task � andthefollowing holds

for each
Å

and
Ã

with
Ä³Ô ÈÊÏJD)�®Ñ Å�Ö � Ã

:

1. If
Å 
 ô

then
Ã

is independentin Ú Ü
and

Å Ã Õ�ÔLK�M"ÈON Ñ"ÃeÖ � þ
.

2. If
Å 
 Â

then
Å ÃeÕ�ÔLK�M"ÈON Ñ"ÃeÖ �CP .

3. If
Å 
 Â

then
Ã

lies insidethegoalwindow
>

.

4. If
Å 
 ô

then
Å

lies in any of thewindows in A .

5.
Õ�ÔRQ�ÉKÕÊÑ"ÃeÖ

matchestheformulaschemefor argument
Å
.

6. The applicationdirection
ÃÍÑ � Ö

for the set � � ÷ Å 
 ôS
 ÂUTWVMÃ Ø Ä³Ô ÈÊÏJD)�®Ñ Å�Ö � Ã¡ø
is

defined.

Thethird conditionrestrictsinstantiationsof theconclusionof a tactic to occurrencesinsidethe
goalwindow. This is howevernosevererestriction.We introduceit only becauseit is convenient
for interactivemethodapplication.For automatedproofplanningthisadditionalconditioncanbe
ignoredor modified.

Note thatwe will write
Ä³Ô¡ÈÊÏJD)�®Ñ Å Ö �YX for

Å 
 ôC
 Â
if

Ä³Ô ÈÊÏ�D)��ÑÝÅ�Ö
is not defined. It is

furthermoreworth pointing out that it is sufficient to requirethat occurrencesin the rangeof a
methodmatchingareunconditionalin Ú Ü

in orderto avoid the unwantedeffectswe mentioned
earlier. Givenamethod

�
with arguments

ôZ
 Â
and � ì ô6
 Â

wesaythatamethodmatchingÄ³Ô ÈÊÏJD	[
describestheapplicationdirection % �& � ÃÍÑ � Ö

, determinedby � if f
Ä³Ô ÈÊÏ�D)�®Ñ , Ö]\�SX

for all ,^
_� .

Beforewecanapplyamethodmatching
Ä³Ô ÈÊÏJD	�

to ataskwetestwhetherthesideconditions
of thecorrespondingapplicationdirectionhold. If this is thecasewe carryout thecomputation
functionsof the applicationdirection. By performingthis computationswe obtain the instan-
tiationsof thoseargumentsthat arenot alreadyinstantiatedby

Ä³Ô ÈÊÏJD	�
. We thuscomputea

completedoutlinefor
�

, whichwe definedformally asfollows.

Definition 6.2.4 (CompletedOutline)Let
Ä³Ô ÈÊÏJD)�

be a methodmatchingfor a method
� �Ñ ô Ò Â Ò ä Ò Ã Ò É��¡Å	� Ö

and % �& theapplicationdirectiondescribedby
Ä³Ô ÈÊÏJD	�

. Thecompletedout-
line for

Ä³Ô ÈÊÏJD)�
is thendefinedasa functionÃ ÆÇÈÊÕ`MÛÌ É &acb éedgfih � ô.
 ÂGFkj

where Ã�Æ ÈÊÕ`M"Ì É &alb éedgf�h Ñ , Ö � m Õ�ÔRQ�ÉKÕ¸Ñ�Ä³Ô ÈÊÏ�D)��Ñ , Ö�Ö if
Ä³Ô ÈÊÏ�D)�®Ñ , Ön\�oXÏ�� Ñ , Ö otherwise

and
Ïi�

is thecomputationfunctionfor ,U
_% �& .
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A completedoutlinefor amethod
�

containsall informationthatis necessaryin orderto applya
methodmatchingto aproofstate.Notethatacompletedoutlinemapseachargumentof amethod
to a formulain

j
andnot to occurrencesany moreasdoesamethodmatching.

To beableto describehow a completedoutlineaffectsthetask-structureandtheunderlying
proof-statewe have to distinguishbetweenthoseformulasin the rangeof a completedoutline
thathavebeencomputedfrom thecomputationfunctionof anapplicationdirectionandthosethat
arelabelsfrom argumentinstantiations.We thereforedefinetwo usefulsets.

Definition 6.2.5 Let
Ã ÆÇÈÊÕ`MÛÌ É &acb éedgf�h beacompletedoutlinefor amethod

�
with arguments�

in
ô.
 Â

thenwedefinethesets
Ëi�

and
ÂI�

asfollowsp Ë�� � ÷ Ã�Æ ÈÊÕ`M"Ì É &alb éedgf h Ñ , ÖqT ,U
_� øp ÂI� �í÷ Ã ÆÇÈÊÕ`MÛÌ É &acb éedgfih Ñ�Ï+ÖqT�Ï 
 Ñ ô.
 Â¥Ör3 � ø
Intuitively,

Ë��
is thesetof all instantiationsof argumentsof

�
and

ÂI�
is thesetof all values

thatarecomputedby thecomputationfunctionsof theapplicationdirection
Ã\Ñ � Ö

. Wegeneralize
ournotation - Ø / for methodmatchingsto completedoutlinesandreferto

Ã�ÆÇÈÊÕ`MÛÌ É &alb éedsf�h Ñ�ÔÍÖ
as- Ô / for an

Ô 
 ô5
 Â
.

6.3 Proof StateTransformation

Having definedwhatamethodmatchingis andhow to obtainacompletedoutlinefor it, weneed
to think abouthow sucha matchingtransformstheproof state.We first describethechangeson
anagendathatarecausedby theapplicationof amethodmatchingto atask.Thenwespecifyhow
wehave to changetheproof-state(i.e. theFVIFT) in orderto beableto realizethesechanges.

Let us thereforeassumethat we want to apply a methodmatching
Ä³Ô¡ÈÊÏJD)�

to a task �ø�At9 > andthat
Ä³Ô ÈÊÏJD)�

describesabackwardapplicationof method
�

with premises
Å × Ò6Ø6Ø+ØÐÒ Å\Ù

andconclusion
Ï
. To be able to apply

Ä³Ô¡ÈÊÏJD)�
to � we first have to computethe completed

outline
Ã�Æ ÈÊÕ`M"Ì É &alb éedgf�h for

Ä³Ô ÈÊÏJD)�
.

We denotewith
Å Ávu�Ò6Ø6Ø6Ø Å Áew

all thosepremisesthatareinstantiatedby
Ä³Ô ÈÊÏJD)�

(i.e. - Å Áyx /�
Ë��
). Becausewe apply themethodbackwardswe alsohave - Ï /z
 Ëi�

. If
Å|{ u�Ò6Ø6Ø+Ø Å|{i}

arethe
argumentsof

�
withoutaninstantiationin

Ä³Ô ÈÊÏJD	�
(i.e. - Å|{ } /z
 ÂI�

) thenapplicationof the
methodmatchingto � shouldresultin thefollowing effecton thetaskstructure:

A~9 > àe- Ï /¼á���� ����� ����
A�9 > à ÈOK Æ�É â á��A�9'- Å|{ u /
...A�9'- Å|{ } / (6.3)

This meansthat thetask A�9 > àe- Ï /5á�� is replacedon theagendaby a taskwheretheinstanti-
ation of theconclusion- Ï / is replacedby

ÈOK Æ�É â in the goalwindow (i.e. A 9 > à ÈOK ÆåÉ â�áv� ).
Furthermoreeachof theuninstantiatedarguments

Å|{i�
resultsin a new taskwith - Å|{i� / asgoal

window.
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To seehow forwardapplicationaffectsa tasklet theuninstantiatedargumentsin
Ä³Ô ÈÊÏ�D)�

be
againdenotedby

Å|{i�
. Let furthermore- Ï / be the instantiationof theconclusion(remember

that we obtainedthis instantiationfrom an computationfunction becausewe aredealingwith
forward application). Thenforward applicationof the methodshouldaffect the currenttaskas
follows 6

A~9 > � ����� ����
A59'- Å	{ u /
...A59'- Å	{ } /A Ò - Ï / 9 > (6.4)

Herewe have added- Ï / to thesupportsof our task,while a new taskwascreatedfor eachof
the - Å	{J� / .

In orderto beableto performthesechangesof thetaskstructurewehaveto changetheCORE
proof state(i.e. the FVIFT) accordingly. Consideringbackwardsapplicationwe have to replace- Ï / in theFVIFT with - Å|{ u / Ò+Ø6Ø6ØqÒ - Å|{i} / which have to be � -relatedbetweeneachother.
By openingwindows on eachof the - Å|{i� / we canthenmake themthegoalwindows of new
tasksasin 6.3.Notethatthenecessarytransformationof theFVIFT couldin principlebeobtained
by applicationof a replacementrule- Ï / F - Å|{ u / Ò6Ø+Ø6ØÐÒ - Å|{i} / (6.5)

to - Ï / .

For forward applicationthe situationis not much different. We also want to introduce -Å	{ u / Ò6Ø6Ø+Ø+Ò - Å|{ } / asgoalwindowsof new tasks(cf. 6.4)in orderto treatthemasnew subgoals.
However, we alsoneedto add - Ï / to the supportwindows of the currenttask. This means
we have to introduce - Ï / in � -relationto thegoalwindow of thecurrenttaskwhile - Å|{ u /Ò+Ø6Ø6Ø+Ò - Å|{i} / have to be � -relatedto - Ï / . This effect couldagainberealizedwith thehelpof
a replacementrule. - Å Á } / F - Ï / Ò - Å|{ u / Ò6Ø6Ø+ØÐÒ - Å|{ } / (6.6)

Here - Å Á / is the instantiationof an arbritrarypremise
Å Á

. We needthis instantiationonly to
introduce- Ï / andthe - Å|{ u / Ò6Ø+Ø6Ø+Ò - Å|{i} / into thecontext of

>
.

Theproblemwe have with rules6.6 and6.5 is that they arein generalnot admissiblein the
context denotedby the currenttask. They representspeculative proof stepswhich we have to
carry out by applicationof an oracle-rule. In the following, we will definehow a completed
outlinefor agivenmethodmatchingcanbemappedontoanoracle-rule.Thisoracle-rulewecall
aStateTransformationRule.

Definition 6.3.1 (StateTransformationRule) If
�

is a method,
Ã ÆÇÈÊÕ`MÛÌ É &acb éedgf h a completed

outline for this methodand
Ë��

and
ÂI�

as definedabove, then the statetransformationrule� alb éedgf h for this outlineis thefollowing:

� alb éedgf h �
m à Ëi��3 ÷R- Ï / ø áU- Ï / F ÂI�

if - Ï /z
 Ëi�à Ëi��3 ÷R- Å / ø á^- Å / F ÂI�
else

6Rememberthatweonly distinguishbetweenforwardandbackwardapplication.
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Therule for thecasethat - Ï /�
 Ëi�
realizesbackwardapplicationof

�
while therule for the

othercasecorrespondsto forward application.Note that in the latter case- Ï /z
 ÂI�
, that is- Ï / occurson theright-handsideof theoraclerule asrequiredin 6.6. Furthermore- Å / inË��

is anarbritraryelementfrom
Ëi�

which is non-emptybecausewemusthave
Ëi� \�o� in order

for amethodto beapplicable.Thetransformationrule definedhereonly worksfor methodswith
oneconclusionbut caneasilybegeneralizedto methodswith multipleconclusions.

Thestatetransformationrulesdefinedabovediffer from therules6.5and6.6in thatthelabels
of theinstantiatedarguments

Ëi�
appearasconditionsin thestatetransformationrule while they

did not occur in rules6.5 and6.6. The reasonfor this is simply that only termsthat occur in
an oraclerule canappearin the proof obligationwhich is introducedto warrantapplicationof
theoraclerule (cf. Section3.7). Hence,without theseparameters,thenew proof obligationthat
resultsfrom the oracleapplicationwould be

Ñ - Å|{ u / Ò6Ø6Ø6ØÐÒ - Å|{ } / ï - Ï / Ö â , which canin
generalnotbeproven.

The separationof instantiatedargumentsand uninstantiatedargumentsinto condition and
valuepartof theoracleis only technicallymotivatedaswill soonbecomeclear. In principle,any
distributionof thepremisesoverconditionsandvalueswouldhave thesameeffecton theFVIFT,
aswesaw in Section3.7.

Let us considerthe applicationof the statetransformationrule for backward applicationin
moredetail.Weconsideramethod

�
andacompletedoutline

Ã ÆÇÈÊÕ`MÛÌ É &acb éedgf h . Again,wedenote
the elementsin

Ëi�
as - Å Ávu / Ò6Ø6Ø6ØqÒ - Å Áew / . Similarly we refer to elementsfrom

ÂI�
as- Å|{ u / Ò6Ø6Ø+Ø+Ò - Å|{i} / . Whenwe now apply the correspondingstatetransformationrule, we

basicallyperformacutover- Å Á�u / î³Ø6Ø6Øëî - Å Á�w / î - Å	{ u / î³Ø6Ø6Øëî - Å|{i} /
We have seenin Section3.7 that this leadsto a replacementof the subtreefor - Ï / by two� -relatedtrees� and Ú . Let uslook at thesesubtreesin turn. Becausetheconclusionof amethod
canonly be instantiatedwith a positive occurrencethe first subtreeis of the form depictedin
FigureF14 andencodesthereplacementof thesubgoal- Ï / by new subgoals.In FigureF14

Úì�$� Ñ � Ñ - Å Ávu / â Ò6Ø+Ø6Ø - Å Á } / â� ��� ��|� Ù�� Á é Á � Ùq�
Ò - Å|{ u / â Ò6Ø6Ø+Ø - Å|{ } / â� ��� �/ b � { è � Ö â Ò - Ï / â Ö

FigureF14: Resultof StateTransformationRule. Occurrencesare labeledasconditionsand
valuesasindicated.

we have indicatedwhich of the subgoalsare classifiedas conditionsand which as valuesin
the oracleapplication. If we recall that the conditions - Å Á�� / â originatefrom instantiations- Å Á�� / = of a methodsarguments,we canseethatwe canusethis instantiations- Å Á�� / = to
closesubgoalsin theconditionlist immediately. We merelyneedto generatea replacementrule- Å Á�� / â F ÈOK Æ�É â from eachof theinstantiations- Å Á�� / = . With theseruleswe canthenclose
theconditionsubgoals.Theremaining,simplifiedsubtreeis thenthefollowing� Ñ � Ñ - Å|{ u / â Ò6Ø6Ø6Ø - Å|{ } / â� ��� �/ b � { è � Ö â Ò - Ï / â Ö
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This is exactly thereplacementof - Ï / thatwe wanted(cf. 6.5). By mappinga completed
outlineto anoraclerule we werethusableto replacea goal - Ï / with new subgoals- Å|{ u /ZâÒ+Ø6Ø6Ø - Å|{ } / â .

