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Abstract

Researchonautomatedandinteractive theoremproving aimsat themechanizationof logical
reasoning.Aside from thedevelopmentof logic calculi it becamerapidly apparentthat the
organizationof proof searchon top of thecalculi is an essentialtaskin the designof pow-
erful theoremproving systems.Differentparadigmsof how to organizeproof searchhave
emergedin thatareaof research,themostprominentrepresentativesaregenerallydescribed
by thebuzzwords:automatedtheoremproving, tacticaltheoremproving andproofplanning.
Despitetheir paradigmaticdifferences,all approachessharea commongoal: to find a proof
for agivenconjecture.

In this paperwe start with a rational reconstructionof proof searchparadigmsin the
areaof proof planningandtactical theoremproving. Guidedby similaritiesbetweensoft-
wareengineeringandproof constructionwe developa uniform view thataccommodatesthe
variousproof searchmethodologiesandeasestheir comparison.Basedon this view, we pro-
posea unifiedframework thatenablesthecombinationof differentmethodologiesfor proof
constructionto take advantageof their individual virtueswithin specificphasesof a proof
construction.

1 Intr oduction

The idea of tactical theoremproving as a way to programproof strategies interactively dates
backto theendof the70s’whentheEdinburghLCF-project[GMW79] proposedits approachin
whichtheuserinteractswith theproverthroughaprogramminglanguageML whichoperatesin a
soundwayon logical formulas,rulesetc.asML data.Extensionsof theunderlyinglogic resulted
in CambridgeLCF; in the80s’GordonimplementedtheHigher-Order-Logic HOL [Gor88]based
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onCambridgeLCF. Lateron,furtherapproachesbasedontacticaltheoremproving followed: the
KIV-system[HRS90], # -prolog [FM88], andOYSTER[Bun88] only to mentionsomeof them.
In [Bun88], Bundy addressedthe problemof dynamicallycombiningtacticsto complex proof
strategieswhich resultedin the paradigmof proof planning. The idea was to adddeclarative
specifications(pre-/postconditions)to tacticsresultingin so-calledmethods.This enablesoneto
reasonaboutthebehaviorsof tacticsandto plancomplex sequencesof tacticapplications.In the
areaof programsynthesis,Kraanet al. [KBB93] introducedmiddle-outreasoningto propagate
constraintsarisingfrom speculatedintermediategoalstowardstheoriginal goal. Melis [MS99]
generalizedsuchanapproachto thenotionof islandplanning.To obtainamoreefficientplanning
process,RichardsonandSmaill [RS01] introducedthenotionof methodicalsasa programming
languageontopof methods.In paralleltheOmegagroupdevelopedadifferentimplementationof
proofplanning.Startingwith methodsbasicallyasfixedprooftreepatterns[KRS94], theirnotion
of methodsevolvedto akind of generalizedtacticallowing to constructaprooftreefrom arbitrary
directionsandusingvariousnon-tacticalsub-provers[BCF$ 97]. To copewith thesearchspace
arisingfrom this flexibility , Sorge[BS00] introducedO-antsasanblackboard-basedapproachto
propagateconstraintsby methodapplicationstowardsdifferentdirectionsin parallel.

Thelargeamountof competingandnon-relatedapproachesmakesit difficult to geta unified
view on how the variousaspectsof tactical theoremproving andproof planninginfluencesthe
efficiency andalsothe effectivenessof proof search.Rippling [BSvH$ 93] asa prime example
for proof planning,for instance,hasalso beenimplementedusing a tactical theoremproving
approach[Hut97]. So what arethe differencesbetweenthe differentapproachesfrom a proof
searchperspective. Are therefundamentaldifferenceswhich makesoneapproachsuperiorto
othersin somedomains?

Interactive theoremproving bearsastrongresemblanceto formalprogramdevelopment.The
theoremto be proven relatesto a formal requirementspecification.The resultingformal proof
correspondsto the runningprogramsatisfyingthe requirementspecification.In betweenthere
arevariouslayersof abstractionsin which givenrequirementsarestepby stepreplacedby con-
structive solutionssatisfyingthe requirements.In algebraicspecificationsthe formal notion of
refinementconstitutesthebondingbetweenthe layers.Basicoperationsof onelayerhave to be
implementedin termsof operationsof thenext layerbelow. Analogously, tacticscanbeconsid-
eredasanimplementationof complex proof searchoperatorsspecifiedby thepre-andpostcon-
ditionsof thecorrespondingmethod.Basedon suchspecificationwe mayconstructevenmore
complex searchoperatorswhich defineagainthebasicbuilding blocksof thenext layer.

Drivenby this analogyto formal softwaredevelopment,we will analyzeexisting approaches
on proof planningand tactical theoremproving to comeup with a unified view on theseap-
proaches.In particularweareinterestedin theprinciplerepresentationalandorganizationalcon-
ceptsof theseparadigmsandpresentan attemptat a uniform perspective and landscape.This
landscapesupportsthe localizationof thedifferentparadigmsaswell astherequirementanaly-
sisof thekey structuresof a systemframework thatshallsupporttheintegrationof thedifferent
approachesbasedon traditionaltheoremproving, tacticaltheoremproving, andproof planning.



