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Abstract

Researclon automatedndinteractive theorenproving aimsatthe mechanizatiomwf logical
reasoning.Aside from the developmentof logic calculiit becamerapidly apparenthatthe
organizationof proof searchon top of the calculi is an essentiataskin the designof pow-
erful theoremproving systems.Different paradigmsof how to organizeproof searchhave
emepedin thatareaof researchthe mostprominentrepresentatesaregenerallydescribed
by thebuzzwords: automatedheoremproving, tacticaltheoremproving andproof planning.
Despitetheir paradigmatidifferencesall approachesharea commongoal: to find a proof
for agivenconjecture.

In this paperwe startwith a rational reconstructiorof proof searchparadigmsin the
areaof proof planningandtacticaltheoremproving. Guidedby similarities betweensoft-
wareengineeringandproof constructionwe develop a uniform view thataccommodatethe
variousproof searchmethodologiesndeasesheir comparisonBasedon this view, we pro-
posea unified framavork thatenableghe combinationof differentmethodologiedor proof
constructiornto take advantageof their individual virtues within specificphaseof a proof
construction.

1 Intr oduction

The idea of tacticaltheoremproving as a way to programproof stratgies interactvely dates
backto theendof the 70s’ whenthe Edinturgh LCF-project{GMW?79] proposedts approachn

whichtheuserinteractswith theproverthroughaprogrammindanguageML whichoperatesn a
soundway onlogicalformulas,rulesetc.asML data.Extensionf theunderlyinglogic resulted
in Cambridgd.CF; in the80s’ GordonimplementedheHigherOrderLogic HOL [Gor88] based
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onCambridgd_CF. Lateron, furtherapproachebasedntacticaltheoremproving followed: the
KIV-system[HRS90], A-prolog [FM88], andOY STER [Bun88] only to mentionsomeof them.
In [Bun88], Bundy addressedhe problemof dynamicallycombiningtacticsto complex proof
stratgies which resultedin the paradigmof proof planning. The ideawasto add declaratve
specificationgpre-/postconditionso tacticsresultingin so-calledmethods.This enableneto
reasoraboutthe behaiors of tacticsandto plancomplex sequencesf tacticapplicationslin the
areaof programsynthesisKraanet al. [KBB93] introducedmiddle-outreasoningo propagate
constraintarisingfrom speculatedntermediategoalstowardsthe original goal. Melis [MS99]
generalizeduchanapproacho thenotionof islandplanning.To obtainamoreefficient planning
processRichardsorand Smaill [RS0]] introducedthe notion of methodicalsasa programming
languagentopof methodslin parallelthe Omegagroupdevelopedadifferentimplementatiorof
proof planning.Startingwith methoddasicallyasfixedprooftreepatterngKRS94], their notion
of method=evolvedto akind of generalizedacticallowing to construcia prooftreefrom arbitrary
directionsandusingvariousnon-tacticalsub-pravers[BCF+97]. To copewith the searchspace
arisingfrom this flexibility , Soige [BS0Q introducedO-antsasanblackboard-basedpproacho
propagateonstraintdy methodapplicationdowardsdifferentdirectionsin parallel.

Thelargeamountof competingandnon-relatedapproachemakesit difficult to geta unified
view on how the variousaspectf tacticaltheoremproving and proof planninginfluencesthe
efficiengy andalsothe effectivenessof proof search.Rippling [BSVH" 93] asa prime example
for proof planning, for instance,hasalso beenimplementedusing a tactical theoremproving
approaciHut97]. Sowhat are the differencesbetweenthe differentapproache$rom a proof
searchperspectie. Are therefundamentaldifferenceswhich makes one approachsuperiorto
othersin somedomains?

Interactve theoremproving bearsa strongresemblancéo formal programdevelopment.The
theoremto be provenrelatesto a formal requirementpecification. The resultingformal proof
correspondso the running programsatisfyingthe requirementspecification. In betweenthere
arevariouslayersof abstractionsn which givenrequirementsre stepby stepreplacedoy con-
structie solutionssatisfyingthe requirements.In algebraicspecificationghe formal notion of
refinementonstituteghe bondingbetweerthe layers. Basicoperationsof onelayer have to be
implementedn termsof operationof the next layerbelon. Analogously tacticscanbe consid-
eredasanimplementatiorof complex proof searchoperatorsspecifiedby the pre-andpostcon-
ditions of the correspondingnethod. Basedon suchspecificationwe may constructeven more
complex searchoperatorsvhich defineagainthe basicbuilding blocksof the next layer.

Drivenby this analogyto formal softwaredevelopmentwe will analyzeexisting approaches
on proof planningand tactical theoremproving to comeup with a unified view on theseap-
proacheslin particularwe areinterestedn the principlerepresentationalndorganizationaton-
ceptsof theseparadigmsand presentan attemptat a uniform perspectie andlandscape.This
landscapesupportsthe localizationof the differentparadigmsaswell asthe requiremengnaly-
sisof the key structuref a systemframeawork thatshall supportthe integrationof the different
approachebasedn traditionaltheoremproving, tacticaltheoremproving, andproof planning.