Now it becomesclearwhy we distributedthe instantiationsof theargumentsover thevalue
andconditionpart of the oraclerule. Whenapplyingthe oraclerule we obtain two lists. One
containsa window on eachof thevalues,thevalue-list, while theotherlist containswindowson
theconditionsof therule andis hencecalledtheconditionlist. This meansthatafterapplication
of astatetransformationrulewecanimmediatelycloseall windows in theconditionlist with the
helpof the replacementrulesgeneratedfrom the - Å Á � / = . Thenwe merelyneedto make the
windows in thevaluelist thegoalwindows of new tasksto obtainexactly thetransformationof
theagendathatwedescribedin Section6.3.

The secondsubtreethat is introducedby theoraclerule representstheproof obligationthat
resultsfrom theoracleapplication.Thetreewill beof theform� â �o� Ñ � Ñ - Å Á�u / = Ò6Ø6Ø+Ø - Å Á } / = Ò - Å|{ u / = Ò6Ø6Ø6Ø - Å|{i} / = Ö = Ò - Ï / â Ö â
We refer to the formularepresentedby this treeas �\â . Later, we will seehow we candefinean
expansionfunctionfor a methodthat,appliedto �\â , closesthis goal.

To updatethetaskstructureafterapplicationof astatetransformationruleasdescribedabove,
weextendtheinferencerulesfor tasksby a rule for oracleapplication.A�9 ËA Ò Ë 9�� â Ò A Ò Ë 9<Ú × Ò6Ø+Ø6Ø+Ò A Ò Ë 9<Ú Ù ÎBKeÔ8ÏqÕ�É à��Rá Ë�F �
where ÷ Ú × Ò6Ø6Ø6ØÐÒ Ú Ù8ø �G� 
 � . This rule is in principlesimilar to theapplyrule for replacement
ruleapplication.Theonly differenceis thattheruleabovegeneratesanadditionaltask A Ò > Ü 9t� â
whichencodestheobligationto show thevalidity of theoracle-step.

Notethatwecanusethis rulealsofor backwardapplicationof amethod.If wewantto apply
amethodto awindow  �
�A wesimplyusetheshift-ruleandmake   thegoalwindow, beforewe
applythestatetransformationwith thehelpof thejustdefinedrule.

6.4 SampleMethod Application

To studyhow applicationof a methodtransformsthe FVIFT and the taskstructureat handof
a concreteexamplelet us againconsiderthe method

ì þ ��Ú ä!" �
(see6.2) which appliesthe

transitivity of the
ì

-relationto thetask�¡� ô Ñ�È¸Ö = Ò Ñ¡+ ì�" Ö = Ò Ñ ô Ñ`�|¢eÖiï ? Ñ " ì ÎzÖ¸Ö = 9 Ñ£+ ì ÎzÖ â (6.7)

A possibleFVIFT that is representedby this task is shown in FigureF15 below. Let us now
try to apply the methodbackwardsto this task. The first stepwill consistof the computation
of a methodmatchingfor the method

ì þ ��Ú ä#" �
. What are the putative instantiationsfor

the argumentsof the method?By definition we have to restrictour searchfor instantiationsof
theconclusionto thepositive occurrencesin goalwindow of the task. Fortunately, we find that
the only occurrencein this window

Ñ " ì Î¥Ö â matchesthe formula scheme
Ñ ä ì Â�Ö

for the
conclusion. We thenhave to look for instantiationsof the premisesof the methodwithin the



53

9¥¤Ñ ô Ñ�È¸Ö î Ñ£+ ì�" Ö�Ö�= î ¤ Ñ ô Ñ`� ¢ Önï Ñ " ì ÎzÖ�= Ö�=Ñ ô Ñ�È¸Ö î ¤ Ñ£+ ì�" Ö¸Ö =
ô Ñ�È¸Ö = Ñ£+ ì�" Ö = Ñ ô Ñ`� ¢ Önï@? Ñ " ì Î¥Ö�Ö =

ô Ñ`�åÖ â Ñ "�ì ÎzÖ =
Ñ¡+ ì Î¥Ö â

FigureF15: FVIFT for task6.7¦§¨`© ª_«U¬ =�­ ¤ ¨®«¯ª1°¥¬ = ¨`© ª1°¥¬ â §¨`© ª±«^¬ â ­ ? ¨®«¯ª1°¥¬ â ¨`© ª1°¥¬ â
FigureF16: Replacementof

Ñ¡+ ì ÎzÖ â in FigureF15 asa resultof methodapplication.

supportwindows. We seethat the occurrences
Ñ£+ ì¯" Ö =

and
Ñ " ì ÎzÖ =

matchthe formula
schemesfor

Åå×
and

Å��
respectively. Althoughbothoccurrenceshaveanon-negativepolarity, onlyÑ£+ ì$" Ö =

qualifiesasaninstantiationof
Å ×

. Thereasonis thatthat
Ñ "�ì ÎzÖ =

is dependentonô Ñg� ¢ Ö
. Because

ô Ñ`� ¢ Ö
occursin thesameminimal subtreethatcontainsall windows of task �

(i.e. theentiretreein FigureF15) this is aviolationof therequirementwemadein thedefinition
of a methodmatchingandhence

Ñ " ì ÎzÖ(=
is no valid instantiationfor

Å��
. We endup with the

methodmatching Ä³Ô ÈÊÏJD³² = H|´¶µ|· æ ��- Ï#��Ñ¡+ ì ÎzÖ â Ò Å ×���Ñ¡+ ì�" Ö = / (6.8)

Fromthis methodmatchingweobtainthefollowing completedoutlinefor
�

- Ï#��Ñ£+ ì Î¥Ö Ò Åå×���Ñ£+ ì�" Ö Ò Å��¥��Ñ " ì Î¥Ö /
Notethatwehave

Ëi� �í÷ Ñ£+ ì�" Ö Ò Ñ£+ ì ÎzÖ'ø
and

ÂI� �í÷ Ñ " ì ÎzÖ'ø
. Thiscompletedoutline

canthenbemappedto a statetransformationrule. Accordingto definition 6.3.1we obtainthe
statetransformationrule à Ñ¡+ ì�" Ö á Ñ¡+ ì ÎzÖ¸F - Ñ " ì ÎzÖ / (6.9)

which can thenbe appliedto - Ï /K� Ñ¡+ ì ÎzÖ â . As a result, the occurrence
Ñ¡+ ì ÎzÖ â

in FigureF15 is replacedby the tree in FigureF16. We can seethat the instantiationof the
conclusion

Ñ¡+ ì ÎzÖ â is now replacedby two � -relatedsubtrees.Theright subtreeÚ"�$� Ñ � Ñ¸Ñ¡+ ì2" Ö â� ��� ��|� Ù�� Á é Á � Ù
Ò Ñ " ì ÎzÖ â Ö� ��� �/ b � { è � Ò Ñ¡+ ì ÎzÖ â Ö

containsnew windowsfor
Ñ£+ ì�" Ö â and

Ñ "�ì ÎzÖ â whichrepresentalternativesubgoalsto the
instantiation- Ï / of theconclusion.Theleft subtreerepresentsthenew proof-obligation� â � � Ñ£+ ì�" Ö = î ¤ Ñ " ì Î¥Ö = ï ¤ Ñ£+ ì Î¥Ö â (6.10)
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Wefirsthavealookonthewindowsfor thenew occurrences
Ñ£+ ì�" Ö â and

Ñ " ì ÎzÖ â in Ú . The
window on theoccurrence

Ñ¡+ ìC" Ö â originatesfrom theconditionof theoracle-rule.Because
every occurrencein theconditionpartcorrespondsto anactualargumentof themethod,we can
usethis instantiationto closethesubgoalrepresentedby thisoccurrence.In theexample,thenew
occurrenceoriginatesfrom the instantiation

Ñ£+ ìS" Ö =
of

Å ×
from which we canconstructthe

rule:
Ñ¡+ ì�" Ö â F ÈOKeÆ�É â whichprovestherespectivewindow.

Applicationof the tactic is completedwhentherule
Ñ¡+ ì¹" Ö â F ÈOK Æ�É â is appliedto the

conditionwindows. We have thentransformedthesubtreeÚ intoÚ Ü �$� Ñ � Ñ�ÈOK Æ�É â Ò Ñ "�ì Î¥Ö â� ��� �/ b � { è � Ö Ò Ñ£+ ì Î¥Ö â Ö
It is worthwhile to point out that the intermediatestep,which closesthe conditionwindow, is
carriedoutautomaticallyandis henceinvisible to theuser. Theoccurrence

Ñ " ì ÎzÖ â is thusthe
only realsubgoalthatis introducedthroughapplicationof themethod.

Eventually, we have to replacetask6.7 by tasksfor subtreesÚ Ü
and � on the agenda.This

meansthattask6.7becomesreplacedbym ô Ñ�È¸Ö Ò Ñ¡+ ì�" Ö = Ò Ñ£V)� Ø ô Ñg�åÖiï Ñ "�ì ÎzÖ = Ö = 9 Ñ " ì Î¥Ö âô Ñ�È¸Ö Ò Ñ¡+ ì�" Ö(= Ò Ñ£V)� Ø ô Ñg�åÖiï Ñ "�ì ÎzÖ�= Ö�= 9��Íâ º
As we pointedout above, the secondtask representsthe obligation to show that the method
applicationwasindeeda valid step;i.e. we have to providea proof of thelemmaencodedby the
method.Currentlythesystemautomaticallyclosesthis taskby applyingthemethodexpansion
function to it if this function is specified. Alternatively, onecould delay the expansionof the
methodor evenabandonit completelyif oneis not interestedin aproof of thelemma.

6.5 Method Expansion

Sofar, we have definedwhata methodfor theCORE systemis andhow we apply it to a given
proof state.Wehavealsoseenthatapplicationof amethodÅ ×�� ô × Ø+Ø6Ø ÅMÙ»� ô ÙÏ#�¡Â �
introducesanew proof-obligation� â � � Ñ - Å × / î¯Ø+Ø6Ø'î - ÅMÙ / ï - Ï / Ö â
with the correspondingtask �³¼�½ � �kAC9 Ñ - Å × / î¯Ø+Ø6Ø�î - ÅMÙ / ï - Ï / Ö â Whenwe
look at theabove formula, it becomesclearthatalthoughtheexactproof-obligationdependson
the actualarguments- Å Á / and - Ï / , all proof-obligationsthat arethe resultof applyinga
particularmethodwill usuallysharea commonoverall structure.Sincein many casesmethods
areabstractproof stepsthatmerelyabbreviatea frequentlyusedsequenceof inferences,we can
usethissequenceof inferencestepsto closetheproof-obligation�Íâ . This is whatwewill referto
asmethodexpansion. In otherwords,for mostmethodstheproofof theresultingproof-obligation� â follows a certainschemewhich is known at thetime themethodis specified.We will encode
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this knowledgeof how to expanda method(i.e. closingthe resultingproof obligation)in little
programs.We soobtainexpansionfunctionsthat,appliedto theproof-obligation,automatically
applyCORE calculusrulesto rewrite theproof-obligationto

ÈOKeÆ�É â .

As a simpleexamplelet us considerthe expansionfunction of the
ì þ ��Ú ä#" �

method.
We have seenthat after applicationof this methodthe resultingproof-obligationwill be of the
following form Ñ£+ ì�" Ö = î ¤ Ñ " ì ÎzÖ = ï ¤ Ñ£+ ì Î¥Ö â
Wecanalwaysobtainaproofof this goalby performingthefollowing steps.

1. Searchfor the definition of
ì 7 ; i.e

Ñ ä ¢ ì ê ¢U¾ � 
 ä ¢ ï � 
 ê ¢ Ö =
in thesupport

windows A of task �³¼�½ � .

2. Generatetherule
Ñ ä ¢ ì ê ¢ ÖÀ¿�F - Ñ`� 
 ä ¢ ïÁ� 
 ê ¢ Ö / ¿ from this definition.

3. Apply this rule to occurrences
Ñ¡+ ìo" Ö = Ò Ñ " ì ÎzÖ =

and
Ñ¡+ ì ÎzÖ =

respectively which
changesthecontentof thegoalwindow toÑg� 
 + ïÁ� 
 " Ö = î ¤ Ñ`� 
 " ïk� 
 ÎzÖ = ï ¤ Ñ`� 
 + ï � 
 ÎzÖ â

4. Focusto
Ñg� 
 ÎzÖ â .

5. Generateandapply:
� 
 Î â F - � 
 " â / Ò � 
 " â F - � 
 + â / Ò � 
 + â F -ÈOK Æ�É â / in turn.

At themoment,we write expansionfunctionslike theoneabove in COREs tacticspecifica-
tion languagewhich is basicallyaLisp-like languageenrichedby certainkeywords(e.g.try, fail,
. . . ) that facilitatebacktracking.This meansthat theexpansionfunctionswe useareessentially
CORE tactics.

6.6 Integration of AutomatedReasoners

In ß MEGA it is possibleto integrateautomatedreasoningsystemssuchasOTTER [McC90] and
MACE [McC94] into the interactive proof process. To closesubgoalsautomatically ß MEGA

providestactics,suchasÅå×�� ô × Ø6Ø6Ø ÅMÙ�� ô ÙÏ!��Â OTTER

Å ×�� ô × Ø6Ø6Ø ÅMÙ�� ô ÙÏ!��Â MACE

that justify a goal
Â

from the premises
ô × Ò6Ø6Ø+ØÐÒ ô Ù

by a call to the first-ordertheoremprover
OTTER or thepropositionallogic decisionprocedureMACE. Tacticsthatincorporateotherexter-
nal reasoningsystems,likeTPS or computeralgebrasystems(CAS)havealsobeenimplemented
in thesystem(see[BBS99] and[Sor01]). Proofsthatarefoundby externaltheoremproversare
translatedto ß MEGAs ND calculusin theexpansionof thetactic.