3

2 Proof Search Using Tacticsand Proof Planning

Theultimategoalof a proof searchis to obtaina formal proof of thegiventheorem.Following
the linesof tacticaltheoremproving [GMW79, Pau87],we considera formal (tactical)proof as
a directedacyclic graph. Eachnode % of the graphis labeledwith a formula &(' . The graph
hasasinglebottom-level (or dually top-level) nodelabeledwith thetheoremto beproven.Given
a node % its immediatepredessor(dually successor)nodes% �*),+-+-+,) %/. representtheconditions
necessaryto infer theformulaassociatedto % , i.e., 0214365879797 5:021<;0 1 is aninstanceof aninferencerule
of theproof calculususedto constructtheproof graph.A proof graphis closedif f all leaves %
of the graphareclosed,i.e., labeledwith true. In contrastto traditionalapproaches,we define
proofsasgraphsinsteadof treeswhichallowsusto makeexplicit themultipleuseof intermediate
proof goals. A partial proof refersto a fragmentof a proof graphandis usuallya collectionof
non-closedandunconnectedproof graphs.

Proofsearchis theprocessto constructa closedproof graph.In interactive theoremproving
this is usually doneby collectingmore andmore constraintsaboutthe desired(closed)proof
graph.In principle,therearetwo differenttypesof constraintsto refinethepartialproof:

Graphconstraintsspeculateabouttheexistenceor the form of particularsubgraphsor indi-
vidual nodes.This correspondsto the speculationof a lemmaor an intermediatesubgoal.For
instancein inductivetheoremproving,heuristicsaresuccessfullyusedthatproposeanintermedi-
ategoalof theform =?>A@CBED FG>H=I>J@CBKB whenproving aninductionstep=?>A@CBLD =I>NMO>J@CBKB , because
this form enablestheapplicationof thegiven =?>A@CB on the transformedgoal FG>N=?>A@CBPB . In other
wordswe areonly interestedin proof graphswhich containa nodelabeledwith an instanceof=?>A@CBLD FG>N=?>A@CBKB .

Operationalconstraintsspeculateaboutthewayhow anactualproofsketchwill beexpanded.
A classicexampleof operationalconstraintsis the refinementof proof sketchesusingtacticsas
they aredefinedin theLCF-framework [Pau87].Tacticsarebasic,primitiveoperationson proof
sketchesimplementingthe applicationof an individual inferencerule. Tacticalsallow one to
combinetacticsandtacticalsto morecomplex programs.Thus,decidingwhich tactic(s)to useto
expanda noderepresentsanoperationalconstraint.For example,thedecisionto expanda proof
nodeby usingasimplificationtactic,whichunfoldsdefinitions,is awell-known instanceof such
anoperationalconstraint.

2.1 Abstract Proof Graphs

Givena partialproof, graphconstraintspostulatetheexistenceof a node(or a subgraph)in the
proofgraphunderdevelopmentsatisfying,for instance,aspecificpattern.How canwemakeuse
of suchspeculatedintermediategoalswhenexpandingthepartialproof?A well-known approach
is generateandtest. Independentlyof thegivenconstraintsthepartialproof is expanded.Only
if the generatedsubgraph(or a particularnodeof it) satisfiesthe graphconstraintsit will be
permanentlyaddedto the graph,otherwisebacktrackingwill remove the addedpartsfrom the
outline. Considerthe exampleof proving the induction step: tacticsmay transformthe task=?>A@CBQD =I>NM4>A@CBKB but only if their resultsatisfiesthe pattern =?>A@CBID FQ>H=I>J@CBKB the generated
subgraphis permanentlyaddedto the proof outline. Notice, that in this casewe do not needa
declarativedescriptionof thetestpatternbut weonly needanoracle(program)to decidewhether
theconditionsaresatisfied.Thedrawbackof generate-and-testis that thetestconditionsdo not
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influencethegenerationprocess.

In orderto supporta closerinterlockingof the proof generatingsearchprocessandthe se-
lecting testconditions,we needa declarative descriptionof the intermediategoals(insteadof a
simpletestprogram)to estimateandreactonthedistancebetweentheactualnodeandthedesired
goals.As a result,variousabstractionson formulas(see[Pla81]for anoverview) wereproposed
in thepastto formulateintermediategoals.Mostof theseabstractionsareeitherformulapatterns
involving higher-ordervariables(like F in the exampleabove) or homomorphicextensionson
abstractionsof thesignature(likemappingdifferentpredicatesymbolsinto onesymbol,or ignor-
ing specificargumentpositionsof functions).Theproblemlastsof how to searchfor a proof on
anabstractlevel. Ideally we would like to abstracttheinferencerulesgiving birth to a inference
machineon theabstractlevel. This would allow us to searchfor anabstractproof basedon the
declarative graphconstraints(formulatedasabstractedformulas).However, it turnedout that in
practiceabstractionson(usual)formulasareof limited use[Pla81]. In particular, theclaimfor PI-
abstractions[GW92] restrictspossibleabstractionsto homomorphicextensionsof abstractionson
thesignaturewhich areof minor helpin proof search.Rippling wasafirst successfulexampleof
usingabstractionsonproofdatastructuresto searchfor aninductiveproof(see[BSvH$ 93,Hut00]
for details).However, in this settingtheabstractionis no longera functionon termsbut a func-
tion ontermsplusadditionalcontext information(i.e.,askeletondenotingtheunchangeableparts
of a term). In themeantimemoreabstractionson suchenrichedproof datastructureshave been
developedasabasisfor proofsearchonanabstractlevel (e.g.[AH97, Hut00]).