2 Proof Search Using Tacticsand Proof Planning

The ultimategoal of a proof searchs to obtaina formal proof of the giventheorem.Following
thelines of tacticaltheoremproving [GMW79, Pau87],we considera formal (tactical) proof as
a directedagyclic graph. Eachnode N of the graphis labeledwith a formula ¢y. The graph
hasa singlebottom-lesel (or dually top-level) nodelabeledwith thetheorento be proven. Given
anodeN its immediatepredessofdually successorphodesN, ..., N; representhe conditions
necessaryo infer theformulaassociatetb V, i.e., % is aninstanceof aninferencerule
of the proof calculususedto constructthe proof graph. A proof graphis closediff all leaves N
of the graphareclosed.,i.e., labeledwith true. In contrastto traditionalapproachesye define
proofsasgraphansteadof treeswhichallows usto make explicit themultiple useof intermediate
proof goals. A partial proof refersto a fragmentof a proof graphandis usuallya collection of
non-closedandunconnectegroofgraphs.

Proofsearchs the procesdo constructa closedproof graph. In interactve theoremproving
this is usually done by collecting more and more constraintsaboutthe desired(closed)proof
graph.In principle,therearetwo differenttypesof constraintgo refinethe partial proof:

Graph constiaints speculateaboutthe existenceor the form of particularsubgraph®r indi-
vidual nodes. This correspondso the speculatiorof a lemmaor an intermediatesubgoal. For
instancan inductive theoremproving, heuristicsaaresuccessfullyusedthatproposeanintermedi-
ategoalof theform P(z) — ¥(P(x)) whenproving aninductionstepP(z) — P(s(x)), because
this form enableghe applicationof the given P(x) on the transformedjoal ¥(P(z)). In other
wordswe areonly interestedn proof graphswhich containa nodelabeledwith aninstanceof
P(z) —» Y(P(x)).

Opemational constaintsspeculat@abouttheway how anactualproofsketchwill beexpanded.
A classicexampleof operationakonstraintss the refinementof proof sketchesusingtacticsas
they aredefinedin the LCF-frameavork [Pau87]. Tacticsarebasic,primitive operationson proof
sketchesimplementingthe applicationof an individual inferencerule. Tacticalsallow one to
combinetacticsandtacticalsto morecomplex programs.Thus,decidingwhich tactic(s)to useto
expanda noderepresentsn operationakonstraint.For example,the decisionto expanda proof
nodeby usinga simplificationtactic,which unfoldsdefinitions,is a well-known instanceof such
anoperationatonstraint.

2.1 Abstract Proof Graphs

Givena partial proof, graphconstraintgostulatethe existenceof a node(or a subgraphjn the
proof graphunderdevelopmentsatisfying,for instancea specificpattern.How canwe make use
of suchspeculatedhtermediategoalswhenexpandingthe partialproof? A well-known approach
is generateandtest. Independentlyf the given constraintghe partial proof is expanded.Only
if the generatedsubgraph(or a particularnodeof it) satisfiesthe graphconstraintsit will be
permanentlyaddedto the graph,otherwisebacktrackingwill remove the addedpartsfrom the
outline. Considerthe example of proving the induction step: tactics may transformthe task
P(z) — P(s(z)) but only if their resultsatisfiesthe patternP(xz) — ¥(P(zx)) the generated
subgraphs permanentlyaddedto the proof outline. Notice, thatin this casewe do not needa
declaratve descriptionof thetestpatternbut we only needanoracle(program)to decidewhether
the conditionsaresatisfied. The dravbackof generate-and-tesd thatthe testconditionsdo not



influencethe generatiorprocess.

In orderto supporta closerinterlocking of the proof generatingsearchprocessandthe se-
lecting testconditions,we needa declaratve descriptionof the intermediategoals(insteadof a
simpletestprogram)to estimateandreactonthedistancebetweertheactualnodeandthedesired
goals.As aresult,variousabstraction®n formulas(see[Pla81]for anovervien) wereproposed
in the pastto formulateintermediategoals.Most of theseabstractionsreeitherformulapatterns
involving higherordervariables(like ¥ in the exampleabove) or homomorphicextensionson
abstractionsf thesignaturglike mappingdifferentpredicatesymbolsinto onesymbol,or ignor-
ing specificagumentpositionsof functions). The problemlastsof how to searchor a proofon
anabstractevel. Ideally we would lik e to abstracthe inferencerulesgiving birth to ainference
machineon the abstractevel. This would allow usto searchfor an abstractproof basedon the
declaratve graphconstraintgformulatedasabstractedormulas). However, it turnedout thatin
practiceabstraction®n (usual)formulasareof limited use[Pla81]. In particulat theclaimfor PI-
abstraction$GW92] restrictspossibleabstractionso homomorphiextensionof abstractionsn
the signaturewhich areof minor helpin proof search Rippling wasa first successfuéxampleof
usingabstraction®n proofdatastructuret searcHor aninductive proof (seg[ BSvH93, Hut0O(|
for details). However, in this settingthe abstractions no longera functionon termsbut a func-
tion ontermsplusadditionalcontext information(i.e., askeletondenotingtheunchangeablparts
of aterm). In the meantimemore abstraction®n suchenriched proof datastructurebave been
developedasabasisfor proof searchon anabstractevel (e.g.[AH97, Hut0Q).