7We have encodedthis definition asan assertionwhich is representedby somepart of the FVIFT. However,
althoughwe know thatit is containedin a supportwindow of thecurrenttask,wedo not know in which.
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Using themethodsthatwereintroducedin this chapter, we canintegrateexternalreasoning
systemsinto CORE in muchthesameway. If we extendthemethodspecificationlanguageto
allow for the encodingof methodswith a flexible numberof premiseswe candirectly encode
methodsthatcarryout theinferencesof thetacticsabove.

However, to realizeexpansionof thesemethodswould requirethe adaptationof proof- and
calculustransformationapproacheslike TRAMP (see[Mei00]) andSAPPER (see[KKS98] and
[Sor00])to CORE.

In Chapter8 we will describehow the suggestionmechanismß ANTS canbe usedto apply
methodsthat make useof externalreasoningproversto inactive taskson theagenda.This will
enableusto tackleinactivesubproblemswith automatictheoremproversin timeswhentheuser
remainsinactive.

6.7 Limitations of the Approach

Theconceptof a methodthatwasintroducedin this chapterroughlyresemblestheoriginal con-
ceptof a methodassuggestedby [Bun88] wherea methodis a specificationof an LCF style
tactic.To seewhy, rememberthatwecarryout theabstractinferencestepdescribedby amethod
throughapplicationof a statetransformationrule. This rule allows us to refinea goal to some
subgoals.However, to justify this refinement,thesystemcreatesanadditionalproof obligation
which we closeby applyingtheexpansionfunctionof themethodto it. Sincewe chooseto im-
plementthisexpansionfunctionasan(LCF style)CORE tacticwecanseeaCORE methodasa
wrapperfor a CORE tactic. In thelong run onecouldenvisiona differentexpansionmechanism
whichmakesit possibleto describetheexpansionof amethodin amoredeclarativeway.

However, themethodsfor theCORE systemlack animportantfeatureof the ß MEGA meth-
ods. In CORE we canonly usemultiple levelsof abstractionin thespecificationof a methodif
wecomposetheexpansiontacticoutof smallertactics.In ß MEGA weareableto useothermeth-
odsin theexpansionof amethod.Also,while expansionof ß MEGA methodscanbedeclaratively
specifiedin form of a partialproof fragment,theexpansionmechanismwe have introducedhere
restrictsusto aproceduraldescriptionof theexpansion.Whatneedsto bedoneat this point is to
developa declarative languagefor specifyingexpansionsin which methodscanbecompounded
to larger methods.This would basicallymeanto introducemethodicals(asdefinedby [RS01])
into our methodspecificationlanguage.

6.8 Syntaxof the SpecificationLanguage

Now that we know what a methodis in the context of the CORE system,we want to be able
to specifysuchmethods.We thereforeintroducea languagein which methodscanbespecified.
Thislanguageis basedonelementsfrom thelanguagesin whichmethodsandtacticsarespecified
in ß MEGA . It aimsat usingdeclarative elementsfor thedescriptionof methodsandapplication
directionswherever possibleto increasereadability. A completespecificationof the language
for methoddeclarationis given in form of a BNF-grammarin (FigureF22, Appendix). 8We

8Thelanguagedescribedin this chapteralreadyallows for thespecificationof multiple conclusionsandhypoth-
esisfor particularpremiseswhich is not yetaccountedfor in ourconceptof a method.
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will seethat the distinctionbetweenmethodsandapplicationdirectionsis alsoreflectedin the
specificationlanguage.Let usfirst look at how wespecifymethods.

6.8.1 SpecifyingInfer enceSteps

A method( - inference/ ) is specifiedaccordingto thefollowing scheme.- inference/ ::= (defmethod - name/
(in - theory/ )
(declarations

(type-variables - typevar-list / )
(variables - var-list / )
(methodvars - mvar-list / ))

(parameters - name-list/ )
(premises - arg-list / )
(conclusions- arg-list / )
(outline-mappings( - map-list/ ))
(expansion - name/ ))

Here - name / is the nameof the inferenceand - theory / is the theory to which the
inferencebelongs.In thedeclarationspartof a methodwe canintroducevariablesthatwill be
visible in all partsof themethoddeclarationaswell asin theapplicationdirectionsthatbelong
to themethod.Wedistinguishbetweenthreekindsof variables.Typevariablesarevariablesthat
rangeover types.Wecanuseany string( - name/ ) to declarea typevariable:- typevar-list / ::= - type-var / T XT - type-var /.- typevar-list /- type-var / ::= - name/

In the variables sectionwe introducevariablesof a certaintype accordingto the following
grammar- var-list / ::= - var / T XT - var /2- var-list /- var / ::= ( - name/.- type / )

Types - type / can be definedaccordingto the schemebelow. Note that the - type-list /
constructallows us to specify functional types. For instancethe type list (o N M) describes
thefunctionaltype

Ñ¡+ F " ÖÂF Ã
. Accordingly, (a (o N M)) specifiesa variable

Ô
of typeÑ£+ F " ÖzF Ã

. Note that - basetype/ comprisesall typesdefinedin theory - theory / and- typevar-list / .- type / ::= - basetype/T - type-var /T
( - type-list / )
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- type-list / ::= - type / T XT - type /2- type-list /
Methodvariablesarevariablesof arbritrary type that canbe usedto storeintermediatere-

sultscomputedby thecomputationfunctionsin theapplicationdirectionsof a method.Typesof
methodvariablescanbeconstructedout of simplertypeswith thehelpof typeconstructorssuch
as- constructor/ ::= listof

T
pairof

T
. . .

andthefollowing grammarrules- mvar-list / ::= - mvar / T XT - mvar /�- mvar-list /- mvar / ::= ( - name/2- mvar-type / )- mvar-type / ::= - basetype/T
( - constructor/�- mvar-type / )

Currently, listof andpairof arethe only predefinedtype constructors.However, additional
constructorsandbase-typescanbeintroducedeasilyby theuserof thesystem.

Thethenfollowing partsof amethoddeclarationintroducethearguments(premisesandcon-
clusions)aswell asadditionalarguments(parameters)of a method.We candefineany variable
declaredin the methodto be a parameterby using the - name-list / construct. Premisesand
conclusionsconsistof argumentsnamestogetherwith a declarative descriptionof the formula
scheme- decl_content/ for therespectiveargument.- arg-list / ::= - arg / T XT - arg /.- arg-list /- arg / ::= ( - name/.- decl_content/ )

Thedeclarativedescription- decl_content/ canbeany termover thethesymbolsandvariables
thataredeclaredin themethodor in thecorrespondingtheory - theory/ . Asanexampleconsider
the alreadyfamiliar formula scheme

ì Ñ ä Ò'ê Ö
which we would describeas(subset A B),

assumingthatthesymbolsubset is definedin - theory/ andA andB arevariablesof type(o
a) for sometypeor typevariablea.

By usinghigher-order variablesin the declarationsof formula-schemes,the methodinter-
pretercancomputevaluesof non-instantiatedargumentsby a pattern-matchingprocess.This
patternmatchingprocesssubsumesthecomputationfunctionsof theapplicationdirectionsof a
methodthatwereintroducedin Section6.2.

An importantpartof themethoddeclarationis thespecificationof theoutlinemappingwhich
is doneaccordingto the following part of the grammar9 where - name / is the nameof the
applicationdirectionto whicha methodmatchingis mapped.- map-list/ ::= - mapping/T - mapping/�- map-list/- mapping/ ::= (( ÷ existing

T
nonexisting

ø�Ã
) - name/ )

T X
9Notetheslightabuseof thenotation,whereweusearegularexpressionin thegrammar.
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To mapamethodmatchingto anapplicationdirectionweassumethattheargumentsof themeth-
odsarealwaysorderedasfollows,where

Ï6× Ò6Ø+Ø6Ø+Ò Ï��
aretheconclusionsof themethod,

Å × Ò6Ø6Ø6ØqÒ Å �
arepremisesand Ä × Ò+Ø6Ø6Ø+Ò Ä Ù aretheadditionalparameters:Î � à Ï6× Ò6Ø6Ø+Ø+Ò Ï�� Ò Å × Ò6Ø6Ø+Ø+Ò Å � Ò Ä × Ò6Ø6Ø6ØÐÒ Ä Ù á
We thenusea string

Ä � Äg× Ø+Ø6Ø Ä_Å ÆÇÅ
over ÷ É���M   ÈOMÛÌ Ó T Ì Ã�Ì É���M   ÈOM"Ì Ó ø�Ã of length

T�Î6T
to describea

setof methodmatchingsasfollows:
Ä

describesa matching
Ä³Ô ÈÊÏJD	�

if f for all
M � ÿ Ò+Ø6Ø6Ø+Ò T�Î:T

thefollowing holds:
Ä Á � É���M   ÈÊÉ6ÌåÈ if f

Ä³Ô ÈÊÏJD)��Ñ"Ô8Ö
is definedfor theargument

Ô
at position

M
inÎ

.

This concludesour descriptionof the specificationof methods. We now investigatehow
applicationdirectionsof amethodarespecified.

6.8.2 Application Dir ections

Applicationdirections( - appl-dir / ) mustbespecifiedaccordingto thefollowing grammar- appl-dir / ::= (defdirection - name/�- name/
(declarations

(type-variables - name-list/ )
(variables - var-list / )
(methodvars - mvar-list / ))

(hypothesis - hyp-list / )
(premises- arg-list2 / )
(conclusions- arg-list2 / )
(application-conditions - list-of-expr / )
(outline-computations- comp-list/ ))

Here - name / and - name / correspondto the nameof the applicationdirection and the
methodto which it belongs,respectively. The declarationspart is similar to the one usedin- inference/ , but all variablesdeclaredhereareonly locally visible to theapplicationdirection.
In thehypothesispart- hyp-list / ::= - hyp / T XT - hyp /2- hyp-list /- hyp / ::= ( - name/�- decl-content/ :for - name/ )

we canintroducehypothesisfor someof themethodsarguments.In principle,thedeclarationof
hypothesisis similar to thedeclarationsof argumentsin amethod.Wealsospecifyanameanda
formulaschemefor thehypothesis.However, for eachhypothesisthatwe introducewe have to
give the - name/ of thepremiseto which thehypothesisbelongs.This is donewith thehelpof
the:for keywordabove.

Next, weneedto definefor eachargumentof themethodhow aninstantiationof thisargument
"behaves" in the taskto which we apply themethodin therespective direction;i.e. whetherthe
instantiationof theargumentshouldbeaddedor removedfrom the taskafterapplicationof the
method.We do this by pairingeachargumentnamewith asign  �
�÷�P Ò þ ÒiÈ ø

:
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- arg-list2 / ::= - arg2 / T XT - arg2 /�- arg-list2 /- arg2 / ::= ( PC- name/ )T
(
þ - name/ )T

(
È - name/ )

Thesemanticsof this annotationsis thefollowing: argumentslabeledwith " P " areaddedasnew
windows to a task after applicationof the method. Accordingly, in applicationdirectionsfor
backwardapplicationwecanonly labelpremiseswith " P " thatdo notbecomeinstantiatedwhen
applyingthemethod.In applicationdirectionsthatrealizeforwardapplications,only conclusions
canbelabeledwith " P ".

Exactlytheconverseis indicatedby a"
þ

" label.Argumentswith this labelareremovedfrom
thetaskafterapplicationof themethod.In general,weannotateconclusionsin backwardapplica-
tion directionswith "

þ
". However, it might ocassionallymake senseto remove theinstantiation

of a premisefrom a taskwhenwe apply a methodin forward direction. Considerfor example
a situationwherewe apply a methodin forward directionandwant to canceloneof the used
premisesafterwards. This could for instancebe the case,whenwe usea methodto simplify a
premiseÉzP � P ÿ ý with thehelp to

� P ÿËÊ
10. In this situationwe might want to get rid of the

initial premisebecausewenow haveobtainedanequivalent,but simplifiedversion.

The "
È
" label causesa default behavior of the argument. Argumentslabeledwith "*" must

be instantiatedin therespective methodmatchingandremainin thetaskafterapplicationof the
method.

The next stepin the specificationof an applicationdirectionarethe applicationconditions.
Application conditionsarearbritrary Ì Ë � ô -expressionsthat mustall evaluateto

ÈOKeÆ�É
in order

for the methodto be applicablein that direction. Using applicationconditionswe canencode
local constraintsas to whento apply the methodin the particulardirectionrepresentedby the
applicationdirection.

(application-condition - lisp-expr / )

Eventually, outlinecomputations- comp/ canbespecifiedto bind methodsvariables.Out-
line computationscanbearbritraryLISPexpressionsthatmayevenreturnmultiplevalues.These
valueswill beassignedto themethodvariablesin - val-list / .- comp-list/ ::= - comp/ T X- comp/�- comp-list/- comp/ ::= ( - val-list /�- lisp-expr / )

6.8.3 Specifying Í Î6ÏÑÐZÒ�ÓGÔ
In thissectionwestepthroughthespecificationof ouralreadyfamiliarsamplemethod

ì þ ��Ú ä#" �
to seehow thelanguageintroducedabove is usedto specifyconcretemethodsin CORE.Wefirst

10In Suchmethodscanberealizedby callsto externalcomputeralgebrasystems
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definethemethodthatdescribestheinferencestep
ì þ ��Ú ä#" �

beforewe turn to thespecifica-
tion of theapplicationdirections.

Let usstartwith thedeclarationspartof themethod.Becausewewantto applythemethodto
setsof arbritrarytype,wedeclarea typevariableaa andvariablesa, b andc for setsof type(o
aa) whichwewill useto describetheformulaschemeof our method.