Summingup,usinggraphconstraintsimposesthenotionof anabstractproofgraph,thenodes
of whicharelabeledwith abstractionsof formulas(possiblyplusadditionalcontext information).
We distinguishtwo approaches:generateandtestwill expandthe proof graphon the concrete
level, abstracttheresultingformulaandcompareit with thegivenabstractgoal.Abstractreason-
ing will operateon anabstractpartialproof andwill refinetheabstractproof graphto a concrete
proof graphlater-on.

2.2 StepwiseRefinement

Given the notion of an abstractpartial proof, the problemariseshow to mapsuchan abstract
objectto a correspondingconcretepartialproof graph.To simplify matterswe restrictourselves
in the following to mappingsthat preserve the structureof an abstractproof graph/outline. In
otherwordswe demandtheexistenceof functions RTS*U and VXWAY suchthat VXWAY mapseachnode %
of theabstractgraphinto anodeof theconcretegraphsuchthat RTS*UO>N&EZ\[^],_a`cbdBEef&g>ihjB holds.Fur-
thermore,if k is a sub-nodeof a node % then VXWAY(>ilmB is alsoa sub-nodeof VXWAYn>ohpB . Intuitively,
theseconditionsguaranteethatwecanusetheabstractproblemdecomposition(encodedinto the
abstractproof graph)without changesto structurethe proof of the next proof layer. While this
propertyholdsusingabstractionslike thosementionedabove,therearemoregeneralapproaches
to changetherepresentationlevel of proofsearchthatviolatestheproperty. Wewill returnto this
issuelater-on.

If we stick to this structurepreservingrefinementof abstractproof layersthenwe canmap
eachabstractproof constructor, which is an instanceof anabstractinferencerule, to a subgraph
of thenext proof layer. To implementsucha refinement,weareinterestedin auniformapproach
which tells ushow to refineabstractinferencerulesin general.At first we mayuseagaina gen-
eralgenerate-and-testapproachto extenda nodein theconcreteproof graphuntil its abstraction
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Figure1: Prooflayersconnectedvia abstractionsandrefinements

is equalto theinstanceof theabstractproofstep.To realizeaninformedsearch,knowledgeabout
possiblerefinementsof abstractproof stepscanbeencodedinto operationalconstraints.For in-
stance,wecanassociatea tacticto anindividualabstractinferencerulewhichwill implementthe
refinementof anabstractproofstep.Thiscorrespondscloselyto thenotionof amodulein formal
softwaredevelopment: the abstractinferencerule is an atomicoperationon the abstractlevel
that is implementedin termsof operationson the concretelevel during the refinementprocess.
Methods,asthey areintroducedin [Bun88], arespecialcasesof virtual modulesof anapproach
of proof search by stepwiserefinements: pre- andpostconditionsspecify the abstractinference
rulewhile theassociatedtacticdenotesits implementation.

2.3 Implementing Abstract Constructors

Organizingproof searchin layersof moreandmoreabstractlayers,themaintaskis to compute
appropriateimplementationsof the(instancesof the)abstractconstructorsof eachlayer. Tactics
area classicalway to describesuchimplementations:Given a fixed abstractionlayer, a setof
tacticrepresenttheconstructorsof this layer. Tacticalsareusedto combinetheseconstructorsto
morecomplex tacticswhich areusedto provide an implementationof theconstructortacticsin
theaboveproof layer.

ClassicalLCF Tacticsoperateon anopenproblemandtranslatethis problemusingthegiven
inferencerulesof the calculusinto a (possiblyempty)setof new problems. Tracingthe used
inferencerulesandtheintermediatesetsof problems,wecansaythatatacticwill expandagraph
nodeinto apartialproof. Sincetacticsaredeterministic,eachtactic t hasacharacteristic(partial)
function u,@Tvxw which mapsproof nodesto partialproofssuchthateachproof node % is mapped
to the partial proof u,@Tvywn>H%zB that resultsfrom the applicationof the tactic to the node. As a
consequence,LCF tacticswill only constructproofgraphstop-down.

However, supposeweknow aboutgraphconstraintswhichrestricttheoutlineof thesubgraph
to begenerated.Sincewe like to avoid agenerate-and-testapproach,wehave to propagatethese
constraintstowardsthe choicepoints of the tactic (like, for instance,the useof ORELSEin
LCF) whichcorrespondsto abottom-upapproach.In otherwords,knowing constraintsaboutthe
leaves % �{)-+-+-+|) %/. of u,@Tvxw(>N%zB we have to deduceknowledgeaboutthe tactic t to beusedand
the(speculated)node % which will beexpanded.Consider% ) % �{)-+-+-+ %/. asthe interfaceof the
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subgraphresultingfrom anapplicationof a tactic t . Thenthegeneralizedproblemis to deduce
knowledgeaboutthis subgraphfrom given constraintson the interface. This gave rise to the
notionof methodsasintroducedby [BCF$ 97]. Roughlyspeaking,thesemethodsaregeneralized
tacticsthatcomputeproof graphsor partialproofsfrom a subsetof their interfaceswhich allows
oneto mix top-down andbottom-upapproaches.In thesameway tacticalsareusedto construct
complex tacticsfrom simpletactics,methodicals[RS01] areintroducedto combinemethodsto
evenmorecomplex methodswith thehelpof usualprogramminglanguageoperators.