Summingup, usinggraphconstraintsmposeghenotionof anabstracproofgraph,thenodes
of which arelabeledwith abstraction®f formulas(possiblyplusadditionalcontect information).
We distinguishtwo approachesgenerateandtestwill expandthe proof graphon the concrete
level, abstractheresultingformulaandcompardt with the givenabstracgoal. Abstractreason-
ing will operateon anabstracpartialproofandwill refinethe abstracproofgraphto aconcrete
proof graphlateron.

2.2 StepwiseRefinement

Given the notion of an abstractpartial proof, the problemariseshow to map suchan abstract
objectto a correspondingoncretepartial proof graph. To simplify matterswe restrictoursehes
in the following to mappingsthat presere the structureof an abstractproof graph/outline. In
otherwordswe demandhe existenceof functionsabs andref suchthatref mapseachnode N
of theabstracgraphinto anodeof theconcretegraphsuchthatabs(¢,.¢(x)) = ¢ (V) holds.Fur
thermorejf M is asub-nodeof anodeN thenref (M) is alsoa sub-nodeof ref (V). Intuitively,
theseconditionsguaranteg¢hatwe canusethe abstracproblemdecompositiorffencodednto the
abstractproof graph)without changedo structurethe proof of the next proof layer While this
propertyholdsusingabstractionsik e thosementionedabove, therearemoregeneralapproaches
to changeherepresentatiofevel of proof searchthatviolatesthe property We will returnto this
issuelateron.

If we stick to this structurepreservingrefinementof abstractproof layersthenwe canmap
eachabstraciproof constructorwhich is aninstanceof anabstracinferencerule, to a subgraph
of thenext prooflayer. To implementsucharefinementwe areinterestedn a uniformapproach
whichtells ushow to refineabstracinferencerulesin general At first we may useagaina gen-
eralgenerate-and-tespproacho extenda nodein the concreteproof graphuntil its abstraction



1st Proof Layer
(= Calculus-Layer)

Figurel: Prooflayersconnectedsia abstractiongndrefinements

is equalto theinstanceof theabstracproof step.To realizeaninformedsearchknowledgeabout
possiblerefinementf abstraciproof stepscanbe encodednto operationakonstraints.For in-
stancewe canassociatatacticto anindividual abstracinferencerule which will implementhe
refinemenbf anabstracproof step.This correspondsloselyto the notionof amodulein formal
software development: the abstractinferencerule is an atomic operationon the abstractievel
thatis implementedn termsof operationson the concretelevel during the refinementprocess.
Methods,asthey areintroducedin [Bun88], arespecialcasesf virtual modulesof anapproach
of proof seach by stepwiserefinementspre- and postconditionspecify the abstracinference
rule while theassociatediacticdenotests implementation.

2.3 Implementing Abstract Constructors

Organizingproof searchn layersof moreandmoreabstracilayers,the maintaskis to compute
appropriatamplementation®f the (instance®f the) abstractonstructorof eachlayer Tactics
area classicalway to describesuchimplementations:Given a fixed abstractionayer, a setof
tacticrepresenthe constructor®of this layer. Tacticalsareusedto combinetheseconstructorgo
more comple tacticswhich are usedto provide animplementatiorof the constructortacticsin
theabove prooflayer.

ClassicalL.CF Tacticsoperateon an openproblemandtranslatethis problemusingthe given
inferencerules of the calculusinto a (possiblyempty) setof new problems. Tracingthe used
inferencerulesandtheintermediatesetsof problemswe cansaythatatacticwill expandagraph
nodeinto apartialproof. SincetacticsaredeterministiceachtacticT hasacharacteristi¢partial)
function expr which mapsproof nodesto partial proofssuchthateachproof node N is mapped
to the partial proof exp-(IV) that resultsfrom the applicationof the tactic to the node. As a
consequencé,CF tacticswill only constructproofgraphstop-davn.

However, supposeave know aboutgraphconstraintavhichrestrictthe outline of the subgraph
to begeneratedSincewe lik e to avoid a generate-and-tespproachye have to propagatehese
constraintstowardsthe choice points of the tactic (like, for instance,the use of ORELSEIn
LCF) which correspond$o a bottom-upapproachlin otherwords,knowing constraintaboutthe
leaves Ny, ..., Ny of expr(N) we have to deduceknowledgeaboutthe tactic T to be usedand
the (speculatedpode N which will be expanded.ConsiderN, Ny, ... N, astheinterfaceof the



subgraplresultingfrom anapplicationof atactic7. Thenthe generalizegroblemis to deduce
knowledgeaboutthis subgraphfrom given constraintson the interface. This gave rise to the
notionof methodsasintroducedby [BCF+97]. Roughlyspeakingthesemethodsaregeneralized
tacticsthatcomputeproof graphsor partial proofsfrom a subsebf their interfaceswhich allows
oneto mix top-davn andbottom-upapproachesin the sameway tacticalsare usedto construct
comple tacticsfrom simpletactics,methodical§RS0]] areintroducedto combinemethodsto
evenmorecomplex methodswith the help of usualprogramminganguageoperators.