(declarations
(type-variables aa)
(variables (a (o aa)) (b (o aa)) (c (o aa))))

Next, we needto introducethe argumentsof the method. Our methodhasthreeargumentsÅ ×
,
Å��

and
Ï

andno additionalarguments. The formula schemefor the argumentsis given in
6.2. Accordingly, we declarethearguments

Å ×
,
Å��

and
Ï

asfollows (we assumethatsubset is
alreadydeclaredin theorynaive-set).

(premises (P1 (subset a b)) (P2 (subset b c)))
(conclusions (C (subset a c)))

What is left to specifyarethe outline mappingsof the method. We want to apply the method
in threedirections. Forward (

Å ×
and

Å��
, but not

Ï
are instantiated)and in two differentback-

ward directions(
Ï

and
Å��

but not
Å ×

instantiated,and
Ï

and
Å ×

but not
Å��

instantiated).We do
thisby introducingtheapplicationdirectionssubsettrans-m-f,subsettrans-m-b1 and
subsettrans-m-b2 respectively. Thisyieldstheoutlinemapping

(outline-mappings
(((nonexistent existent existent) subsettrans-m-f)
((existent existent nonexistent) subsettrans-m-b1)
((existent nonexistent existent) subsettrans-m-b2)))

Eventually, wespecifytheCORE tacticthatweuseto expandthemethod.

(expansion subsettrans-m-exp)

In fact,subsettrans-m-exp is aCORE tacticthatimplementsthealgorithmonpage55.
Puttingthepiecestogetheryieldsthefollowing methodspecification.

(defmethod subsettrans
(in naive-set)
(declarations
(type-variables aa)
(variables (a (o aa)) (b (o aa)) (c (o aa)))
(parameters )
(premises (P1 (subset a b)) (P2 (subset b c)))
(conclusions (C (subset a c)))
(outline-mappings
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(((nonexistent existent existent) subsettrans-m-f)
((existent existent nonexistent) subsettrans-m-b1)
((existent nonexistent existent) subsettrans-m-b2)))

(expansion subsettrans-m-exp)
(manual "")
(help "")))

We still needto definethe applicationdirectionsfor the method.For this particularsample
methodthis is rathereasy. We only considertheforwarddirection.applicationdirectionsfor the
otherdirectionscanbespecifiedanalogously.

Becausewe do not want to restrict forward applicationof the methodwe can leave the
application-conditionempty(the emptyapplicationdirection is equivalentto

ÈOK ÆåÉ
). Similarly,

we do not needany additionalcomputations.Hence,we merelyneedto annotatepremisesand
conclusionsof the methodwith P ,

þ
and

È
. The conclusion

Ï
hasto be addedto the support

windows of the taskandis labeledaccordinglywith P . Becausewe want instantiationsof the
premisesto remainin thetaskafterapplicationof themethod,we annotate

Å ×
and

Å��
with

È
. At

theend,weobtaintheapplicationdirection

(defdirection subsettrans-m-f
subsettrans-m
(premises (* P1) (* P2))
(conclusions (+ C))
(application-conditions
)

(outline-computations
)

(manual "")
(help ""))

6.9 Chapter Summary

In this chapterwe startedwith a comparisonof the tacticsandmethodsof the ß MEGA system.
We have seenthat they have muchin common;i.e. they areboth declarative specificationsof
inferencesteps. We have thereforearguedthat thesemethodsand tacticscan in principle be
subsumedunderauniformdatastructure.

We thenintroduceda notionof a methodfor theCORE systemwhich canbeusedfor inter-
activeaswell asfor automatedproof planning.Whenwe developedtheconceptof a methodwe
tried to separatethe inferencestepdescribedby a methodfrom the differentapplicationdirec-
tions of that inferencestep. This distinctionbetweena methodandits applicationdirectionsis
alsoreflectedin thespecificationlanguagethatweintroducedto beableto definemethodsfor the
usein CORE.

So far we have not beenconcernedwith finding putative instantiationsfor a methodsargu-
ments.In theremainderof this thesiswe will adaptß MEGAs concurrentsuggestionmechanismß ANTS to CORE whichwill thenbeableto identify methodsthatareapplicablein agivenproof
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stateandalsosuggestinstantiationsof themethodsarguments.Beforedescribinghow ß ANTS

wasmodifiedandadaptedto CORE wedescribethemechansimin somedetail.
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Chapter 7

The Õ ANTS suggestionmechanism

In the previous chapterswe have worked on making the interactive useof CORE moreuser-
friendly. We have introducedthe conceptof tasksto make properuseof COREs strengthin
applyingassertions.Furthermore,we introducedmethodswhich enableus to performabstract
proof steps.However, let us think abouthow we canfurther supportthe interactive useof the
system.Threeissuesmake interactiveproofconstructionin CORE still difficult.

Thefirst problemis concernedwith theapplicationof replacementrules. Having selecteda
replacementrule for application,we have to identify thetermpositioninsidetheactive window
at which we want to apply the rule. Whenthe active window containsa large formula this can
becomequitedifficult. Furthermore,althoughthesystemnow heuristicallyselectsreplacement
rulesfor applicationof aparticularassertion(cf. Sec.5.1) this choicemightsometimesbeincor-
rect. In thiscasewehave to retreatto checkingall admissiblereplacementrulesfor applicability.
Wehavearguedearlierthatthiscanbecomequitetedious.

A similar problemholds for methods.Becausethe numberof methodscaneasilybecome
large, it is difficult to keeptrack of all methodsavailablein the system,let aloneto determine
which of themethodsareapplicable.This pointsusdirectly to the third problem. Assumethat
we have selecteda methodfor application.How do we instantiatetheargumentsof themethod?
Rememberthat in the caseof CORE we do not instantiatemethodswith proof lines that can
easilybereferenced.Rather, we instantiateargumentswith subformulasinsidethewindowsof a
giventask.Identificationof putative instantiationsis hencenot trivial.

This motivatestheneedfor a suggestionmechanismthatautomaticallycheckswhich meth-
odsor replacementrulesareapplicablein a givenproof stateandthensuggeststheserulesand
methodsfor application.Ideally, themechanismis alsoableto providesuggestionsof how to in-
stantiatetheargumentsof anapplicablemethod.In the ß MEGA systemthis job is handledby the
multi-agentarchitectureß ANTS (see[BS98, BS00]and[BS99b] for anextensionof thesystem).
This architectureis basedon societiesof agentswhich computepossibleargumentinstantiations
for ß MEGAs inferencerulesin thetimebetweentwo userinteractions.Theseargumentinstantia-
tionsarethenheuristicallyorderedandmostpromisinginstantiationsaredynamicallypresented
to theuserassuggestionsabouthow to continuetheproof.

The ß ANTS mechanismis in principle calculusindependentand it shouldthereforebe no
problemto adaptit to the CORE system. In this chapterwe will introducethe mechanismin
more detail before the next chapterdescribeshow the mechanismcan be adaptedto support
interactivereasoningin CORE.
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Before turning to the descriptionof the ß ANTS systemit is necessaryto characterizethe
inferencerulesthatcanbesupportedby ß ANTS.

7.1 Supported Infer enceRulesß ANTS computesargumentinstantiationsfor inferencerulesthatconsistof premises
Å × Ò6Ø6Ø+Ø+Ò Å a ,

conclusions
Ï6× Ò6Ø+Ø6Ø+Ò Ï'Ù

andpossiblyadditionalparametersÄ × Ò+Ø6Ø6Ø+Ò Ä � thatareassociatedwith for-
mula schemes

ô × Ò6Ø6Ø+ØÐÒ ô a , and
Â�× Ò6Ø6Ø+Ø+Ò Â~Ù

which constrainpossibleinstantiationsof the argu-
ments.That is, theinferencerulesthatcanbesupportedby ß ANTS areof thefollowing general
form Å ×�� ô × Ø+Ø6Ø Å a � ô aÏ6×���Â�× Ø+Ø6Ø Ï'Ù���Â~Ù Ö Ñ Ä × Ò+Ø6Ø6Ø+Ò Ä �KÖ
Notethat this generalform comprisesß MEGA tacticsandcalculusrulesaswell asthemethods
thatwe introducedfor theCORE systemin Chapter6.

It is typical for this typeof inferencerulesthat therearestrongsyntacticaldependenciesbe-
tweenthe argumentsof a rule. Thesedependenciesmanifestthemselfsin two ways: Firstly,
actualargumentinstantiationsfor someargumentsof a rule put syntacticconstraintson possi-
ble instantiationsof otherarguments.Secondly, whensomeargumentsare left uninstantiated,
theseargumentshave to be computedfrom alreadygiven instantiationsof argumentsby a pat-
ternmatchingprocess.This is bestillustratedby usingthe

ï ¼ rule of the ß MEGA systemasan
example.Theargumentpatternof the

ï ¼ rule is thefollowingÅå×�� ä Å��¥� ä ï êÏ!� ê ï ¼
(7.1)

Hereonefindsthefollowing syntacticalconstraints:theargument
Å ×

hasto be instantiatedwith
a formula

ä
which is syntacticallyequalto theantecedentof theimplication

ä ï ê
thatserves

asan instantiationof - Å�� / . A similar dependency holdsbetweenthe argumentinstantiation- Ï / for
Ï

andthesuccedentof
Å|�

. Hence,instantiatingsomeargumentsof an inferencerule
restrictsthesetof putative instantiationsfor theremainingarguments.

In ß ANTS weaccountfor thisdependenciesby specifyingagentsocietiesfor eachrule. Each
agentin a society is specializedto searchfor instantiationsof one particularargumentof an
inferencerule by taking into accountinstantiationsof otherargumentsthat arealreadypresent.
Thishastheadvantagethattheorderin whichinstantiationsfor theseargumentsareprovideddoes
notmatter, becauseit is possibleto specifyoneagentfor eachcombinationof existing/nonexisting
instantiations.

7.1.1 Partial Ar gument Instantiation (PAI)

The conceptof a partial argumentinstantiation (PAI) is crucial for the understandingof theß ANTS system.Whenspeakingaboutpartialargumentinstantiationswe alwayshave in mind a
mappingfrom theargumentsof an inferencerule to actualinstantiationsof thesearguments.In
general,argumentsneedto beonly partially instantiatedfor aninferencerule to beapplicable.In
this sense,PAIs areexactly themethodmatchingsintroducedin Chapter6. In thecontext of the
CORE systemweagreeto usethetermsPAI andmethodmatchingsynonymously.
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The main computationaltaskof ß ANTS is to computemostcompletepartial argumentin-
stantiationsfor eachinferencerule in agivenproofstate.Sinceonly rulesfor whichanon-empty
PAI exists areapplicable,this alreadyallows us to filter out ruleswhich cannotbe appliedin a
givensituation.

Computationof partialargumentinstantiationsis doneby societiesof agentsthatconcurrently
gatherinformationaboutthe currentproof state. Theseagentswork in the backgroundof the
theoremproving processin thetimewhile theuserremainsinactive.

The choicefor a concurrentcomputationmodelis mainly motivatedby two considerations:
Firstly, computationof someargumentsmightinvolvesomeundecidableproblemssuchashigher-
orderunification. In a sequentialcomputationthis couldpreventsomecomputationsfrom being
executed. Secondly, somecomputationsmight be computationallylessexpensive than others
andcan thereforebe expectedto deliver a result earlier in time. The useof concurrentcom-
putationsmakesit possibleto presentthe resultof the agentscomputationsdynamicallyto the
user. Argumentinstantiationsthatcanbequickly computedwill bereportedimmediatelyto the
userwhile computationallyexpensiveprocessesdeliver their resultswith a respectivedelay. The
dynamicpresentationof suggestionsdoesnot force the userto wait until all computationsare
finished.Ratherhecanapplya suggestionat any time,wherethequality of thesuggestionsusu-
ally improvesthemoretime is givento theagents.Distributionof computationsandtheanytime
characterof thecomputationsarethemainstrengthsof the ß ANTS mechanism.

Whenwenow describethe ß ANTS architecturewedothiswith respectto the ß MEGA system
to seemoreclearlywherethecurrentimplementationhasto bechangedin orderto supportproof
constructionin CORE.

7.2 The Ar chitecture

The ß ANTS mechanismis essentiallya threelayeredblackboardarchitecture(seeFigureF21,
page81). At the lowest level, societiesof agentsconcurrentlycomputePAIs for the available
inferencerules. At the secondand third layer thesePAIs are thensortedaccordingto certain
heuristicsin orderto presentonly themostpromisingsuggestions(thesearecurrentlythemost
completePAIs) to theuser.

Wenow introducethearchitecturelevel by level, startingat thelowestlevel, atwhichthecore
computationstakeplace.

7.2.1 Ar gumentAgents

The core computationsof the ß ANTS mechanismare executedin parallel by societiesof so
calledargumentagents(depictedin Redin FigureF21). Onesuchagentsocietyis associated
with eachinferencerule thatis supportedby thesuggestionmechanism.Within asociety, agents
cooperatively try to computea mostcompletePAI for the respective inferencerule. To beable
to do so, every argumentagentwithin a society is specializedfor providing instantiationsof
a particularargumentof the inferencerule. Computationsof actualargumentsare in general
dependenton information containedin alreadyinstantiatedarguments. Every argumentagent
thereforetakesa PAI asinput andtries to instantiatea furtherargumentof thatPAI. In orderto
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characterizethe computationsperformedby the argumentagentswe distinguishbetweenthree
kindsof agents.

Thefirst classof argumentagentscomprisesagentsthatsearchthesupportlinesof ß MEGAs
proof-datastructurefor putativeinstantiationsof theirassociatedargument(i.e. apremise).Those
agentsarecalledsupportagents.

Agentsworking for conclusionsof an inferencerule performtheir searchamongsttheopen
nodesof thecurrentproofstate.Agentsof this typearehencecalledgoalagents.

Thecomputationsof theindividualargumentagentsareasimplesearchthroughtheopen-and
supportlinesof aproofstate.For everysuchline anargumentagentdecideswhethertheformula
of this line matchesthecorrespondingschemeof theassociatedargument.If a formulamatches
theformulaschemeanddoesnot conflict with alreadyexisting instantiationsof otherarguments
thenthecorrespondingproofline will besuggestedasaninstantiationfor therespectiveargument.
Technicallythe computationsareperformedwith the help of a Lisp-predicatewhich hasto be
specifiedfor eachargumentagent. This predicatewill be appliedto putative instantiationsand
returns true , if the respective nodeis an instantiationfor thecorrespondingargument.Hence,
goalandsupportagentsarealsoreferredto aspredicateagents.