2.4 SomeNontri vial Examples

In the areaof diagrammaticreasoningwe find examplesfor horizontalproof systemsworking
on representationsdifferent from predicatelogic. A prominentexampleareSpiderDiagrams,
which extendthe well known VenndiagramsandEuler circlessupportingreasoningaboutsets
(cf. [HMT $ 01] andthereferencestherein).Soundness(andoftenalsocompleteness)aredirectly
guaranteedfor theoperatorsat this layer. In this casethereis no needto provide anothersound-
nesscriterionvia refinement,for instance,to a predicatelogic representationlayer, eventhough
verynaturalandintuitiverefinementmappingmayexists.

Jamnik’s DIAMOND system[Jam01] is an examplefor diagrammaticreasoningsystemthat
links two differentrepresentationframeworks. DIAMOND constructsproofswithin a diagram-
maticrepresentationframework for thespecificdomainof naturalnumberarithmeticandit veri-
fiesthediagrammaticproofsvia refinementto schematicproofsgivenin a predicatelogic repre-
sentationframework. Anotherproof systemthat links a diagrammaticrepresentationlayerwith
sententiallogic representationsis Hyperproof[BE94].

A commonaspectof mostdiagrammaticreasoningsystemsis that they areexclusively de-
signedfor specificmathematicaldomains.This contrastswith universaldemandandpretension
of systemsdesignedfor predicatelogic. Our framework, however, providesa way to combine
theseapproachesby employing a predicatelogic basedsystemat the bottomlayer andprovid-
ing refinementsfrom diagrammaticreasoningsystemsto the latter (but probablyalsobetween
differentdiagrammaticreasoningsystems,if possible).

3 An Attempt at a Unified Framework

In this sectionwe attemptat a unified framework comprisingthe heterogenousproof search
paradigmssketchedbefore. Our proposalis preliminary in the sensethat further extensionsof
our view arepossibleandnecessary. For instance,in the discussionin Sec.4 we will address
operators,suchasIreland’s proof critics [Ire92], that work globally on the proof datastructure
insteadof just locally. For themomentwe restrictour developmentto thelatter in orderto avoid
confusions.

Our framework is separatedin a horizontalanda verticalaxis. Thehorizontalaxisaddresses
proof searchwith agivensetof basicproof operatorsdefinedon proof nodes,which wewill call
proof constructors (PC). Associatingproof constructorswith a specificationof an application
direction(they canbespecifiedvia proceduralor declarative means)turnstheminto proof con-
structor applications(PCA). Proof constructionis realizedascompositionof proof constructor
applications. Specificationsof suchcompositionsare possiblein a static mannerby exploit-
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ing a proceduralprogramminglanguage(which givesusLCF style tactics)or declaratively asa
dynamicsearchprocess(which givesus declarative proof planning). In the latter casethe pre-
supposeddeclarative descriptionsof the PCAsareexploited to dynamicallychain themin the
searchspace.Specificationsof compositionsof PCAsareabbreviatedasCPCAsin theremain-
der. A horizontalproofsystemconsistsof asetof PCAsandaproofsearchor proof construction
framework givenin form of aCPCA.

Theverticalaxisaddressestheaspectof abstractionandrefinementof proofconstructors(and
thusproofs) from one representationallayer to anotherone. We do not necessarilyenforcea
realchangeof representationbetweentwo verticallayersandexplicitly allow theabstractionand
refinementmappingsRTS*U and V}WAY to be the identity function (trivial change of representation).
Thiswayour framework supportstheconstructionandintegrationof new abstract(lessgranular)
proof constructorsthatencapsulatelarger proof patternvia oneor several verticalmovesin the
hierarchywith respectto thetrivial changeof representation.

3.1 The Horizontal Axis

We now introducethe conceptsfor horizontalproof systems.A basicingredientis the object
language that we employ to model the objectsin the domainof interest. With the help of the
objectlanguagewe introduceproof lines. Next, Proof graphsaredefinedasanabstractdatatype
with proofnodesandproofconstructorsasbasicbuilding blocks.

Proof Constructor A proof constructor% e ~�= )}��) t ){�(� consistsof non-emptylists = e>H= �{)-+,+-+,) =��JB and � e�> ���})-+-+-+|)}�L� B of schematicvariables=r� )}� . representingpremisenodesand
conclusionnodesrespectively, somepossiblyemptyparameterlist T, andsomepossiblyempty
setof applicationconditions� . A proof constructor% is usuallyrepresentedas

= �*)-+,+-+,) =�����*)-+-+,+|)}�L� %�>Jt�B plus side-
conditions

Examplesfor proof constructors(PCs)are:

= � = �� k��:�T�CM2���4���{�T�<� with the side-conditionthat = �{) = � , and � areof
forms �f� � ) ��� � , and �f� � respectively.

= =��� =��<�:�������x=/�2�d�¡ 6�d�C¢�>J£cB
where = is thesub-formulain � at position £ and=�� is thelist of all formulasthatariseassubgoals
whendecomposing� down to = .
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=� � �d¤¥v§¦J�i�¡�¨>6©�B
where =ª© � with respectto somesimplification
ordering © .
An example for a special version of � �N¤¥v§¦J�i�C�
is arithmetical simplification (i.e., we choosea
particularordering ©�«6¬o�®­a¯ andprobablyemploy a
computeralgebrasystemto realize ©�«6¬o�®­a¯ ).