2.4 SomeNontrivial Examples

In the areaof diagrammatiaeasoningwe find examplesfor horizontalproof systemsworking
on representationdifferentfrom predicatelogic. A prominentexampleare SpiderDiagrams,
which extendthe well known Venndiagramsand Euler circles supportingreasoningaboutsets
(cf. [HMT *01] andthereferencesherein).Soundnesgandoftenalsocompletenessyredirectly
guaranteedor the operatorsat this layer In this casethereis no needto provide anothersound-
nesscriterionvia refinementfor instanceto a predicatdogic representatiotayer, eventhough
very naturalandintuitive refinemenimappingmay exists.

Jamniks DIAMOND system[JamO] is an examplefor diagrammatiadeasoningsystemthat
links two differentrepresentatioframenorks. DIAMOND constructgproofswithin a diagram-
maticrepresentatioframevork for the specificdomainof naturalnumberarithmeticandit veri-
fiesthe diagrammatigroofsvia refinemento schematiqgroofsgivenin a predicatdogic repre-
sentationframavork. Anotherproof systemthatlinks a diagrammatiaepresentatiotayerwith
sententialogic representationis Hyperproof[BE94].

A commonaspectof mostdiagrammatiaeasoningsystemss thatthey areexclusively de-
signedfor specificmathematicalomains.This contrastswith universaldemandandpretension
of systemsdesignedor predicatelogic. Our framewnork, however, providesa way to combine
theseapproache®y emplgying a predicatelogic basedsystemat the bottomlayer and provid-
ing refinementdrom diagrammatiaeasoningsystemso the latter (but probablyalso between
differentdiagrammatiadeasoningystemsif possible).

3 An Attempt at a Unified Framework

In this sectionwe attemptat a unified framework comprisingthe heterogenougroof search
paradigmssketchedbefore. Our proposalis preliminaryin the sensehat further extensionsof
our view are possibleand necessaryFor instance,n the discussionn Sec.4 we will address
operatorssuchasIreland’s proof critics [Ire92], that work globally on the proof datastructure
insteadof justlocally. For the momentwe restrictour developmentto the latterin orderto avoid
confusions.

Our framework is separateth a horizontalanda verticalaxis. The horizontalaxisaddresses
proof searchwith a givensetof basicproof operatordefinedon proof nodeswhich we will call
proof constructos (PC). Associatingproof constructorswith a specificationof an application
direction (they canbe specifiedvia procedurabr declaratve means)urnstheminto proof con-
structor applications(PCA). Proof constructionis realizedas compositionof proof constructor
applications Specificationsof suchcompositionsare possiblein a static mannerby exploit-



ing a procedurabrogramminganguaggwhich givesus LCF styletactics)or declaratvely asa
dynamicsearchprocesgwhich givesus declaratve proof planning). In the latter casethe pre-
supposedieclaratve descriptionsof the PCAs are exploited to dynamicallychainthemin the
searchspace.Specification®f compositionf PCAsareabbreriatedas CPCAsin the remain-
der. A horizontalproof systentonsistf a setof PCAsanda proof searchor proof construction
framawork givenin form of a CPCA.

Theverticalaxisaddressetheaspecbf abstractiorandrefinemenof proof constructorgand
thus proofs) from one representationdhyer to anotherone. We do not necessarilyenforcea
real changeof representatiobetweerntwo verticallayersandexplicitly allow theabstractiorand
refinementmappingsaebs andref to be the identity function (trivial change of representatioi
Thisway our framework supportghe constructiorandintegrationof new abstrac{lessgranular)
proof constructordhat encapsulatéarger proof patternvia oneor several vertical movesin the
hierarchywith respecto thetrivial changeof representation.

3.1 The Horizontal Axis

We now introducethe conceptdfor horizontalproof systems. A basicingredientis the object
language that we employ to modelthe objectsin the domainof interest. With the help of the
objectlanguagewe introduceproof lines. Next, Proof graphsaredefinedasanabstracdatatype
with proof nodesandproof constructos asbasicbuilding blocks.

Proof Constructor A proof constructorN = [P, C, T, S] consistsof non-emptylists P =
(P1,...,P)andC = (Cy, ..., C;) of schemativariablesP;, C}, representinggremisenodesand
conclusionnodesrespectrely, somepossiblyempty parametetist T, and somepossiblyempty
setof applicationconditionsS. A proofconstructorV is usuallyrepresenteds

P,.. . P plus side-
N(T "
Ci,...,C; (T) conditions
Exampledor proofconstructorgPCs)are:
P P with the side-conditionthat P, P», and C' are of
¢ ModusBarbara forms A = B, B = C, andA = C respectiely.
whereP is the sub-formulain C' at positionr and
it CP L Proof ByPointing(r) PL isthelist of all formulasthatariseassubgoals

whendecomposing’ down to P.



whereP < C with respecto somesimplification
ordering<.