A third kind of argumentagentsdoesnot searchfor instantiationsof premisesor conclusion,
but simplycomputesinstantiationsfor theadditionalargumentsof aninferencerule (e.g.compu-
tationof a mostgeneralunifier). Theseagentswill becalledfunctionagentsaccordinglyandare
equippedwith a functionratherthanapredicate.

7.2.2 SpecifyingAr gumentAgents

Argumentagentsarethe only part of the architecturethat hasto be specifiedby the user. The
remainingcomponentsaregeneratedautomaticallyby thesystem.Argumentagentsarespecified
in a Lisp-like language.At this point, we provide a brief, informal descriptionof the language,
which is followedby anexamplefor anagentspecification.

Thekeywordss-predicate,c-predicate andfunction areusedto specifythetype
of anagent;i.e. s-predicate denotesasupportagentwhilec-predicate introducesagoal
agent.Not surprisingly, functionagentsaredenotedby function. Theremainingspecification
of an agentconsistsof two parts. The first part definesa dependence, goal andexclusionset
which specifywhich informationmustbe presentin a PAI for the agentto be applicableon it.
Thesethreesetsarethefollowing:p DependenceSet: Argumentsin thedependencesetof anagenthave to bealreadyinstan-

tiatedin aPAI in orderfor theagentto beapplicable(seeabove).p ExclusionSet: containsnamesof all argumentsof acommandthatmustnotbeinstantiated
for theagentto beapplicableon therespectivePAI.p Goal Set: Containsall argumentsfor which theagenttriesto computeaninstantiation.

Dependenceset, exclusion set and goal set have to be mutually disjoint. The union of these
setshowever hasto be the completeargumentset of the inferencerule. By specifyingthese
setsfor eachargumentagentwe canmake surethat agentsonly work on PAIs which contain
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the informationthat is relevant for their computations.Goal,dependenceandexclusionsetare
declaredwith thehelpof thekeywordsgoal,uses andexclude respectively (cf. FigureF17).

Thesecondpartof anagentspecificationis a Lisp-predicate(for goalandsupportagents)or
function(in thecaseof functionagents)for theagent,whichdeterminestheactualcomputations
performedby theagent.

SampleAgent

As anexampleof anargumentagentlet usconsideroneof theagentsthatsearchfor aninstanti-
ationof thepremise

Å��
of the

ï ¼ rule. Looking at the
ï ¼ rule (page65), we canseethatany

instantiationof the argument
Å��

hasto be an implication line whosesuccedentis syntactically
equalto the actualconclusionargument. A definition of an argumentagentthat searchesfor
instantiationsof thepremise

Å��
is depictedin FigureF17 below.

(s-predicate (for p2)
(uses c)
(exclude p1)
(definition (impe-p2.pred p2 c)))

FigureF17: Specificationof asupportagentfor the
ï ¼ rule

The depictedagentis applicableon PAIs wherethe conclusion
Ï

(cf. uses-slot) but not the
premises

Å ×
and

Å|�
arealreadyinstantiated.If theagentfindssucha PAI

ô ��- Ï×� - Ï / Ò Å ×��X Ò Å��7� XÑ/ it appliesthe impe-p2.pred predicateto all supportlines of - Ï / . The predicate
returns true for all thosesupportlines thatarelabeledwith an implicationwhosesuccedentis
equalto thealreadyexistinginstantiation- Ï / of theconclusion

Ï
. For everysuchline theagent

returnsacopy
ô Ü

of
ô

where
Å|�

is now instantiatedwith therespectiveproof line.

Example: Let usconsideraproof stateÌ ×�Ø ô Ñg�åÖiï ä Ñg�åÖ Ñ ä �åÖÌ �ÁØ Ú ï � Ñ ä �åÖÌÚÙ ØÑ+ Ñ�Ô Ò QqÖRï ä Ñ`�åÖ Ñ ä �åÖ> Ø ä Ñg�åÖ Ñ�ÎZÅ É6Ì Ö
andanalreadyexisting PAI - Ïn� ä Ñ`�åÖ / for the

ï ¼ rule. Our agentfurthercompletesthis PAI
by suggestingÌ × and Ì¸Ù asinstantiationsfor

Å��
. It will thereforecreatetwo new PAIs- Ï � ä Ñg�åÖ Ò Å��¥� ô Ñ`�åÖnï ä Ñg�åÖ / Ò - Ï#� ä Ñg�åÖ Ò Å��!�L+ Ñ"Ô Ò QqÖFï ä Ñg�åÖ /

A completeexampleof how theagentsinteractin thecomputationof PAIs is givenbelow. Let us
first turn to thenext layerof theblackboardarchitecture.

7.2.3 CommandBlackboard

To enableargumentagentsto cooperatively computemostcompletePAIs theargumentagentsfor
a commandmusthave a meansto communicate,i.e. to exchangepartial results(PAIs). This is
donevia socalledcommandblackboards. Agentsof anagentsocietyhaveaccessto a command
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blackboardon which they write the resultsof their computations.Furthermore,eachargument
agentconstantlymonitorsits commandblackboardin orderto detectnew entries(PAIs) onwhich
it is applicable.MostcompletePAIs arethereforecomputedasfollows. Initially, everycommand
blackboardcontainsonly theemptyPAI. This triggersaninitial agent(with anemptydependence
set)which extendstheemptysuggestionby providing new instantiationfor theargumentsin its
goalset.TheresultingPAIs arethenwritten ontotheblackboardwherethey triggerotheragents
in turn.

7.2.4 SampleComputation for ÛÝÜ command

To demonstratehow theargumentagentscooperatively computePAIs for their associatedcom-
mand,we considera samplecomputationfor the

ï ¼ command.We restricttheexampleto the
subsetof argumentagentsthatcomputePAIs for backwardapplicationof the

ï ¼ rule. To apply
therule backwardswe alwaysneedaninstantiationof theconclusion

Ï
. Hence,the initial agent

musthave
Ï

in hisgoalset,whilst thedependencesetandtheexclusionsetareempty. Thisagent
is denotedas Þàß d¡áß á ß á . Sincethis agentworkson the initial (empty)suggestionit doesnot needto
checkwhetherpossibleinstantiationsfor its goal-argumentsyntacticallymatchalreadyexisting
instantiationsof otherarguments.Accordingly, theagentwill simplysuggestany opennodeasa
possibleinstantiationfor theconclusionof theassociatedrule.

Apart from thisgoalagent,furtheragentsarerequiredto searchfor appropriateinstantiations
of the arguments

Å ×
and

Å��
. This will be doneby two agentsas follows: Oneagent Þ ß�âiã áß d£á ß�â u á ,triesto furthercompletePAIs wheretheconclusion,but not

Åå×
is instantiated.This agenthasto

considerall availablesupportnodesandsuggestthosenodesasinstantiationsfor
Å��

that i) are
labeledby a formulawhich is animplicationandii) of which thesuccedenttermis syntactically
equalto theinstantiationof

Ï
.

A third agent Þ ß�â u áß dåä â ã á ß á tries to find instantiationsfor the premise
Å ×

. It takes suggestions
(PAIs) with instantiatedconclusionand premise

Å��
and searchesfor a supportnodewhich is

labeledwith a formulathatmatchesthealreadypresent- Ï / and - Å�� / .

Wenow studytheinterplaybetweenthisagentsat handof thefollowing proofsituation:Ì × Ø ô Ñ�ÔÍÖ Ñ ä �åÖÌ � Ø ô Ñ�ÔÍÖnï æ Ñ ä �åÖÌ¸Ù Ø ä ï � Ñ ä �åÖÌèç Ø Ú Ñg� Ò N\Önï æ Ñ ä �åÖ> ×�ØZæ Ñ�ÎZÅ É6Ì Ö
Whenthe suggestionmechanismis initialized, all commandblackboards,in particularthe one
for the

ï ¼ rule, containonly theemptyPAI -z/ . This triggerscomputationof agentswith an
emptydependenceset. In our example,the only agentwith an emptydependencesetis Þàß d£áß á ß á .It suggestsevery opengoalasan instantiationfor theconclusion

Ï
. In theabove example

> ×
is

the only openline, so the agentinstantiates
Ï

with
> ×

andwrites the PAI - Ï_�Úæ / onto its
command-blackboard.

This in turn will set of agent Þ ß�âJã áß d¡á ß�â u á which searchesthe supportlines for nodeswith an
implicationof whichthesuccedentis equalto theinstantiationof

Ï
. In ourcasethesearelines Ì �

and Ìèç . Hence,theagentreturnsthefollowing extensionsof thePAI: - Ï#�Ræ Ò Å��!� ô Ñ"Ô8Öiï æ /
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and - Ïz� > ×��)æ Ò Å��#� Ú Ñg� Ò N\Öiï æ / , which arein turn addedto thecommandblackboard.As
aconsequencethecommandblackboardnow containstheentriesshown in FigureF18.

(1) - Ï#� > ×��Ræ Ò Å��¥� Ì �!� ô Ñ"Ô8Önï æ /
(2) - ÏÑ� > ××�¸æ Ò Å��:� Ì �Z� Ú Ñ`� Ò NMÖ¥ïæ /
(3) - Ï#�Ræ /
(4) -z/

FigureF18: Contentof thecommandblackboardfor the
ï ¼ rule

Eventually, Þ ß�â u áß déä â ã á ß á detectsentries(1) and(2) in FigureF18 on which it is applicable.For
thefirst of theapplicableentries(i.e. entry2 in FigureF18) it cannotfind a supportline whose
formulaequalstheantecedentof line Ì � . However, thesecondPAI (entry1 in FigureF18) can
be extendedby line Ì × asinstantiationof

Å ×
. Hence,the agent Þ ß�â u áß déä âiã á ß á addsa completePAI:- Ï7� > ××�Úæ Ò Å ×U� Ì ×U� ô Ñ"Ô8Ö Ò Å��:� Ì �:� ô Ñ�Ô8Ö§ï æ / to the commandblackboardthat now

containstheentriesdepictedin FigureF19

(0) - Ïo� > ×@��æ Ò Å ×@� Ì ×5� ô Ñ"Ô8Ö Ò Å��.� Ì �2�ô Ñ�ÔÍÖiï æ /
(1) - Ï#� > ×��Læ Ò Å��¥� Ì � � ô Ñ"Ô8Öiï æ /
(2) - Ï#� > ×��Læ Ò Å��¥� Ì � � Ú Ñg� Ò NMÖnï æ /
(3) - Ï#�Ræ /
(4) -z/

Figure F19: CommandBlackboardfor
ï ¼ rule after all argumentagentshave finishedtheir

computations.

7.2.5 CommandAgents

On top of thelayerconstitutedby theargumentagentsandcommandblackboardswe find theso
calledcommandagents(Light Redin FigureF21). Onesuchcommandagentis associatedwith
eachcommandblackboard.Thejob of a commandagentis to monitor its commandblackboard
andto orderthe incomingentriesfrom mostto leastpromising. The heuristicwhich is usedto
sort the entriescanbe declaratively specifiedand is thereforeeasilyexchangeable.Currently,
commandagentsprefermorecompletePAIs (entries)overentrieswith moreuninstantiatedargu-
ments.

Lookingat thesamplecomputationabove,thecommandagentfor the
ï ¼ rulewouldratethe

completePAI on theblackboardin FigureF19.- Ï#� > ×��Ræ Ò Å ×�� Ì ×�� ô Ñ"Ô8Ö Ò Å���� Ì �¥� ô Ñ"Ô8Önï æ /
asmostpromisingandthereforepropagateit to thesuggestionblackboard.
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7.2.6 Suggestionblackboard and suggestionagent

Thesuggestionagent togetherwith its suggestionblackboardconstitutesthehighestlevel in the
three-layeredarchitecture.Thepurposeof suggestionagentandsuggestionblackboardresembles
thoseof thecommandagents:thesuggestionagentmonitorsthesuggestionblackboardwherethe
pre-selectedsuggestionswhich arecomputedat the lower layersof thearchitectureaccumulate.
Similarly to thecommandagentsthesuggestionagentkeepstheentrieson thecommandblack-
boardheuristicallyordered.Again,thosePAIs arepreferredthataremostcomplete.If two entries
areequalto that respect,the entry for the inferencerule that is assumedto representthe larger
proof stepis preferred.To beableto make this judgmentsthesuggestionagenthassomenotion
of theexpansionsizeof aninferencerule (see[BS98]).

Thesuggestionblackboardis theonly blackboardthat theusercanaccessdirectly. Because
this blackboardcontainsonly the"best"suggestionsfrom eachcommandblackboard,healways
findsthemostpromisingsuggestionson thesuggestionblackboard,with thehighestrankedsug-
gestionat the top. He canselectentriesfrom the suggestionblackboardfor applicationat any
time. Whenan entry is selectedthe inferencerule associatedwith the PAI is appliedwith the
argumentsprovidedby thePAI.

A changeof theproof-state(asis for instancecausedby theapplicationof asuggestion)leads
to a resetof thewholesystem.During this reset,all blackboardsareerasedandinitialized with
theemptysuggestion.Theagentsof themechanismarethenableto computesuggestionsfor the
new proof state

7.3 Chapter Summary

In this chapterwe introducedthethreelayeredblackboardarchitectureß ANTS which is usedas
a suggestionmechanismin ß MEGA . We have seenhow agentsat thelowestlayercooperatively
computePAIs for ß MEGAsinferencerules.Thesesuggestions(PAIs) arethenheuristicallysorted
beforethe mostpromisingsuggestionsarepresentedto theuser. It wasalsodemonstratedhow
theargumentagentsat thelowestlayerarespecified.