= � = �� ° u2M��:¦A�± 6�d�:�
with side-conditionthat thereexists complemen-
taryliterals � � (in clause= � ) and � � (in clause= � ),
andasubstitution² suchthat +-+-+

We want to remarkthatevenin presenceof a formal notionof semanticsfor theunderlying
objectlanguagewe do not presupposethatPCsactuallyfulfill a directsoundnesscriterion. The
reasonis that we aim at a flexible approachthat even supportsunsoundreasoningat a higher
proof layerprovidedthatsoundnesscanbeaddressedindirectly via refinementto a lower layer.

OMEGA is anexamplefor systemthatoperateswith (some)unsoundoperatorsathigherproof
layers,while it providesasoundbottomlayeranda respective refinementmechanism.Themain
issueat thehigherproof layersin OMEGA concernstheadequacy of thenew operatorscontent,
theiramplitudeof prescindedgranularity, andtheir (typically domain-specific)proofsearchqual-
ification. For someOMEGA operatorsit is evenimpossibleto establishsoundnessdirectly. For
instancethe computeralgebrasystem³ usedwithin � �N¤¥v§¦J�i�C��>´©µ«6¬o�®­a¯�BP¶±«´·H.P¸¹«6¬iº to performthe
simplificationstepmay be partially incorrect(e.g.,by neglectingsomeside-conditions).Thus,
insteadof trusting ³ , OMEGA provides facilities to refine (someof the) computationsof ³
to the soundand verifiable bottom layer; see [Sor00] for details. The sameis possiblevia
TRAMP [Mei00] for traditionalATPsemployedwithin abstractproof operators.

In orderto beableto applyPCswe have to provide additionalinformation.For instance,we
have to specifyapplicationdirectionsfor thePCs(forward,backward,andsidewardor mixed).
We alsoneedto sayhow concreteinstantiationsof the schematicproof nodevariablescanbe
determined.Thismotivatesthefollowing definitionof proofconstructorapplications.

Proof Constructor Application (PCA) A proof constructorapplication = � �»e¼>N= ��)}½ =�B
combinesaproofconstructor= � with anoperator(function) ½ = thatrealizesaparticularappli-
cationdirectionof = � , i.e., ½ = constituteshow to computefrom givenproofnodeinstantiations
for schematicproof nodevariables ¾ ¿À=�Á � the instantiationsof the schematicvariables>H=ÂÁ � BÄÃÅ¾ .

Theoperation½ = of a = � � canbespecifiedin a pureproceduralmanner(seeLCF-tactics)
or by declarative means(seemethodsin ClamandOMEGA). In casepureproceduralconstructs
areemployedwespeakof aproceduralproof constructorapplications(PPCA).

Declarativespecificationsof = � � spresupposeasuitabledeclarativedescriptionframework,
for instance,basedonahigher-orderlanguage,togetherwith respectivesupportfacilitiessuchas
a patternmatching.However, even in thepresenceof sucha declarative descriptionframework
oftennot all aspectsof an ½ = canbedescribedfully declaratively. As a consequencea mixture
of declarativeandproceduralconstructsis employed. In thefollowing wewill call specifications
of = � � s thatcontaindeclarativepartsasdeclarativeproof constructorapplications(DPCA).
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WemotivateandillustratethenotionsÆÇ= � � and =�= � � by examples:

Assumingthatarespectivespecificationlanguage(seefor instanceClamor OMEGA) is avail-
ablewe canmodel forward applicationof ModusBarbarapurely declaratively as ÆÇ= � � , for
instance,asfollows

=�È�ÊÉ4Ë � Ì =/È�ÍÉ ÌÎ� Ï��Ð É4Ë � Ï k��:�4�CM��¥�T���*�T���TÑ±Òd¬o¸¹«6¬iº
Ó

and Ô encodethe applicationdirection; we assumethat ½ = works from instantiationsof
the nodes= �iÕ � (indicatedby

Ó
) in directionof node � (indicatedby Ô ). Termslike Ë � Ï ,

with Ë and Ï beingschematicvariables,areconstructsof ourdeclarativedescriptionframework
andspecifystructuralrequirements.Patternmatchingis themechanismthatsupportsthedeter-
minationof possibleproof nodesmatchingthe structuralrestrictionsfor = �iÕ � andthe resulting
informationis employed to computean instancefor � . Note that we could alternatively spec-
ify k��:�T�CM2���4���{�T�<�TÑ±Òd¬o¸y«´¬oº alsopurelyproceduralby expressingtheabove criteriadirectly in a
programminglanguage.

Backwardapplicationof Simplify>´©µ«´¬o�Ö­a¯<B is anexampleof a = � � wherea proceduralmod-
elingas =/= � � is indicated:

Input: instanceÏ for �
Body: if Ï containsarithmetic expressionsËØ× then usecomputer
algebra systemX to simplifythe ËØ× to simplifiedexpressionsËÇÙ× with
respectto ©�«6¬o�®­a¯ elsedonothing
Output: Instancefor = computedby replacingthe ËØ× by Ë Ù × in Ï
respectively

Proceduralspecificationsof = � � sare,of course,alwayspossible(sincetheemployedprogram-
ming languagesareusuallyTuring complete)while declarative specificationsheavily dependon
thefacilitiesandcapabilitiesofferedby theemployedreasoningframework.