P Simpli fy(<) An example for a special version of Simplify

C Is arithmetical simplification (i.e., we choosea
particularordering <,.;; andprobablyemploy a
computeralgebrasystemto realize<,,;:).

P P with side-conditionthat there exists complemen-

1 2

8 Resolution taryliterals L, (in clauseP;) andL, (in clauseP,),
andasubstitutions suchthat. . .

We wantto remarkthatevenin presencef a formal notion of semanticgor the underlying
objectlanguagene do not presupposé¢hat PCsactuallyfulfill a directsoundnessriterion. The
reasonis that we aim at a flexible approachthat even supportsunsoundreasoningat a higher
prooflayerprovidedthatsoundnessanbe addressethdirectly via refinemento alower layer.

OMEGA is anexamplefor systenthatoperatesvith (some)unsoundcoperatorsat higherproof
layers,while it providesa soundbottomlayerandarespectre refinemenmechanismThemain
issueat the higherproof layersin OMEGA concernghe adequag of the new operatorsontent,
theiramplitudeof prescindedyranularity andtheir (typically domain-specificproof searchqual-
ification. For someOMEGA operatorst is evenimpossibleto establishsoundnesslirectly. For
instancethe computeralgebrasystemX usedwithin Simpli fy(<urith) Backwara t0 performthe
simplification stepmay be partially incorrect(e.g., by neglectingsomeside-conditions).Thus,
insteadof trusting X, OMEGA provides facilities to refine (someof the) computationsof X
to the soundand verifiable bottom layer; see [Sor00] for details. The sameis possiblevia
TRAMP [Mei00] for traditional ATPsemployedwithin abstracproof operators.

In orderto be ableto apply PCswe have to provide additionalinformation. For instancewe
have to specifyapplicationdirectionsfor the PCs(forward, backward, and sidevard or mixed).
We alsoneedto say how concreteinstantiationsof the schematigroof nodevariablescanbe
determinedThis motivatesthe following definition of proof constructorapplications

Proof Constructor Application (PCA) A proof constructorapplicationPCA = (PC,OP)
combinesa proofconstructorPC with anoperator(function) O P thatrealizesa particularappli-
cationdirectionof PC, i.e.,OP constitutehow to computefrom givenproof nodeinstantiations
for schematicproof nodevariablesk ¢ P U C' the instantiationsof the schematicvariables
(PUC)\ K.

TheoperationO P of a PC' A canbe specifiedn a pureproceduramannernseeL CF-tactics)
or by declaratve meangseemethodsn ClamandOMEGA). In casepureprocedurakonstructs
areemployedwe speakof a proceduraproof constructoapplicationgPPCA).

Declaratve specification®f PC As presupposa suitabledeclaratve descriptionframavork,
for instancepasedn a higherorderlanguagetogethemith respectre supportfacilitiessuchas
a patternmatching. However, evenin the presencef sucha declaratve descriptionframeavork
oftennotall aspectof anOP canbe describedully declaratvely. As a consequenca mixture
of declaratve andproceduratonstructss employed. In thefollowing we will call specifications
of PC Asthatcontaindeclaratve partsasdeclaratve proof constructopplicationgDPCA).



We motivateandillustratethe notionsD PC' A and PPC A by examples:

Assumingthatarespectre specificatiolanguagdseefor instanceClamor OMEGA) is avail-
ablewe canmodel forward applicationof Modus Barbarapurely declaratvely as DPC A, for
instanceasfollows

PP:A=B P’:B=C
C®:A=C

ModusBarbararerward

& and & encodethe applicationdirection; we assumethat O P works from instantiationsof
the nodesP, , (indicatedby ©) in directionof nodeC (indicatedby ¢). Termslike A = C,
with A andC beingschematicsariablesareconstructof our declaratve descriptionframenork
andspecifystructuralrequirements Patternmatchingis the mechanisnthat supportshe deter
mination of possibleproof nodesmatchingthe structuralrestrictionsfor P, , andthe resulting
informationis employed to computeaninstancefor C'. Note that we could alternatvely spec-
ify ModusBarbarag.v.a.rq @lSOpurely proceduraby expressinghe above criteriadirectly in a
programminganguage.

Backward applicationof Simplify(<,,:) is anexampleof a PC' A wherea proceduramod-
elingasPPC A is indicated:

Input: instanceC for C

Body: if C containsarithmetic expressionsA; thenusecomputer
algebra systenX to simplifythe A; to simplifiedexpressionsA; with
respecto <., elsedonothing

Output: Instancefor P computedoy replacingthe A; by Af in C
respectively

Proceduraspecification®f PC As are,of course alwayspossible(sincetheemployed program-
ming languagesreusually Turing complete)while declaratve specificationdeavily dependon
thefacilitiesandcapabilitiesofferedby the employedreasoningramework.