In the remainingchapterwe will try to adaptthe ß ANTS mechanismto theCORE system.
The key problemwill be to supportthe dynamicallygeneratedreplacementrulesfor which no
agentscanbespecifiedin advance.
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Chapter 8

Õ ANTS and CORE

Throughoutthe previous chapterswe have seenthat interactive proof constructionin CORE
canbenefitenormouslyfrom a suggestionmechanismthat automaticallychecksfor applicable
methodsandreplacementrulesandwhichmakessuggestionsaboutwhich inferencestepto apply
next. We have introducedthe ß ANTS mechanismwhich performsthesetasksin the ß MEGA

system.In this chapterwe describehow this mechanismwasadaptedto CORE. To do so we
first describethe exact natureof the computationsthat ß ANTS hasto perform in the CORE
systemandwork out how they differ from correspondingcomputationsfor the ß MEGA system.
Thereafterwedescribethechangesof the ß ANTS systemthatareimpliedby thisanalysis.

8.1 Computations

Wehavealreadysaidthatwewantto supporttheapplicationof replacementrulesandmethodsin
CORE with thehelpof ß ANTS. However, thecomputationsnecessaryto checkfor theapplica-
bility of bothobjectsareslightly different.We thereforefirst analyzetherequirementsto support
replacementrule applicationwith ß ANTS beforewe turn to methodapplication.

8.1.1 ReplacementRules

Adaptationof ß ANTS to supportreplacementruleapplicationis moredifficult thanmeresupport
of methodapplication. The reasonfor is that the replacementrules that occurduring a proof
attemptarenotknown in advanceandhence,wecannotspecifyagentssocietiesfor theindividual
rules. As a first solutionof this problemwe will devisea genericrule agent thatchecksfor the
applicabilityof all admissiblereplacementrulesfor agiventaskin asequentialmanner. Of course
onecouldgeneralizethis approachandspecifymultiple of theserule agentssuchthateachagent
worksfor a differentclassof rules.However, it doesnotseempossibleto easilyavoid sequential
processingwhendealingwith thedynamicallygeneratedrules.A possibleway out is alludedto
in [VBA03] who suggeststo employ a genericagentfor everycontext-formula,which computes
suggestionsasto how to applytherespective formulato thegoal.

Thequestionthatconcernsusis,whatarethecomputationsthattheruleagenthasto perform?
Givena replacementrule Ö � MÚF -�ê â u× Ò6Ø6Ø6ØÐÒ ê âiëÙ / anda task �"�ìA~9 > we areinterestedin
thefollowing information



73

1. Are theresubterms
Èë× Ò6Ø6Ø6ØÐÒ ÈO�

in
>

on which Ö is applicableandif so,whatarethe
È Á

? In
fact we areinterestedin the position Ä Á of

È Á
within

>
suchthat

È Á � > Å � � unifieswith
M

undera substitutioní Á . This informationis in particularsufficient for decidingwhetherÖ
is applicablewrt. � ; i.e. Ö is applicableif at leastonesuch

È Á
exists.

2. We know thateachê â �Á of Ö will becomethegoalwindow of a new task. However, if we
canalreadyfind anunconditionalê = â �Á

in thesupportwindows A of � thenwe canprove
the respective ê â �Á immediatelyby applicationof the rule ê â �Á F ÈOKeÆ�É â which we obtain
from ê = â �Á

. This is analogousto theclosureof thepremisesof amethodin Chapter6.

To illustratethejust said,considera taskæ Ñ"Ô8Ö = Ò Ú Ñ"Ô8Ö = Ò Ú Ñ£QqÖ = Ò Ñ Ú Ñ`�|¢�Önï ô Ñ"ÏÐÖ�Ö = 9 ô Ñ"ÏÐÖ â î æ�Ñ`�|¢�Ö â
Thissomewhatartificial exampleis well suitedto characterizethecomputationsweareinterested
in. Whatinformationdo wewantour rule agentto computefor this task?First,weareinterested
in the replacementrules that are applicableto the goal window

ô Ñ"ÏÐÖ â î æ�Ñ`� ¢ Ö â of the task.
Amongstothers,this is the rule Ö ¿ � ô Ñ"ÏÐÖ â F - Ú Ñ`� ¢ Ö â / , which canbe appliedto

ô Ñ�Ï+Ö â
at position ÄÞ� à ÿ á in the goal window (cf. 1, above) . We are then interestedin possible
instantiationsfor thevalue Ú Ñ`� ¢ Ö â of rule Ö ¿ (cf. 2, above). Candidateinstantiationsare Ú Ñ�Ô8Ö�=
and Ú Ñ£QqÖ =

. Herewe have arrivedat an importantproblem.We cannotsimply instantiatevaluesê of a replacementrule with any occurrence
Ã

that unifieswith ê . The reasonis thatwe might
instantiatevariablesin othersubformulasin away thatpreventsusfrom deriving our initial goal.
With respectto this examplewe can observe, that Ú Ñ£QqÖ =

would be the wrong choicefor an
instantiationof Ú Ñg� ¢ Ö â , becauseof thevariable

� ¢
that Ú Ñ`� ¢ Ö â shareswith

æ Ñg� ¢ Ö â . If we were
to first apply Ö ¿ to

ô Ñ"ÏÐÖ â andthen Ú ÑsQÐÖ â F ÈOK Æ�É â to thenewly introducedÚ Ñg� ¢ Ö â , we would
transformour taskintoæ Ñ"Ô8Ö = Ò Ú Ñ"Ô8Ö = Ò Ú Ñ£QqÖ = Ò Ñ Ú Ñ`�|¢eÖiï ô Ñ"ÏÐÖ�Ö = 9 ÈOKeÆ�É â î æ Ñ£QqÖ
which we cannotcloseany more. In short, our problemconsistsof the following: when we
closesomeof the subgoals(values)that are introducedby applicationof a replacementrule
automatically, this correspondsto the executionof further proof steps. Of course,this might
involve a choiceasto which proof stepsto carryout. A wrongchoicewill requirebacktracking
whichwewantto do asrarelyaspossiblein interactiveproof construction.

Theproblemis obviously relatedto theunifiers í Á for valuesê Á of a rule
MîF -$ê × Ò6Ø+Ø6Ø+Ò ê Ù /

andpossibleinstantiations
Ã Á

for thesevalues.We thereforeintroducea unifier selector
�

.
�

is
apredicateoversubstitutionsí Á andweuseoccurrences

Ã Á
asinstantiationsof valuesê Á of a rule

only if
�

holdsfor í Á . By usingdifferentunifier selectors
�

wecanimplementvariousheuristics
for theselectionof value-instantiations.Currentlywe have chosen

�
in a way that

�
holdsfor a

substitutioní only if í is emptyor í instantiatesonly variablesthatoccurnowhereelsein the
FVIFT for thecurrentproofstate.With thischoiceof

�
wehaveimplementeda leastcommitment

strategy andcanbecertainthatwe only instantiatevariablesautomaticallyif this doesnot affect
theconstructionof proofsfor othersubgoals.

Wenow introducetheconceptof a rule matching in analogyto amethodmatchingto describe
thecomputationsthattherule agenthasto perform.

Definition 8.1.1 (RuleMatching)Let Ö �]-$ê â u× Ò6Ø6Ø6ØqÒ ê â�ëÙ / beanadmissiblereplacementrule
for thewindow

>
of a task �£�$A�9 > and

�
aunifierselector. If Ú is thesmallestsubtreeof the
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currentFVIFT thatcontainsall windows in � thentherule matchingfor Ö with respectto � is a
partialmapping Ä³Ô ÈÊÏ�D	[�� ÷ M Ò ê × Ò6Ø6Ø+Ø+Ò ê ÙÍø#F Î¥Â�ÂIH
where

Î�Â�ÂIH
is the set of all occurrencesinside the windows in A 
 ÷ > ø

and the following
conditionshold for

Ä³Ô ÈÊÏ�D	[
.

1. If
Ä³Ô ÈÊÏJD	[�ÑsM â Ö � Ã�ï

then
Å �oð or

Å �$ñ and
Ã�ï

lies inside
>

.

2. If
Ä³Ô ÈÊÏJD	[�Ñ ê â �Á Ö � Ã ï

then

(a) if
Å Á \�oð then

Å Á \�2ñ .
(b) If

Å Á �2ð then ñ \�¯òÅ where òÅ is thepolarityof
Ä³Ô ÈÊÏ�D	[�ÑsM â Ö .

(c)
Ã ï

is unconditionalin Ú andlies in oneof thesupportwindows A of � .

3. If í � � Æ Ì³Måó³N Ñ�Ä³Ô ÈÊÏJD|[¼Ñ ê �KÖ Ò ê �6Ö for ,�� ÿ Ò6Ø6Ø6ØÐÒ Ì
and í¡� Æ ÌôMéó³N Ñ�Ä³Ô ÈÊÏ�D	[ZÑgMÞÖ Ò MÞÖ

then
�

holdsfor í andeachof the í Á , M � ÿ Ò6Ø6Ø+Ø+Ò Ì
.

Similarly to methodmatchingswereferto an
Ã

with
Ä³Ô ÈÊÏJD	[çÑ ê Á Ö � Ã

asaninstantiationof ê Á and
write -�ê Á /K� Ã

. As we did with methodmatchingsweoftenrepresenta rule matching
Ä³Ô ÈÊÏJD|[

of a rule Ö as - MÚ� - M / Ò ê ×�� -5ê × / Ò+Ø6Ø6Ø+Ò -�ê Ù /�/ [ .

Point 2) of Definition 8.1.1needssomeexplanation. We have defineda rule matchingin a
waythattheinstantiationsfor thevaluesê Á of arule Ö canbeusedto immediatelyprovesubgoals
thatareintroducedthroughapplicationof Ö . If Ö is arewriting replacementrulethenthepolarity
of
M
and ê × is undefined(i.e. ð ). However, thesubgoalthatcorrespondsto thevalue ê × will inherit

the polarity of the occurrenceto which Ö is applied;i.e.
Ä³Ô ÈÊÏJD|[�ÑgMÞÖ

. Therefore,instantiations
for ê Á mustbeof oppositepolarityas

Ä³Ô ÈÊÏ�D	[�ÑgMÞÖ
(cf. point 2) in Definition8.1.1).

The rule agentthatwe will addto the ß ANTS architecturecomputesall rule matchingsfor
the rulesthat areadmissiblefor the goal window of the active task. Becauseonly rules Ö for
which a non-emptyrule matchingexistsareapplicablewrt. theactive tasktherule agentalready
filters outnon-applicablerules.

8.1.2 Methods

Thecomputationsnecessaryto supporttheapplicationof methodsaremucheasierdescribedthan
thosefor replacementrules.Wearesimplyinterestedin thecomputationof methodmatchingsfor
all methodswrt. to theactive task.Methodmatchingsthereforeplay asimilar role asthePAIs in
the ß MEGA system.Of course,methodsfor whichnomethodmatchingexistsarenotapplicable.
Becauseß ANTS wasdesignedto computemethodmatchings(PAIs) we will find that we can
easilyadaptß ANTS argumentagentsto computemethodmatchingsfor theCORE system(cf.
Sec.8.2.1).

8.2 Making ð ANTS safefor CORE

Basedon theabove analysiswe arenow readyto describetheadaptationof the ß ANTS mecha-
nismto CORE. To beableto dealwith thedynamicallygeneratedreplacementrulesfor which
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we wantto computerule matchingswe extend ß ANTS by therule agentthatwe alreadyalluded
to. This rule agentis basicallya genericargumentagentwhich computesrule matchingsfor all
replacementrulesthatareadmissiblein a givenproof state.Along with therule agentwe adda
rule blackboard anda rule commandagentto thearchitecture(cf. FigureF21). Ruleblackboard
andrule commandagentcorrespondto commandblackboardsandcommandagentsrespectively
andwill serveasimilar purpose.

Methodmatchingswill be computedwith thehelp of the alreadyexisting architecture.Be-
causeof theclosecorrespondencebetweenmethodmatchingsandPAIs aswell asbetweenmeth-
odsin CORE andtacticsin ß MEGA this partof thearchitectureneedsonly little changein order
to functionin theCORE system.

We now turn to a descriptionof thecomponentsof theextendedarchitecture.We begin with
thosecomponentsthatarealreadypresentin ß ANTS andwhicharenow usedto computemethod
matchings.

8.2.1 Ar gument Agents

The adaptationof the argumentagentsto searchfor methodmatchingsis rathereasy. When
usedin conjunctionwith ß MEGA they computemostcompletePAIs for the ß MEGA tacticsby
searchingfor argumentinstantiationsamongstß MEGAs theproof lines. Now we have to make
surethat thesearchfor argumentinstantiationsis performedamongsttheoccurrencesinsidethe
windowsof theactive task.To make this taskaccessibleto theagentswe introducea new global
variableactive*taskwhichalwayspointsto thetaskontheagendawhichtheuseris currently
working for. Becausewearestill essentiallysearchingfor formulasthatfit into acertainformula
schemewe can leave the specificationlanguagefor argumentagentsunchanged.Merely the
keywordsthatspecifythetypeof anagentobtainadifferentmeaning.

s-predicate: Supportagentstry to instantiateargumentsin the premiseof a method.Ac-
cordinglythey now searchamongstthenegativeoccurrencesinsidethesupportwindows A
of theactive task.

c-predicate: Goalagents(or conclusionagents)searchfor instantiationsof aconclusionof
a method.This searchis now performedamongstthepositive occurrencesinsidethegoal
window of theactive task.

function: Functionagentscomputearbritraryobjectsasbefore.

Looking at thespecificationof anagentthatsearchesfor oneof thepremisesof the
ì

-TRANS
methodin CORE, we seethatargumentagentscanindeedbespecifiedasbefore.In FigureF20
thepredicatetac=subset-trans.p1 is thepredicatethatis appliedto all occurrencesin the
supportwindows of the active taskandwhich returns

ÈOKeÆ�É
for all occurrencesthat are labeled

with a formulawhich matchestheformulascheme
ä Ñ ì ê Ö

for theparameter
Å ×

.