An examplefor a ÆI= � � wheredeclarativeandproceduralpartsaremixedis

= Ð É4Ë =�� Ð É �})-+-+-+|)KÚ� È É8Û > Ë B =��<�:�������x=/�2�d�¡ 6�d�C¢�>J£cB
wherewe assumethat Ë representsthe formula we put the focus on and Û is a higher-order
variabledenotingthesurroundingcontext of � . An additionalside-conditionfor Û and £ is that³ hasto matchwith aterm #¹Ü + Ï in whichvariableÜ occursexactlyonce(in the Ý -normalized)
formula Ï , namelyat position £ . Thus, when providing Ë the surroundingcontext Û of Ë
in Ï is determinedby matchingandalso the respective position £ canbe inferred. The only
missinginformationconcernsthe determinationof the �*)-+-+-+|)KÚ , i.e., the subformulasin Ï that
ariseassubgoalswhendecomposing� down to = beta-relatedto thesubformulapositionweare
pointingat. Thedeterminationof thesesubformulascanhardlybeexpressedby declarative but
easilyby proceduralmeans.

Composition of PC Applications are specificationsof complex proof searchbehaviors by
an howsoever compositionof = � � s. As beforefor = � � s we distinguishbetweenprocedu-
ral compositionof PCAs (CPCA) that follows the ideasof tacticals[GMW79, Pau87,SAH01]
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andmethodicals[RS01],anddeclarative compositionof DPCAs (SDPCA) that follows the idea
of searchingfor sequencesof DPCAs by exploiting their declarativedescriptions.

Declarative Compositionsare searchstrategies over given DPCAs. Typical examplesfor
suchstrategiesare iterative deepeningsearch,best-firstsearchwrt. someheuristicweighting,
or a Set-Of-SupportStrategy. Evensearchstrategiesinducedby orderingconstraintsasusedin
superpositioncalculus[BGLS92] fall in thatcategory. Eachof thesedeclarativesearchstrategies
canbedescribedsymbolicallyby theirnameandalist of parametersto thatstrategy. A parameter
thatis sharedamongthesestrategiesis thesetof proof constructorsÞ . This resultsin a language
for declarative proof searchstrategies,asfor example(we assumea language“Parameters”for
expressionsdescribingparameters):

SearchStrategiesoverDPCAs: SDPCA É e Best-First>JÞ ) ParametersB�
IDAß2>JÞ ) ParametersB � +-+,+

Procedural Compositionsarespecificationsof complex operationalproof searchbehaviors.
They aredescribedusinga specificlanguagetailoredto the needsarisingduring the designof
proofsearchbehaviors. In thefollowing wesketchanexampleproceduralcompositionlanguageà >JÞcB thatis parameterizedoveraset Þ of proof constructorapplications(PCA).

For the PCAs we assumethat they can be invoked in somegiven proof situationpossibly
togetherwith aspecificationhow they shallbeapplied.Theapplicationof thesePCAs caneither
fail, leaving theproof unchangedor succeedandreturnthenew proof. Thesuccessandfailure
semanticsof PCAs is subsequentlyusedto definea semanticsfor

à >áÞcB in continuationpassing
style[Rey93].

Thelanguage
à >áÞcB consistsof compoundexpressionsover Þ denotedby CPCA. Therebywe

assumealanguage“Test”for expressionsdescribingbooleantests,alanguage“Var” for variables,
a language“Compute” for expressionsdescribingcomputations,andalanguage“Parameters”for
expressionsdescribingparametersaregiven:

CompoundPCA: CPCA É e Þ �
CPCAâ CPCA

�
CPCA ã CPCA (1)�

if TestthenCPCAelseCPCAfi (2)�
while TestdoCPCAod (3)�
let Var e Computein CPCAtel (4)�
NAMED-CPCA> ParametersB (5)�
SDPCA (6)

Thereby“;” in (1) denotessequentialcompositionand“ ã ” denotesparallelcomposition.In
bothcasesthecompoundexpressionfails if eitherthefirst or secondcompoundfails. In (2) con-
ditionalbranchingis includedwhichfails if thecompoundof thetakenbranchfails. Loopscanbe
specifiedanda loopexpressionfails if at somestagethecompoundexpressionin thebodyof the
loop fails (3). Local variablescanbedeclaredby astandardlet operatorandthatexpressionfails
if thecontainedcompoundfails (4). Finally, calls to namedcompoundscanoccurin compound
expressions(5). Namedcompoundsare analogousto standardnamedfunctionsin functional
programminglanguages.Thus,asidethedefinitionof CPCAs thelanguageshallsupportthedef-
inition of namedCPCAs:
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NamedCPCAs É e defprocNAMED-CPCA>iä Varå:ß}BEe CPCA

Finally, in order to supportthe combinationof proceduralanddeclarative proof searchde-
scriptions,we integratethesearchstrategy languageSDPCAinto thelanguagefor CPCAs (6).

Now, pure tacticsin theLCF tradition [GMW79, Pau87,SAH01] canbeviewedasa subset
of theabove language,wherenamedCPCAs aredefinedfrom proceduralPCAs only. We denote
this sub-languageof

à >JÞ�B by
à >JÞ�Biæ´ç . Furthermore,the methodicalexpressions[RS01] canbe

viewedasa subsetof theabove languagewithout thedefinitionof namedCPCAs andwherethe
allowedCPCAs arethosedefinedfrom declarative proof constructorapplications(DPCA) only.
Wedenotethis sub-languageof

à >JÞ�B by
à >áÞcBiæPè .

