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Abstract

In this paperwe addressassertiorretrieval and applicationin theoremproving systemsor
proof planningsystemdor classicalfirst-orderlogic. Due to Huangthe notion of assertion
comprisesnathematicaknowvledgesuchasdefinitions,theoremsandaxioms. We propose
a distributed mediatormodulebetweerna mathematicaknowledgebaseK B andatheorem
proving systemT P which is independenbf the particularproof representatioiormat of
T P andwhich appliesgeneralisedesolutionin orderto analyzethe logical consequencesf
arbitraryassertiongor a proof context at hand.

Ourapproachs applicablealsoto theassumptionsvhich aredynamicallycreatedduring
a proof searchprocess. It thereforerealisesa crucial first steptowardsfull automationof
assertiornevel reasoning.We discussthe benefitsand connectionof our approacthto proof
planningand motivate an applicationin a projectaiming at a tutorial dialoguesystemfor
mathematics.

1 Intr oduction

Mathematicahssistansystemsprovide userswith toolsthatsupporthemin constructingproofs.
Therebyit is animportantissuethat the constructedroof fragmentsare presentedn a format
thatis easyto understandor humanusers. This is the centralproblemof proof presentation
andexplanation. On the otherhand,sophisticategroofsfor real mathematicaproblemshave
now beenconstructedn mathematicabssistansystemg either automaticallyor interactvely)
at differentlevels of granularity. In someof the employed approachesmostlow level logical
operationsare abstractedway and mainly domainspecificmathematicaknowledgeis usedto
guide the constructionof the proofs. The areais known as proof planningand suchdomain

1Thereis a ongoingdebatenhetherevel of abstaction, level of detail, or level of granularity is the mostappro-
priatenotionto use. In this paperwe will usethetermlevel of granularity, sincewe addressabstractioron logical
derivationsandproof operatoraandnot, for instanceabstractiorof the objectrepresentatiotanguage.
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specificmathematicaknowledgecomesin asthe strateyies or proof methodswhich are made
availableto the proof planner(cf. [9] and[17, 21, 20] andthereferencesherein).

The assertionevel introducedby Huang[16] is aguedto be just the right level to which
machinegenerategroofsshouldbetransformedeforebeingpresentedo (human)users.In this
paperwe arguefurtherthatthe assertiorlevel canalsosere asoneof thoselevelsof granularity
on which knowledge-basegroof planning shouldbe based. This viewpoint is also taken by
Autexier [3], which providesa proof representatiofiramevork subsumingthe assertionlevel.
However, proofautomatiorof theframework, i.e. theheuristicallyguidedchoiceof theassertions
to apply, is still achallengeandnottackledin this paper

Huang[16] achievesproofsattheassertiorlevel by reconstructingnachinegenerategroofs.
This processhasicallyinvolvesclusteringseveral proof stepsof the input proof into seggments.
>Fromthe outside,eachseggmentcanbe viewed asone (assertiorlevel) proof step. While this
partly solvesthe problemof proof presentatiomseachassertiorevel proof stepcanbe mapped
naturallyto single statement®f the naturallanguagepresentatiorof the proof, it hasnot been
investigatedyet how the proof planningprocessmay directly benefitfrom sucha representation
level. We are corvincedthat by planningdirectly on the assertionlevel it will be possibleto
overcomeat leastsomeof the identified limitations and problemsof proof planning (see|5,
10])— in particular those thatarecausedy anunfortunatentertwining of proof planningand
calculuslevel theoremproving. The perspectie we thereforemotivatein this papers to consider
the assertionlevel as a well chosenborderlinebetweenproof planningand machineoriented
methods. Determiningthe logical consequencesf assertionsn a proof context is the task of
machineorientedmethodg(in our casegeneralisedesolution). The taskson top of this level —
for instanceadomain-dependembllectionof theinitial assertionso beconsideredtheheuristic
selectionof the most promisingamongthe computedlogical consequenceghe introduction,
constrainingandhandlingof meta-variablesetc.— belongto the scopeof domainspecificproof
planning.

In summaryinsteadof reconstructingiaturaldeduction(ND) proofsto obtainassertiorievel
proofsassuggestethy Huang,we proposeto directly planfor proofsat the assertiorevel. This
shouldimprove the quality of the resulting proof plansand also facilitate betteruserinterac-
tion. In contrastto tacticaltheoremproving, we do not want eachassertionassociatedvith a
particulartactic but aim at one generalmodulewhich works for arbitrary assertionsand com-
putestheir consequencem arbitrary proof contexts. Theseconsequenceare then suggested
to the userand/orthe automatedorover. Note that this is differentfrom proposingintermedi-
ate subgoalsand then verifying themwith the help of tacticsas doneby systemdike MizZAR
(http://ww. m zar.org/).

Thedevelopmenbf ourideasrevolvesaroundthemathematicahssistansystemOMEGA [27]
andthe currentinitiative in this projectto rekuild the systemon top of the proof representation
framework in [3]. We furthermoreemploy OMEGA’s agent-basedearchmechanismOANTS [7]
for adistributedmodelingof our framevork andwe motivatean applicationof the approachn a
projectaimingat atutorial dialoguesystemfor mathematics.