An examplefor a D PC A wheredeclaratve andprocedurapartsaremixedis

P®: A PL®:,
C®:X(A)

) esm P,r.OOfoPOiTlting(ﬂ-)

wherewe assumehat A representshe formula we put the focuson and X is a higherorder
variabledenotingthe surroundingcontect of C'. An additionalside-conditiorfor X and is that
X hasto matchwith aterm AY.C in whichvariableY occursexactly once(in the 5-normalized)
formula C, namelyat position7. Thus, when providing A the surroundingcontext X of A

in C is determinedby matchingand alsothe respectre position canbe inferred. The only

missinginformation concernghe determinatiorof the ¢, ..., ,, i.e., the subformulasn C that
ariseassubgoalsvhendecomposing’ downto P beta-relatedo the subformulgpositionwe are
pointing at. The determinatiorof thesesubformulascanhardly be expressedy declaratve but

easilyby procedurameans.

Composition of PC Applications are specificationsof complex proof searchbehaiors by
an howsoever compositionof PC As. As beforefor PC As we distinguishbetweenprocedu-
ral compositionof PCAs (CPCA thatfollows the ideasof tacticalsfGMW79, Pau87,SAHO01]
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andmethodicald§RS01],anddeclaratve compositionof DPCAs (SDPCA thatfollows theidea
of searchingor sequencesf DPCAs by exploiting their declaratve descriptions.

Declarative Compositionsare searchstratgies over given DPCAs. Typical examplesfor
suchstratgies are iterative deepeningsearch best-firstsearchwrt. someheuristicweighting,
or a Set-Of-SupporStratgy. Evensearchstratgiesinducedby orderingconstraintsasusedin
superpositiortalculus|BGLS92] fall in thatcategory. Eachof thesedeclaratve searchstratgies
canbedescribedgsymbolicallyby theirnameandalist of parameterso thatstrateyy. A parameter
thatis sharedamongthesestrateyiesis the setof proof constructor€. Thisresultsin alanguage
for declaratve proof searchstratgies,asfor example(we assumea languagée'Parameters’for
expressionglescribingparameters):

SearchStratgliesover DPCAs: SDPCA := Best-Frst(C, Parameters
| IDA*(C,Parameters | ...

Procedunl Compositionsare specification®f complex operationalproof searchbehaiors.
They aredescribedusing a specificlanguagetailoredto the needsarising during the designof
proof searchbehaiors. In thefollowing we sketchanexampleproceduratompositionanguage
L(C) thatis parameterizedverasetC of proof constructoapplicationdPCA).

For the PCAs we assumethat they canbe invoked in somegiven proof situationpossibly
togethemwith aspecificatiorhow they shallbeapplied. Theapplicationof thesePCAs caneither
fail, leaving the proof unchangear succeedandreturnthe new proof. The succesandfailure
semanticof PCAs is subsequentlysedto definea semanticgor £(C) in continuationpassing
style[Rey93].

Thelanguagel (C) consistsof compoundexpression®verC denotecoy CPCA Therebywe
assumealanguagéeTest”for expressionslescribingoooleartests alanguagéVar” for variables,
alanguageComputé for expressionslescribingcomputationsandalanguageéParameterstor
expressionglescribingparametersregiven:

CompoundPCA CPCA := C(C | CPCACPCA | CPCA| CPCA (1)
| if TestthenCPCAelseCPCAfi 2
| while Testdo CPCA0d 3)
| let Var= Computein CPCAtel 4
| NAMED-CPCAParameters (5)
| SDPCA (6)

Thereby”;” in (1) denotessequentiatompositionand*||” denotegarallelcomposition.In
bothcaseshe compoundexpressiorfailsif eitherthefirst or secondcompoundails. In (2) con-
ditionalbranchings includedwhichfailsif thecompoundf thetakenbranchfails. Loopscanbe
specifiedandaloop expressiorfailsif at somestagethe compoundexpressiorin the body of the
loopfails (3). Local variablescanbe declaredoy a standardet operatorandthatexpressiorfails
if the containedcompoundtails (4). Finally, callsto namedcompoundsanoccurin compound
expressiong5). Namedcompoundsare analogoudo standardnamedfunctionsin functional
programmindanguagesThus,asidethe definitionof CPCAs thelanguageshallsupportthe def-
inition of namedCPCAs
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NamedCPCAs := defprocNAMED-CPCA{Var}*) = CPCA

Finally, in orderto supportthe combinationof proceduralanddeclaratve proof searchde-
scriptions,we integratethe searclstratey languageSDPCAInto thelanguagdor CPCAs (6).

Now, pure tacticsin the LCF tradition[GMW79, Pau87,SAHO01] canbe viewed asa subset
of theabove languagewherenamedCPCAs aredefinedfrom proceduraPCAs only. We denote
this sub-languagef £(C) by £(C),p. Furthermorethe methodicalexpressiondRS0]] canbe
viewed asa subsebf the above languagewithout the definition of namedCPCAs andwherethe
allowed CPCAs arethosedefinedfrom declaratve proof constructorapplicationg DPCA) only.
We denotethis sub-languagef £(C) by £(C),p.