3.2 The Vertical Axis

The vertical axis is concernedwith the relationshipbetweenproof constructorsfrom an upper
proof layerandproof constructorsfrom a lower proof layer. More specificallyit consistsof the
specificationhow a proof constructorfrom an upperproof layer canbe implementedby proof
constructorsfrom a lower proof layer. Again, by exploiting theanalogyto formal softwarede-
velopment,this meansthat implementationsmustbedefinedfor eachconstructorof anabstract
datatype.In our setting,we have anuppersetof proof constructorsÞ¹« anda lower setof proof
constructorsÞ¹� . Theimplementationof a PC from Þ¹« is describedby a compoundPCA in

à >JÞy�éB .
However, analogouslyto signaturemorphismsin refinementsof specifications,abstractionand
refinementmappingsRTS*U and VXWAY thatlink formulasonthelowerproof layerandformulasonthe
abstractproof layer belongto thedefinition of a proof constructorrefinement.Thus,we define
refinementsby

REFINEMENT É e êAÞy« ) à >JÞy�éB )}ë(ì
With this notionwe canclassifyexisting refinementsusedin thevariousproof planningsys-

tems,suchasClam, # Clam, í MEGA, and í -ANTS. In Clam and # Clam therefinementis not
assignedto a proof constructor, but to a declarative proof constructorapplication(DPCA); this
alsoholdsfor the í MEGA proofmethods.Thus,implementationsmustbedefinedfor all DPCAs,
evenif they belongto thesameproof constructorPC. However, oncea proof constructoris ap-
plied, its refinementis independentof theway how theapplicationhasbeenachieved,asit is for
exampledonein í -ANTS. For that reasonwe refrainedfrom assigningrefinementsto DPCAs
anddefinedrefinementsfor theunderlyingPCs only.

However, therearefurther differencesin the refinementnotionsusedin the proof planning
systems:The refinementrepresentedby methodsin Clam, the ancestorof all proof planning
systems,assignsa call to a namedpure LCF tactic to an abstractproof constructor, and the
abstractionandrefinementfunction RTS*U and VXWAY aretheidentity function.

Clam-REFINEMENT É e êAÞy« ) NAMED-PCA> ParametersB ) Id ì
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whereNAMED-PCAis definedby defprocNAMED-PCA> varlistBîe à >JÞy�éBiæ´ç .

In # Clam theimplementationis extendedby alsoallowing methodicalexpressionsin method
refinements,while theabstractionfunctionis still theidentity.

# Clam-REFINEMENT É e êAÞy« ) ä NAMED-PCA> ParametersB � à >JÞy�éBiæPèïå ) Id ì
Finally, in í MEGA and í -ANTS therefinementof a methodcanbeviewedasa partialproof

build from declarativeproofconstructorapplications(DPCA) wrt. Þy� . Theadmissibleexpressions
for the implementationaretherebysequentialandparallelcompositionof DPCAs. We denote
that languageby

à >áÞ¹�éBoæ´ð which is definedby
à >JÞy�ñBoæ´ð É e DPCA òÊÞy� � à >JÞy�éBiæ´ðÄâ à >áÞ¹�éBoæ´ð �

à >JÞy�ñBoæ´ðóã à >JÞy�éBiæ´ð . The í mega notionof a refinementis then

í mega/ í -ANTS-REFINEMENT É e êAÞy« ) à >JÞy�ñBoæ´ð ) Id ì
Note that noneof thesesystemsexploits the possibility of a real (i.e.,non-trivial) changeof
representation.Onetheoremproving systemthat exploits this possibility is the ABSFOL sys-
tem [GSVW93]. The ABSFOL systemis an extensionof the GETFOL theoremprover that
supportsthedeclarative definitionof abstractionfunctionsandprovidestheinfrastructureto use
theabstractionsduringinteractivetheoremproving with GETFOL.It allowstheuserto choosean
abstraction,abstracta givenproblem,prove theabstractedproblemusingGETFOL,andallows
to generateapartialproof for theoriginalproblemusingtheabstractproof. Thus,theabstraction
functionin anABSFOL-refinementis actuallyanon-trivial mapping.

Now thatwe have definedrefinements,we canclassifytheproof planningapproachto proof
search.Indeed,proof planningcanbe classifiedasa specificsearchstrategy over DPCAs that
takesasparametersnot only DPCAs andheuristicknowledgeto control thesearch,but alsothe
refinementsof the respective PCs. It is includedinto the proof planningstrategy that it can
intertwinehorizontalproofconstructionstepswith DPCAs andverticalrefinementsteps.

4 Conclusions& Futur eWork

In thispaperwepresenteda rationalreconstructionof variousproof searchparadigmsdeveloped
in interactive theoremproving. Exploiting theanalogybetweeninteractiveproof constructionon
theonehandandformal softwaredevelopmenton theotherhand,we identifiedthekey concepts
of the differentapproaches:Proof constructors,declarative & proceduralproof constructorap-
plicationsandtheir composition,andrefinementof proof constructors.Theseconceptsallow to
definea landscapethatsupportsthelocalizationof thedifferentapproachesandthusallows for a
uniform perspective. Thegainedinsightsarethenusedto sketcha framework thatsupportsthe
integrationof thedifferentapproachesfor thebenefitto supportthecombinationof their virtues.
Theframework is build upontheidentifiedkey concepts,a languagethataccommodatesboththe
proceduralanddeclarativedesignof proof searchtechniques,anda representationof proofsasa
hierarchyof proof graphs,eachproof graphbelongingto anexplicit proof layer.

In AppendixA1 we presenta formalizationof hierarchicallyinterlocked proof graphs.The
1We would remove thatappendixfor thefinal versionof thepaperif we cannotobtainanextensionof thepage

limitation.
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definitionsareadaptedfrom [CS00, Fie01]andextendthosedefinitionsin orderto accommodate
representationalabstractionandrefinements.