Argumentagentscomputemethodmatchingsin the samecooperative way as they did for
PAIs in the ß MEGA system.This cooperationstill dependson thecommandblackboardthat is
associatedwith eachagentsociety.
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(s-predicate (for p1)
(exclude p2)
(uses c)
(definition (tac=subset-trans.p1 (:param c) (:param p1))))

FigureF20: Specificationof asupportagentthatsearchesfor possibleinstantiationsof theargu-
ment

Å ×
for the

ì þ ��Ú ä!" �
method.Theagentis applicableon methodmatchingswherethe

conclusion
Ï

but not thepremise
Å��

arealreadyinstantiated.:param is a keyword thatspecifies
thatonly thelabelof theputative instantiationof

Å ×
.

8.2.2 CommandAgents& CommandBlackboards

Commandblackboardsarestill monitoredby commandagentswhich functionexactly asbefore.
As wasthe casein ß MEGA thecommandagentskeepthe entrieson their associatedcommand
blackboardin a certainorderandpropagatebestsuggestionsto thesuggestionblackboard.The
heuristicthat is employed to rank the entries(i.e. methodmatchings)on the commandblack-
boardprefersmorecompletemethodmatchingsover methodmatchingswith fewer instantiated
arguments.

Having seenthat the adaptationof ß ANTS for the computationof methodmatchingsis quite
straightforward we now concentrateon describingthe extensionof the architecturewhich en-
ablesthemechanismto supportapplicationof replacementrules.

8.3 Supporting ReplacementRule application

We have alreadyarguedthat becausethe replacementruleswhich occurduring a proof arenot
known at theoutsetof a proof,we cannotspecifyagentsfor theserulesin advance.Thesolution
we have alreadysketchedearlieron in this chapteris to extendthearchitectureby a rule-agent
thatcomputesrulematchingsin asequentialmanner. Of coursethisis only asub-optimalsolution
becauseit breaksradicallywith thephilosophyof ß ANTS to distributecomputationsoverconcur-
rentprocesses.Themostseriousdrawbackof a serializationof computationsis that if we want
to computerule matchingsfor replacementrules Ö × Ò6Ø6Ø6ØqÒ Ö Ù

andget stuckat rule Ö Á
because

we encounteran undecidableproblem(e.g. a higher-orderunification)or a programerror then
the systemmight not recover andwe cannotprocessrules Ö Á â × Ò+Ø6Ø6ØqÒ Ö Ù

any more. To slightly
easethisdrawbacktheruleagentexcludesall rulesfrom considerationthatcontainahigher-order
variable(i.e. a variablethatrangesover a functionor a statementof type

Ã
). At themomentwe

cansafelydosobecauseCORE doesnotyetprovideahigher-orderlogic input languageandwe
arehencerestrictedto work with first-orderproblems.Theonly higher-orderformulasthatmight
occurduringaproofaresomeaxiomsthatareautomaticallyloaded(e.g.theinductionaxiomand
the transitivity of � ) which areonly neededin particulardomainsanyway. Oncethe systemis
extendedwe canintroducea secondagentor evenseveraladditionalagentsthatexclusively deal
with higher-orderrules. Thebenefitof this decisionis thatwe ensurethatat leastall first-order
rulesareconsideredby therule agentwithout encounteringanundecidablesubproblem.
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8.3.1 The Rule Agent

Like theargumentagents,therule agentis locatedat the lowestlayerof thearchitecture.It has
accessto thewindowsof theactivetaskwhereit searchesfor mostcompleterulematchingsfor all
admissiblereplacementrulesthatcanbegeneratedfrom thesupportwindows ÷Ëõ × Ò6Ø6Ø6ØÐÒ õ ÙÍø �CA
of theactualtask.However, recallthatwecanchoseoneof thewindows õ Á to applytheformula
containedin this window to thegoalwindow

>
of theactive task(cf. Chapter4). In this casethe

rule agentshouldrestrictits searchto rulesthatcanbeobtainedfrom this particularwindow. We
thereforeintroducea secondglobal variableactive*windows which alwayscontainsthose
windows from which we wantto generateandapplyrules(thatis, it containseither A or exactly
one õ Á 
_A ; i.eactive*windows alwayscontainsasubsetof thesupportsof theactive task).

On a reset,therule agentcomputesrule matchingsasfollows. First, it generatesall replace-
mentrulesfrom the ÷Ëõ × Ò+Ø6Ø6ØqÒ õ � ø that aredenotedby theactive*windows. For eachsuch
rule Ö � M â F -�ê â u× Ò+Ø6Ø6Ø+Ò ê â ëÙ / anda task �£�oAö9 > theagentthengeneratesthesetsËJ[ � ÷ Ñ"Ã ï Ò í ÖËT Ã ï inside

> Ò Å �2ñ and
M ía� Ã¡ø�z÷åø }}[ � ù Ñ"Ã ï Ò í Öèúúú Ã ï insideany of the A ,
Å � \�ûñ , ê��eí"� Ã

and
Ã

is unconditional ü
for a resolutionreplacementrule Ö andËJ[ � ÷ Ñ�Ã ï Ò í ÖËT Ã ï inside

>
and

M íe� Ã�ø
��÷éø }}[ �

���������� ���������

ù Ñ"Ã ï Ò í Öèúúú ÃËï insideany of the A and ê��eía� Ã
and

Ã�ï
is unconditional. ü if

Õ � ÿ
������ �����

Ñ�Ã�ï Ò í Ö
úúúúúúúúúú

1.
Ã ï

inside any of
the A

2. ê��eí�� Ã Ò Å � \�ýñ Ò
and

Ã
is uncondi-

tional

þ
����ÿ�����

otherwise

of instantiations
Ëi[

for theinputof Ö andfor thevaluesê�� of Ö (i.e.
�z÷ ø }}[

). For eachreplacement
rulewith

ËJ[o\�$� (i.e. all applicablerules)theruleagentthengeneratesall possiblerulematchings
from thesesets.To seehow let ò��[ � � m ÷ Ñ X Ò ÷ øeÖ�ø if

� �[ �$�� �[ else

whereX representstheemptyinstantiation;theneachÄ � Ñ¸Ñ"Ã â Ò í Ö Ò Ñ"Ã â u× Ò í ×�Ö Ò6Ø6Ø+Ø+Ò Ñ�Ã â w� Ò í �KÖ¸Ö 
 òËJ[�� ò�|[ × � Ø6Ø6Ø � ò�|[ Ù
givesriseto a rule mappingif

�
holdsfor í andeachof the í Á and Ö is a resolutionreplacement

rule. For rewriting replacementruleswe have to make the additionalrequirementthat
Åì\� Å ×

becauseê × inheritsthepolarity
Å

from theoccurrenceto which it is applied.Therule matching
for Ö thatcorrespondsto

Ä
is - M¥��Ã Ò ê ×z��Ã × Ò6Ø6Ø6ØÐÒ ê ÙZ�åÃKÙ / [ . Note thatasa byproductof the

computationof the
ËJ[

weobtaintheapplicationpositionsÄ a for eachrule matching.

Foreachof thecomputedrulematchings
Ä³Ô ÈÊÏJD|[

, theruleagentwritesanentry
É � Ñ Ä Ò Ä³Ô ÈÊÏJD|[RÖ

on therule commandblackboard.This meansthateachrule matchingis augmentedwith infor-
mationaboutwhereto apply therule in thegoalwindow of theactive task.Theentriesarethen
furtherprocessedby therulecommandagent.
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8.3.2 The Rule CommandAgent

Therule commandagentplaysa similar role asthecommandagents.It monitorstherule com-
mandblackboardandsortstheentrieson this blackboardheuristically. Thebestsuggestionsare
thenpassedon to the suggestionblackboard.The reasonwhy we needan extra agentfor the
rule blackboardis that the heuristicusedby the rule commandagentis slightly differentto the
heuristicsusedby thecommandagents;in fact,theheuristicscanbedeclaratively statedandare
thereforeeasilyexchanged.By usingdifferenttypesof command-agentswe make it possibleto
usedistinctsortingcriteriafor rule-andmethod-matchings.

Currentlytherule commandagentsortsentries
É � Ñ Ä Ò Ä³Ô ÈÊÏJD	[RÖ

accordingto thenumberof
valuesin Ö thatarenot instantiatedby

Ä³Ô¡ÈÊÏJD	[
. Entrieswith fewer non-instantiatedvaluesare

preferredoverentrieswith for amatchingwith ahighernumberof non-instantiatedvalues.More
precisely, therulecommandagentsorderstheentriesaccordingto theordering � ´ , whereÉe× � ´¯É��

if f
T ÷Ëê T Ä³Ô ÈÊÏ�D	[ u Ñ ê Ö �2X ø�T - T ÷Ëê T Ä³Ô ÈÊÏ�D	[ ã Ñ ê Ö �$X ø�T

for entries
É Á � Ñ Ä × Ò Ä³Ô ÈÊÏJD	[ �ÛÖ

. Entriesthat areminimal with respectto this orderingarethen
propagatedto thesuggestionblackboard.

Themotivationfor this heuristicis thatwe propagatethoserule matchingsto thesuggestion
blackboardthat will introducethe leastnumberof subgoals(recall that eachnon-instantiated
value ê in a rule-matchingleadsto theintroductionof anew taskfor ê ).
8.3.3 Suggestionblackboard and SuggestionAgent

Thesuggestionblackboardis theplacewheretheentriesfrom thecommandagentsandtherule
commandagentaccumulate.Thesuggestionblackboardthereforealwayscontainssuggestionsas
to which methodor replacementrulescanbeapplied.Incomingentriesarepermanentlyordered
by thesuggestionagentsuchthatthemostpromisingentriesarealwaysontopof theblackboard.
Theusercanchooseanentryfor applicationatany time. Whenheselectsanentryfor application
it is given to an applicationhandlerwhich distinguishesbetweenentriesfor rule andmethod
matchings.

Entries
É � Ñ�Ä³Ô ÈÊÏ�D)�{Ö

for methodmatchingsaresimply executedasdescribedin Chapter6
by using

Ä³Ô ÈÊÏJD)�
asthemethodmatchingfor

�
.

Whentheuserchoosesanentry
É � Ñ Ä Ò Ä³Ô ÈÊÏJD	[FÖ

with a rule matching,theapplicationhan-
dler appliesrule Ö at position Ä to thegoalwindow

>
of theactive task.This leadsto a replace-

mentof
> Å � by asubtree � Ñ ê â � uÁ�u Ò6Ø6Ø6ØÐÒ ê â ��wÁew Ò ê â � w�� uÁew�� u Ò6Ø6Ø+Ø+Ò ê â � ëÁ ë Ö

wherewe alreadyorderedthe ê Á accordingto whetherthey areinstantiatedin
Ä³Ô¡ÈÊÏJD	[

or not. Ifê â � uÁ�u Ò6Ø+Ø6Ø+Ò ê â � wÁew aretheinstantiatedvaluesof Ö in
Ä³Ô¡ÈÊÏJD	[

(i.e.
Ä³Ô¡ÈÊÏJD	[�Ñ ê â � }Á } Ö#\�oX , for

Õ � ÿ Ò+Ø6Ø6ØqÒ , )
thenwecanusetheinstantiations-5ê â � }Á } /K�2ê = â � }Á }

to generatethereplacementrule ê â � }Á } F �
(for� 
�÷ ÈOK ÆåÉ â Ò ó Ô�Õ   É = ø ) andapplyit to ê â � }Á } . We thenobtainthesimplifiedsubtree

� Ñ ê â � w�� uÁ w�� u Ò6Ø6Ø6ØqÒ ê â � ëÁ ë Ö
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Next, a window is openedon eachof theremainingê â � }Á } which becomethegoalwindowsof new

tasks.Notethatwecouldalsocreateonly onenew taskfor theentireformula � Ñ ê â � w�� uÁ w�� u Ò+Ø6Ø6Ø+Ò ê â � ëÁ ë Ö
andleave thedecompositionto theuser.

8.4 SampleComputation

In this sectionwe go througha samplecomputationto considerin detail thecomputationsper-
formed by the rule-agent. The exampleis constructedto show how valid rule matchingsare
computedandhow applicationof sucha rule matchingshortcutsmultiple basicreasoningsteps.
Weconsidera task �£�$A Ò Ñ ä ÑsN ¢ Ö îgê Ñ`� ¢ Önï Â�Ö = Ò ä ÑsN ¢ Ö = Ò'ê Ñ�ÔÍÖ = 9 Â â
Thesupportwindows of � give riseto a numberof replacementrulesthatareadmissiblefor the
goalwindow of thetask.AmongstotherstheseareÖ × � Â â F - ä ÑsN ¢ Ö Ò'ê Ñg� ¢ Ö â /Ö � � ä ÑgN ¢ Ö â F ÈOK Æ�É âÖ Ù¿� ê Ñ�ÔÍÖ â F ÈOK ÆåÉ âØ6Ø6Ø
Theserules are computedby the rule agentwhen it encountersthe empty suggestionon the
rule commandblackboard.For eachof theserulesthe rule agentthencomputesthesets

ËJ[ �
of

possibleapplicationoccurrencesinsidethe goal window of � . For our examplethesesetsareËi[ u � ÷ Ñ"Â â Ò ÷ øeÖ'ø and
ËJ[ � �*� for

M � ý Ò É . This meansthatonly rule Ö ×
of theabove rulesis

applicable.In a next stepthesets
� µ -	��

�[ u � ÷ Ñ ä ÑgN ¢ Ö = Ò ÷ øeÖ'ø and

��� -	��

�[ u � ÷ Ñ ê Ñ"Ô8Ö = Ò ÷ Ô��Ë� ¢ øeÖ�ø
arecomputedby the rule agent. Note that

Ñ ê Ñ�Ô8Ö�= Ø ÷ Ô��Ë� ¢ Ö is in
��� -	� 
 �[ u

if we assumethat the
variable

� ¢
occursnowhereelsein theFVIFT. In this case

� Ñ ÷ Ô���N ¢ øeÖ holdsbecauseof theway
wehavechosen

�
. Fromthesets

Ëi[ u�Ò � µ -���
��[ u
and

��� -���

�[ u
weobtainthesinglerule matchingÄ³Ô ÈÊÏJD	[ u �]- Â â � Â â Ò ä ÑsN ¢ Ö â � ä ÑsN ¢ Ö = Ò'ê Ñg� ¢ Ö â � ê Ñ"Ô8Ö = / [ u

This rule matchinggivesrise to an entry
É � Ñ à á Ò Ä³Ô ÈÊÏ�D	[ u Ö

on the rule commandblackboard
which will thenbe propagatedto the suggestionblackboard.If the userselectsentry

É
for ap-

plicationthesuggestionagentpasses
É

to theapplicationhandlerwhich appliestherule Ö ×
to �

which leadsto theintermediatetaskA Ò Ñ ä ÑsNL¢eÖ î¯ê Ñg�|¢�Öiï Â = Ò ä ÑsNL¢ Ö = Ò'ê Ñ�Ô8Ö = 9�� Ñ ä ÑgNR¢�Ö â Òëê Ñg�|¢�Ö â Ö â
The handlerthenimmediatelygeneratesthe rules

ä ÑsN ¢ Ö â F ÈOK ÆåÉ â and
ê Ñ"Ô8Ö â F ÈOKeÆ�É â and

appliesthemto thenewly introducedoccurrencesinsidethegoalwindow. Thetaskobtainedafter
applicationof entry

É
andasimplificationof thegoalwindow thenisA Ò Ñ ä ÑsNL¢eÖ îgê Ñ`�|¢�Önï Â = Ò ä ÑgNR¢�Ö = Òëê Ñ"Ô8Ö = 9 ÈOK Æ�É â
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8.5 Integration of External Reasoners

In thepreviouschapterswehave identifiedtheneedto integrateexternalreasoningsystems,such
asautomatedfirst-ordertheoremprovers into CORE that try to closeinactive tasksautomati-
cally. Thiscannow berealizedby combiningthefeaturesprovidedby thetaskstructurewith theß ANTS mechanism.