3.2 The Vertical Axis

The vertical axis is concernedvith the relationshipbetweenproof constructordrom an upper
proof layerandproof constructorsrom a lower proof layer More specificallyit consistsof the
specificationhow a proof constructorfrom an upperproof layer can be implementedoy proof
constructorgrom a lower proof layer. Again, by exploiting the analogyto formal software de-
velopmentthis meanghatimplementationsnustbe definedfor eachconstructorof an abstract
datatype.In our setting,we have anuppersetof proof constructor€’, anda lower setof proof
constructorg’;. Theimplementatiorof aPC from C, is describedy acompoundPCAiIn L(C;).

However, analogouslyto signaturemorphismsin refinementof specificationsabstractiorand
refinemenmappingsabs andref thatlink formulasonthelower prooflayerandformulasonthe
abstractproof layer belongto the definition of a proof constructorrefinement. Thus,we define
refinementdy

REFINEMENT := (C,, £(C)), )

With this notionwe canclassifyexisting refinementsisedin the variousproof planningsys-
tems,suchasClam, A\Clam, QMEGA, andQ2-ANTS. In Clam and AClam therefinemenis not
assignedo a proof constructorbut to a declaratve proof constructorapplication(DPCA); this
alsoholdsfor the QMEGA proof methods.Thus,implementationsnustbedefinedfor all DPCAs,
evenif they belongto the sameproof constructoPC. However, oncea proof constructors ap-
plied, its refinemenis independentf the way how the applicationhasbeenachieved, asit is for
exampledonein ©Q-ANTS. For thatreasonwe refrainedfrom assigningrefinementso DPCAs
anddefinedrefinementdor the underlyingPCs only.

However, therearefurther differencesan the refinementotionsusedin the proof planning
systems: The refinementrepresentedby methodsin Clam, the ancestorof all proof planning
systems,assignsa call to a namedpure LCF tactic to an abstractproof constructor and the
abstractiorandrefinemenfunction abs andref aretheidentity function.

Clam-REFINEMENT := (C,, NAMED-PCAParametery Id)
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whereNAMED-PCAIs definedby defprocNAMED-PCAvarlist) = L(C;)  p.

In AClam theimplementations extendedby alsoallowing methodicakxpressionsn method
refinementswhile the abstractiorfunctionis still theidentity.

AClam-REFINEMENT := (C,, {NAMED-PCAParameters | £(C,),p}, d)

Finally, in QMEGA and2-ANTS therefinemenbf a methodcanbeviewedasa partial proof
build from declaratve proofconstructoapplicationgDPCA) wrt. C;. Theadmissiblexpressions
for the implementationare therebysequentiabind parallelcompositionof DPCAs. We denote
thatlanguageby ,C(CO\m whichis deflnedby ,C(Cl)ig = DPCA € ‘ E(Cl)J,Q; ﬁ(cl)¢g ‘
L(C)a || L(C1),0. TheQmega notionof arefinemenis then

Omega/Q-ANTS-REFINEMENT := (C,, £(C),q, Id)

Note that none of thesesystemsexploits the possibility of a real (i.e.,non-trvial) changeof

representationOne theoremproving systemthat exploits this possibility is the ABSFOL sys-
tem [GSVW93. The ABSFOL systemis an extensionof the GETFOL theoremprover that

supportghe declaratve definition of abstractiorfunctionsandprovidestheinfrastructureto use
theabstractionsluringinteractve theorenproving with GETFOL.It allowstheuserto choosean

abstractionabstracta given problem,prove the abstractegroblemusing GETFOL, andallows

to generate partial proof for the original problemusingthe abstracproof. Thus,theabstraction
functionin anABSFOL-refinements actuallya non-trivial mapping.

Now thatwe have definedrefinementswe canclassifythe proof planningapproacto proof
search.Indeed,proof planningcanbe classifiedas a specificsearchstratgy over DPCAs that
takesasparametersot only DPCAs andheuristicknowledgeto control the searchput alsothe
refinementsof the respectre PCs. It is includedinto the proof planningstratey thatit can
intertwinehorizontalproof constructiorstepswith DPCAs andverticalrefinemensteps.

4 Conclusions& FutureWork

In this paperwe presentec rationalreconstructiorof variousproof searchparadigmseveloped
in interactve theoremproving. Exploiting the analogybetweennteractve proof constructioron
theonehandandformal softwaredevelopmenton the otherhand,we identifiedthe key concepts
of the differentapproachesProof constructorsdeclaratve & proceduralproof constructorap-
plicationsandtheir composition,andrefinemenif proof constructors Theseconceptsallow to
definealandscapé¢hatsupportshelocalizationof thedifferentapproacheandthusallows for a
uniform perspectie. The gainedinsightsarethenusedto sketcha framework that supportshe
integrationof the differentapproachefor the benefitto supportthe combinationof their virtues.
Theframawork is build upontheidentifiedkey conceptsalanguagehataccommodatelsoththe
procedurabnddeclaratve designof proof searchtechniquesanda representatioof proofsasa
hierarchyof proof graphsgachproof graphbelongingto anexplicit prooflayer.