Futurework includesto improveonthelevelof sophisticationof ourframeworkandto deepen
theinvestigationandclassificationof existing reasoningsystems.An interestingquestionalsois
how globally operatingproof operatorssuchasIreland’s proof critics [Ire92] or thecontrolrules
in OMEGA canbe integratedin our framework. Theseoperatorsdo not just locally operateon
a selectedbranchor part in the proof graphbut globally changethe structureof it. Therefore
they complicate,for instance,a notionof backtrackingwhenbeingintegratedwith otherlocally
working operatorsin a singlehorizontalproof system(this is the reasonwhy control rulesand
proof methodsareclearlyseparatedin OMEGA). Oneway to explain themin our framework is
via thefollowing complex changeof representation:Assumethatasetof purelylocally working
operationsis defininga horizontalproof systemat layer @ . We consideran upperlayer @Øôöõ ,
whereinsteadof proof graphsover proof nodes,networks of proof graphs(i.e., proof graphs
whosenodesconsistof lower layer proof graphs)aremaintained.This way we canmodelon
layer @÷ôøõ local operatorsthat would be of global natureat layer @ . We can also trivially
lift the local operatorsfrom layer @ into respective local operatorsat layer @pôÎõ . We thereby
obtaina purelylocal proof systemat layer @Qôfõ , with thedrawbackthata rathercomplex proof
datastructureis beingmanipulated.
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A Hierar chical Proof Graph Representation

Definition 1 (Hierar chical Proof Constructors) Let >JÞx�HBi�ñù-ú be a family of setsof proof con-
structors, such that there is a partial order over the Þy� with exactlyonesmallestelement.Then>áÞy�AB6�ñù,ú arehierarchical proofconstructors.

Definition 2 (Justifications) Let >JÞx�HB6�éù-ú be hierarchical proof constructors. A justification of
proof layer � is a 3-tuple ûüeý> PC> =/B ) %zB , where PC> =/B is theapplicationof someproof con-
structorPC from Þx� with parameters = , and % is a list of proofnodesof proof layer � .
Definition 3 (Abstractions & Refinements) Let >KRTS*U}þ ÿoB ÿ Õ þ ù�� a family of abstractionsfrom � to

�
.

Thena representationalabstractionof proof layer � to proof layer
�

is a pair �fe�>KRTS*U þ ÿ ) hpB such
that ��� �

andwhere % is a list of proof nodeswrt. proof layer
�
, called abstractionnodes. A

representationalrefinementof proof layer
�

to proof layer � is a pair ° e >KRTS*U}þ ÿ ) hpB such that� � � andwhere % is a list of proofnodeswrt. proof layer � called refinementnodes.

Definition 4 (Proof Nodes) A proof nodeof proof layer � is a 5-tuple % e >d& ) û ) � ) ° B , where& is a proofobject, û a setof justificationsof proof layer � , � anabstractionfrom � to
�
, and ° a

refinementfrom � to
�
. We saythat % is an opengoal, if ûóe�� . If � or ° are empty, wedenote

it by � . We saythat each justificiation û from û justifies % . If % is justifiedby a justification
withoutsuccessornodes,then % is a hypothesisin proof layer � . Thesetof supportnodesof %
is thetransitiveclosureof all successornodesof % .

Definition 5 (Refining Proof Nodes) Givenasetof proofnodes� and % ò	� . Wedenoteby � '

therefiningproofnodesof % composedof all proofnodes%��Cò
� , such that % is anabstraction
nodeof %�� .
Definition 6 (Proof Graphs) Let � be a setof proof nodes,����� proof nodesand % ò�� a
proofnodeof proof layer � . � is a proof graphof % from � wrt. proof layer � if, andonly if, one
of thefollowingholds:

1. % ò	� .

2. Let %ýe�>N& ) û ) � ) ° B .
(a) For all û÷e > PC> =�B ) %zB from û andeach % � ò % there mustbeset � ��� � that is a

proofgraphof % � from � ,

(b) If � e >PRTS*U þ ÿ ) hjB , thenfor each % � ò % there mustbea set � � � � that is a proof
graphof % � from �

Since� � � � thisclearly definesanacyclicgraph.

Definition 7 (RefinementProof Graphs) Let � bea setof proofnodes,% ò�� a proofnodeof
proof layer � and û e > PC> =/B ) % B a justificationof % . Let � '
 betherefiningproofnodesof %
and � É e�� _ 0 Õ _���� ��! " Õ `$#®b Õ %§Õ & b ù ` % � therefinementnodesof theproofnodesin % .

Then� is a refinementproof graphof û if, andonly if, for each % � e >N& � ) û � ) � � ) ° � B from
� '
 � is a proofgraphof >d&'� ) û(� ) � ) ° �aB from � .
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Definition 8 (Hierar chical Proof Graph) Let ) É e >áÞy�HBXùgú be hierarchical proof constructors
with smallestelementÞ+* . A hierarchicalproof graphwrt. ) is a 3-tuple = É e�>N& )}��) � ) )µB where
� is a setof proof nodes,� e >d& ) û ) � ) �/B is a proof nodeof proof layer , , � ò-� . Theopen
goalsof = areall proofnodeswith anemptyjustification.

Let . bethehypotheseswithin thesupportnodesof � . Thenthehierarchical proof graphis
closedif, andonly if, � is a proofgraphof � from . .