To be able to make useof automatedprovers � suchasOTTER or SPASS we assumethat
we have a method

ä � ô ½ for eachof theseprovers(cf. Section6.6) that canbe usedto justify
a goal by a call to suchan ATP in the following way. Argumentagentsfor a method

ä � ô ½
instantiatetheconclusionof themethodwith thegoalformulaof a task.Premisesof themethod
areinstantiatedwith thecorrespondingsupportformulas.Theagentstheninvoke theATP � to
seewhetherthe automatedreasonercanderive the conclusionfrom the premises.If this is the
casethenthecorrespondingmethodmatchingis passedontothesuggestionblackboard.

Wewantto applymethods
ä � ô ½ to inactivetasks,but only if thesystemloadis not toohigh.

This might for instancebe thecasewhenmostagentshave finishedtheir computations,but the
userhasnotyetselectedasuggestion.

The ideais now to index every taskon the agendawith a naturalnumber
M

andto augment
all blackboardentrieswith anindex for a task.This index will tell theargumentagentsin which
taskto searchfor possiblecompletionsof therespectiveentry(i.e. method-or rulematching).If,
in addition,we give the commandagentsfor the methods

ä � ô ½ accessto the agenda,we can
realizetheintendedapplicationof externalreasonersto inactive tasksasfollows.

On a resetof the suggestionmechanism,all commandblackboardsare initialized with the
empty suggestionfor the active task � b (i.e.

Ñ"Ô Ò -z/ Ö ). This will set off the agentsto search
for suggestionsasto how to apply their correspondingmethodto theactive task. All command
agentscanmonitor their associatedcommandagentsandrecognizewhenthe argumentagents
have finishedtheir computations.If a commandagentsfor a method

ä � ô ½ becomesawarethat
its argumentagentshave finishedtheir computationsfor task � b it addstheemptyentry

Ñ£Q Ò -z/ Ö
for thenext task ��� on theagendato theblackboard.This will thencausetheargumentagentforä � ô ½ to checkwhetherthetheoremprover it worksfor canclosetask ��� automatically.

An extensionof ß ANTS in this way would have theeffect that if thereis a sufficiently long
delaybetweentwo userinteractionsthentheagentstry to closeinactive tasksin thebackground
of the reasoningprocess.Successfulsuggestionsasto closean inactive taskautomaticallywill
eventuallypopup at thesuggestionblackboardalongwith thesuggestionsfor thecurrenttask.

8.6 Chapter Summary

In this chapterwe have describedhow the suggestionmechanismß ANTS wasadaptedto the
CORE-system.We have seenthat this wasstraightforwardwith respectto methods.To beable
to supporttheapplicationof replacementruleswehadto extendthearchitectureby a rule-agent.
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FigureF21: The extendedß ANTS architecture.Rule Agent, Rule CommandBlackboardand
RuleCommandAgentconstitutetheextensionof thearchitectureandarefoundat theleft-hand
sideof thegraphic.
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Chapter 9

Conclusion& Further Work

In this thesiswe wereconcernedwith anextensionof theCORE theorem-proving environment
by additionalfunctionality to facilitate interactive proof development.To achieve this goal we
developedataskdatastructureontopof COREswindow-inferencetechnique.Wefurthermapped
thenotionof a proof-methodto theCORE system.Thesemethodsoperateon thetaskstructure
andmake it possibleto performabstractproof stepsin CORE.

Furthermore,we adaptedß MEGAs suggestionmechanismß ANTS to CORE whereit now
supportsinteractive theoremproving by identifying applicablereplacementrulesandmethods
for agivenproof stateandmakessuggestionsaboutwhichof theseinferencesto makenext.

Whenwedevisedthemethodsfor CORE wetook into accounttheexperiencemadewith the
interactivetheoremproving environmentß MEGA , wheredistinctdatastructuresareusedto apply
abstractinferencestepsin interactiveproofconstructionandautomatedproof-planning.Wewere
ableto merge the tacticsandmethodsof the ß MEGA systeminto a singleconceptof a method
thatcannow beusedin interactiveproofdevelopmentaswell asin proof-planning.

The contribution of this thesisthereforelies in the developmentof a commoninterfacefor
interactive theoremproving andautomatedproof-planningwhich is constitutedby thetasksand
methodsthatwehave introduced.

Togetherwith theadaptationof the ß ANTS suggestionmechanismwe werethusableto pro-
videevidencefor two hypothesis.Firstly, it is claimedthatCORE providesawell suitedbasisfor
human-orientedtheoremproving. In Chapter5 we saw thatthis is indeedthecaseif we properly
exploit thepotentialprovidedby CORE. The implementationof tasksandmethodshasshown
thatby usingCORE weareableto hidemany logicaldetails(suchasthequantifierelimination)
from theuser, while we areat thesametime ableto useestablishedconceptslikemethodsin the
theoremproving process.

Secondly, thesuccessfuladaptationof ß ANTS to CORE shows thattheagent-basedsugges-
tion mechanismß ANTS is indeedcalculusindependentasclaimedin [BS99b]andcansupport
proof developmentin variousinteractive theoremproving environments.

However, althoughwe provided an interfaceon which interactive theoremproving andau-
tomatedproof-planningcanbe based,thereis still a way to go in order to make CORE a full
fledgedinteractive theoremproving environment. We now list themain issuesthatstill have to
beaddressed.
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Integration of external reasoningsystemsTaskstructure,methodsandthe ß ANTS suggestion
mechanismalreadyprovide thebasicfunctionality to integrateexternalreasoningsystems
into CORE (seeSection6.6 and Section8.5). In principle it is now straightforward to
invokesuchexternalsystemsin CORE. A methodthatusesanautomatedreasoningsystem
hasto translatea subproblem(e.g. a task)into the input languageof anappropriateATP.
It shouldbealmosttrivial to developa translationmodulethat,givena problemin CORE
representation(i.e. a set of signedformulas),generatesa problemuniform description
which canbeusedasinput to themathematicalsoftwarebus MATHWEB which provides
accessto a varietyof specialpurposereasoningsystems.A problemthat is moreserious
concernsthe expansionof the resultsreturnedby the external reasoners(e.g. a proof).
Application of inferencesthat are justified by the call to an external systemhave to be
expandedby translatingtheresultreturnedby thesesystemsinto CORE proof fragments.
This requiresthe developmentor adaptationof entire translationmodules,similar to the
TRAMP module[Mei00] which is usedin ß MEGA . However, notethatin absenceof sucha
modulewecannonethelessmakeuseof externalreasoningsystemsif we trusttheir results
andignoretheproblemof expandingtheir contributionsinto aCORE proof fragment.

Shared variables We have seenthroughoutthe thesisthat variableswhich aresharedbetween
differentsubformulasmight sometimescauseproblems,for instancewhenwe wantto ap-
ply externalreasonersto a taskthat containsvariablesusedin othertasks. This problem
requiresthoroughinvestigation.A first stepinto thedirectionof asolutionwouldbeto see
how techniquesusedin othersystemsthatdealwith this problemcanbeusedin CORE.
For instanceit mightbeworthto pursueasimilarapproachasin the ß MEGA systemanduse
aconstraintstorealongwith aconstraintsolverto treattheproblemof variableinstantiation
asa setof constraints.

Automatedproof-planning Wehavecompletelyignoredtheproblemof automatedproof-planning
in thisthesis.However, thetaskstructuretogetherwith themethodsthatwehaveintroduced
shouldserveasabasisfor thedevelopmentof anautomatedproof-plannerfor CORE.

User Interface We have seenthatalthoughtasksallow usto presenta subproblemin anacces-
sible way to the userit is importantthat only the informationnecessaryto continuethe
proof is shown to theuser. In fact,therequiredinformationmightbedependentonvarious
variablessuchasthe proof-strategy preferredby the user(e.g. direct vs. indirect proof),
etc.

This issuecanbe generalizedto the broaderquestionof how we candesignan interface
that takesadvantageof COREs novel way to representa proof-stateandto organizethe
reasoningprocess.Ideally, the developmentof suchan interfaceshouldgo togetherwith
empiricalstudiesthat try to establishwhich informationis consideredasrelevant by the
user(or differenttypesof users)in agivenproofsituation.

CompletenessOf course,whenwe make useof thetaskstructureintroducedin Chapter4, it is
importantto establishthecompletenessof thetaskmanipulationrules.However, a formal
treatmentof this issuewould have beenclearly out of scopefor this thesisasthis would
have for instancerequireda formal definitionof thesemanticsof signedformulas.

Moreover, althoughwe were only concernedwith COREs first-orderfunctionality it is
essentiallyahigher-orderframework. Onceit is possibleto loadhigher-orderproblemsinto
CORE, any completenessproof hasto cover thehigher-ordercaseaswell. This might not
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evenbepossiblewithout new techniquesto show completenessof higher-orderreasoning
frameworksaswereonly recentlyproposedin [BBK03].

Term Indexing Currently, theconceptsdevelopedin this thesishave only beentestedon rather
simpletheoremsfrom thedomainof naive settheory. Whenthesystemis to be usedfor
real-world problemswemightbeableto makethecomputationprocessesmoreefficientby
theemploymentof real term-indexing techniquesaswe alreadypointedout in Chapter5.
With term-indexing techniquesproperlyimplementedit might for instancebe possibleto
identify applicablereplacementrulestogetherwith the applicationpositionin a moreef-
ficient way. However, we postponework in this directionuntil we canload higher-order
problemsin CORE. Thereasonis thatwhenwe usehigher-ordertermswe will encounter
new problems,suchashow to dealwith variablehead-symbolsof terms.Thequestionof
how to employ term-indexing strategiesin a higher-orderframework is thusa topic on its
own.



85

Chapter 10

BNF-Grammar

- inference/ ::= (defmethod - name/
(in - theory/ )
(declarations

(type-variables ( - typevar-list / ))
(variables ( - var-list / ))
(methodvars ( - mvar-list / )))

(parameters( - name-list/ ))
(premises ( - arg-list / ))
(conclusions( - arg-list / ))
(outline-mappings( - map-list/ ))
(expansion - name/ ))- appl-dir / ::= (defdirection - name/.- name/

(declarations
(type-variables - name-list/ )
(variables - var-list / )
(methodvars - mvar-list / ))

(hypothesis( - hyp-list / ))
(premises( - arg2-list / ))
(conclusions( - arg2-list / ))
(application-conditions - list-of-expr / )
(outline-computations( - comp-list/ ))- arg-list / ::= - arg /T - arg /�- arg-list /- arg / ::= ( - name/�- decl_content/ )

T X- map-list/ ::= - mapping/ T XT - mapping/�- map-list/- mapping/ ::= ( ÷ existing
T
nonexisting

ø Ã - name/ )
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- mvar-list / ::= - mvar / T XT - mvar /�- mvar-list /- mvar / ::= ( - name/2- mvar-type / )- mvar-type / ::= - basetype/T
( - constructor/.- mvar-type / )- type / ::= - basetype/T - type-var /T

( - type-list / )- type-list / ::= - type / T XT - type /.- type-list /- typevar-list / ::= - type-var / T XT - type-var /�- typevar-list /- type-var / ::= - name/- constructor/ ::= listof
T
pairof

T
. . .- var-list / ::= - var / T XT - var /�- var-list /- var / ::= ( - name/2- type / )- comp-list/ ::= - comp/ T X- comp/.- comp-list/- comp/ ::= ( - val-list /.- lisp-expr / )- val-list / ::= - name/ T X- name/�- val-list /- hyp-list / ::= - hyp / T XT - hyp /�- hyp-list /- hyp / ::= ( - name/.- decl-content/ :for - name/ )

- arg-list2 / ::= - arg2 / T XT - arg2 /�- arg-list2 /- arg2 / ::= ( PC- name/ )T
(
þ - name/ )T

(
È - name/ )

- name/ = ����� �"!$#- theory/ ::= - name/
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- name-list/ ::= - name/ T XT - name/�- name-list/- decl_content/ = All termsover all types,variablesandfunction symbolsthat arevisible at
this point. Theseareall objectsthat have beendeclaredin eitherthe theory, the methodor the
particularapplicationdirection.- lisp-expr / ::= anarbritraryLisp-expression- list-of-expr / ::= - lisp=expr / T XT - lisp-expr /�- list-of-expr /

FigureF22: BNF grammarfor themethodspecificationlanguageintroducedin chapter6
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Chapter 11

Screenshots

FigureF23: GUI of theCORE system.Theinitial taskfor theexamplefrom Chapter5 is shown
in thewindow on theright-handside.
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