2 Proof planning at the assertionlevel

A brief review on the assertionlevel.

This partis reproducedrom [16] for completenessConsidetthe problemof presentingnachine
generategroofs. Assumehatthetargetformalismis naturaldeductionwhichis acommonprac-
tice for mary existing proof transformatiorsystemslin contrastto proofsfoundin mathematical
textbooks, proofs constructedoy thesesystemsare composedof derivationsfrom elementary
logic, wherethe focus of attentionis on syntacticmanipulationsratherthan on the underlying
semanticaideas. The problemseemso comefrom the lack of intermediatestructuresn ND
proofsthat allow atomicjustificationsat a higherlevel of abstraction.Huangthenwent on to
introducethefollowing threelevels of justifications:

e Logic level justificationsare simply verbalizationsof the ND inferencerules,suchasthe
rule of ModusPonens.

¢ Assertiorieveljustificationsaccounfor derivationsin termsof theapplicationof anaxiom,
adefinition or atheorem(collectively calledanassertion) For instance anextractfrom a
textbookproof mayread:

“since e is a memberof the set A, and A is a subsetof B, accoding to the
definitionof subsete is amemberof B”.

e Proofleveljustificationsareat a yet higherlevel. For instance a proof canbe suppressed
by resortingto its similarity to a previous proof.

Assertion level and proof planning.

Scrutinizingthe above examplefor the assertiorlevel justifications,it seemgust theright level
for proof plansto be carriedout. Ratherthanhaving to work aroundwith ND inferencerules,
the proof plannersimply goesstraightto the intendedconclusionyiz. e is amemberof B, from
thegivenpremisesyiz. e is amemberof A andA C B, andtheassertionyiz. the definition of
subset.This would in thefirst placesare the proof plannerfrom explodingits own searchspace.
Furthermorejt shouldfit betterto the structuralmechanismef otherhigh level proof methods
suchasanalogyinduction,diagonalizationetc. andin particularislandproof planning,cf. [19].
It shouldalsofit well to the framewnork of incrementalproof planningproposedoy Gerberding
andPientka[15] in which assertiorapplicationcanbeconsidereagsa speciafform of meta-rules.

Now let’'s consideran assertion4. As pointedout by Huang,theremay be several ways
in which this assertioncanbe useddependingon the proof situationto which this assertions
introduced.For instancelet A betheassertiorfrom our runningexample:

VS1, Sy : Set.(S; C Sy < Vz : Element.(x € S; = z € Ss))

This assertiorallows usto derive: (1) a € V froma € U andU C V,(2)U € V froma € U
anda ¢ V, (3)Vz : Element.(x € U =z € V) fromU C V, (4) etc.

A theoremprover/proofplannerthatoperate®n the calculuslevel canonly achiese suchcon-
clusionsaftera numberof proof stepsto eliminatethe quantifiersandotherconnectvessuchas



implicationandconjunction.On the otherhand,mosthumanmathematiciansvould be satisfied
having thoseconclusionglerivedin onestepfrom the assertion.

Huang[16] overcomeghis problemby introducingdifferentinferencerulesto allow all pos-
sibleapplicationsof suchanassertion.Theseinferencerulesarecalledassertionlevel inference
rules or macio-rulesby their natureof being“pseudoinferencerules” which actually standfor
sequencesf moreelementarynferencerules,calledcompoundoroof sggments While themore
elementaryrules (of ND) are chunked into macro-ruleqat the assertiorevel), this in turn po-
tentially introducesanexplodedsetof inferencerules. Therefore jt maynotwork too well for a
proofsearchmechanisnthatis requiredto beefficient. For instancefor theabove assertiorfrom
ourrunningexample atleastseven(7) differentmacro-rulexcanbe generatedcf. [16].)

Formalization of the problem.

We take asthe startingpoint for our approactthe proof developmenternvironmentOMEGA [27]
whosecore consistsof a proof plannertogetherwith a hierarchicalplan datastructure(PDS).
The proof formatin OMEGA is basedon the naturaldeductioncalculus.A linearisedversionof
ND proofsasintroducedby Andrews [1] is employed. In this formalism[17], anND proofis a
sequencef prooflines, eachof themis of theform:

Label A+ derived-formula (Rul e  premise-linep

whereRul e is arule of inferencein ND or a method,which justifiesthe derived-formulausing
the knowledgefrom in the premise-lines Rul e and premise-linedogetherare calledthe jus-
tification of aline. A is afinite setof formulaewhich arethe hypotheseshe derived formula
depend®n.

A problemof proofplanningconsist®f atheoremandtheassumptionso beusedto provethe
theorem.A proof planneroperate®n a setof methodgo be usedto constructa proof plan. The
theoremandassumptionsire expressedasdeductionlinesin a PDS whereall the assumptions
aremarkedasclosedandthetheorems markedasopen Theproofplannethenuseshemethods
to comeup with actionsto updatethe PDS. Theaim of the proof planningprocesss to reacha
closedPDS, thatis onewithout openlines.