In AppendixA! we presenta formalizationof hierarchicallyinterlocked proof graphs. The

We would remove that appendixfor the final versionof the paperif we cannotobtainan extensionof the page
limitation.
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definitionsareadaptedrom [CS0Q FieOl]andextendthosedefinitionsin orderto accommodate
representationalbstractiorandrefinements.

Futurework includesto improve onthelevel of sophisticatiorof ourframeavork andto deepen
theinvestigatiomandclassificatiorof existing reasoningsystems An interestingguestionalsois
how globally operatingproof operatorsuchasirelands proof critics [Ire92] or the controlrules
in OMEGA canbe integratedin our framavork. Theseoperatorsdo not just locally operateon
a selectedbranchor partin the proof graphbut globally changethe structureof it. Therefore
they complicate for instance a notion of backtrackingwhenbeingintegratedwith otherlocally
working operatorsn a single horizontalproof system(this is the reasorwhy control rulesand
proof methodsareclearly separatedn OMEGA). Oneway to explain themin our framework is
via thefollowing complex changeof representationAssumethata setof purelylocally working
operationgs defininga horizontalproof systemat layer z. We consideran upperlayerz + 1,
whereinsteadof proof graphsover proof nodes,networks of proof graphs(i.e., proof graphs
whosenodesconsistof lower layer proof graphs)are maintained. This way we can modelon
layer = + 1 local operatorsthat would be of global natureat layer z. We can also trivially
lift the local operatordrom layer z into respectre local operatorsat layerz + 1. We thereby
obtaina purelylocal proof systemat layerx + 1, with the dravbackthata rathercomplex proof
datastructurés beingmanipulated.
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A Hierarchical Proof Graph Representation

Definition 1 (Hierar chical Proof Constructors) Let (C;);c; be a family of setsof proof con-
structors, sud that there is a partial order over the C; with exactly onesmallestelement.Then
(C;):cr are hierarchical proof constructos.

Definition 2 (Justifications) Let (C;);cr be hierarchical proof constructos. A justification of
proof layeri is a 3-tupleJ = (PC(P), N), whee PC(P) is the applicationof someproof con-

structorPC from¢; with parametes P, and N is a list of proof nodesof prooflayer .

Definition 3 (Abstractions & Refinements) Let (abs’ )l jer afamily of abstractionsfrom: to j.

Thena representationalbstractiorof prooflayer: to prooflayer; is a pair A = (abs’ N) sud
thati < j andwher N is a list of proof nodeswrt. prooflayer j, called abstractiomodes A
representationaiefinementof proof layer j to proof layer: is a pair R = (absz,ﬁ) sud that
j < iandwhee N is alist of proof nodeswrt. prooflayer: called refinemennodes

Definition 4 (Proof Nodes) A proof nodeof prooflayeri is a 5-tuple N = (¢, J, A, R), whee
¢ is a proofobject,J a setof justificationsof prooflayeri, A anabstractionfrom; to j, andR a
refinemenfromi to j. We saythat NV is an opengoal, if J = (. If A or R are empty we denote
it by L. We saythat ead justificiation.J from J justifies N. If N is justifiedby a justification
withoutsuccessonodesthen N is a hypothesisn prooflayeri. Thesetof supportnodesof N
is thetransitiveclosure of all successonodesof V.

Definition 5 (Refining Proof Nodes) Givena setof proofnodesN and N € N. Wedenoteby N¥
therefiningproof nodesof N composeaf all proofnodesN’ € N, sud that NV is an abstraction
nodeof N'.

Definition 6 (Proof Graphs) LetN be a setof proof nodes,S C N proofnodesand N € N a
proof nodeof prooflayer:. N is a proofgraphof N from S wrt. prooflayers: if, andonlyif, one
of thefollowing holds:

1. NeS.
2. LetN = (¢, J, A, R).
(@) Forall J = (PC(P),N) fromJ andeach N’ € N there mustbesetN C N thatis a

proofgraphof N’ froms§,

(b) If A = (abs!, N), thenfor eah N’ € N there mustbea setN' C N thatis a proof
graphof N’ from$S

SinceN C N thisclearly definesan acyclicgraph.

Definition 7 (RefinementProof Graphs) LetN bea setof proofnodes,N € N a proof nodeof
prooflayeri and.J = (PC(P), N) ajustificationof N. LetN} betherefiningproof nodesof N

andR := U(w (abs! N'), A, R)EN N’ therefinemenhodesof the proofnodesin V.

ThenN\ is a refinementproof graphof .J if, and only if, for each N’ = (gp’,jl, A", R") from
NY N is aproofgraphof (¢, J, L, R') fromR.
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Definition 8 (Hierar chical Proof Graph) Let C := (C;)c ; be hierarchical proof constructos
with smallestelement,. A hierarchicaproof graphwrt. C is a 3-tupleP := (¢, C, N, C) whee
N is a setof proof nodes,C' = (¢, J, A, L) is a proof nodeof proof layer 0, C € N. Theopen
goalsof P are all proof nodeswith an emptyjustification.

LetH bethe hypothesesvithin the supportnodesof C'. Thenthe hierarchical proof graphis
closedif, andonlyif, N is a proof graphof C' fromH.