As applicationof lemmatdies at heartof most(non-trivial) mathematicaproofs,it is impor-
tantthatthisissuebe addresseth arealizationof ary proof planner

In OMEGA, a proof planningprocessstartswith a task,a datastructuredesignedo encap-
sulatea complete(sub-)problem. Formally, a taskis a pair (SPy,,,.., Lopen) CONsistingof an
openline of the PDS, Ly, andasetof linesfromthe PDS, SP;,,... Lo, is calledthetask
line whoseformulais calledtaskformula Membersof SP;, ., arecalledthe supportlines or
supportsfor thetaskline L.

Now considerthesituationin which the proveris confrontingalist of tasks,calledanagenda
in the OMEGA systemthatit needgo solve in orderto prove theintendedtheorem.Amongthe
availablestratgies/methodgheprovercouldpossiblypondemwhetherthereis a definition/axiom
or somepreviously provedresultwhichit canusein thecurrentproof situationto (i) eitherobtain
furtherclosediinesservingasintermediatestepgfor solvingoneof thetasksi(ii) or reduceagoal
task(on someopenline) to somesubtasksvhich canberesolhedby furtherproof steps.

It now boilsdown to thequestionof how tasksandassertionsreto behandledwvithouthaving
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Figurel: Analyzingsignedformulae

to generatall the possiblemacro-rulesassuggestedby Huang.And we, of coursedon’t wantto
sacrificeary possibleoutcomefrom applicationsof assertions.

We follow a representatioframenork employed by Wallen [29] and Autexier [3] usingthe
conceptof polaritiesanduniform notation(cf. [12, 13, 29]) to representhe formulaethe proof
plannerhasto dealwith.

Signedformulae:

Eachformulais assigned polarity whichis eitherpositive (®) or negative (). A setof formulae
I" is assigned polarity p iff eachmemberof I' is assigneg. The polarity (&, @) of a signed
formulais just anotherrepresentatioof of the succedent/antecedemiadeby Gentzern[14] wrt.

the sequentalculus.In the sequentalculus,all formulaewhich occurin the antecedenivould
be annotatedvith negative (&) polarity while formulaeoccurringin the succedenareof positive
() polarity. In thelinearisedversionof the NaturalDeductioncalculusemployedby OMEGA, if

adeductionline A + ¢ is marked closed(in aPDS) thenA is assignedd andp &. If A F ¢

is markedopenthenA is assigned> andy &. Intuitively, a signedformulap® is somethinghe
prover wishesto prove while ©° is somethinggiven.

We introducefurthernotationsfor technicalconsiderations:

(i) form(¢P) d:efgo andpolarity(¢P) d:efp; and

(i) theoperator—: {©, 8} — {6, ®} suchthat—c = @ and—& = &.
Signedformula trees: Usingthe rulesfrom Fig. 1, a signedformula canbe representedh the
form of a tree whosesub-treesepresenits signedsub-formula,thesetreesare called signed
formulatrees or SFTS. In suchatree,eachnodehasa naturalinterpretatiorasa signedformula,

andwe shallspeakof nodesandsignedformulaeasif they wereoneandthesame(e.g.,a“node”
(¢ VvV ¢)? is onelabelledwith (¢ V ¥)® andhaving arcsto nodesy® and)®.)

Example:?
Thefollowing is the signedformulatree of the formula.A givenasVs, s,(S1 C S < V,(z €

S1 = x € Sy)). Therebywe assumehatassumptionsreinitially assignedvith the polarity ©.
(In ourtree F" abbreviatestheformulaV,(z € S; = = € S)).

2We chooseto suppressll referenceso sortsfor the sake of readability
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Now we cango backto our problem.Assumethatatask(SPy,,.,., Loyen) togethemwith anasser
tion A arecurrentlyunderconsiderationAs the goalis to comeup with a desirableconclusion
derivablefrom theassertion4 (relativeto (SPy,,..., Lopen)), thefollowing computationaprocess
revolvesaroundthe signedformulatreeof A, called7,4. Usingunification-basea@lgorithmswe
unify the signedatomsat the leaves of the signedformula treesfrom the task(SPy,,..., Lopen)
with the (signed)atomsat theleaf nodesof 74.

Secondlywe will needthefollowing notationto talk abouttheinterrelationdetweerformu-
lae: Givenasignedformulay?,

e if ana-ruleis applicableto ¢? thenits childrenaresaidto be directly a-related e.g. the
two sub-formulagy® andy® of (¢ Vv ¢)® area-related,;

e if aS-ruleis applicableto ¢? thenits childrenaresaidto bedirectly 5-related e.g.thetwo
sub-formulaep® andy® of (¢ A 1)® are-related,;

A signedformulay is « (resp.g) -relatedto ¢ if andonly if eithery or oneof its ancestors
is directly o (resp.p) -relatedto .3

s-unifiable and complementary:

Two nodesy? and«? ares-unifiableiff p # ¢ andy andy areunifiable. o andp? arecomple-
mentaryiff p # q.

NoTATION: We will liberally usethe notionsapplicableto logical formulaeandapply themto
signedformulaeby absorbinghemthroughthepolaritiesof signedformulae.E.g.,givenasigned
formulaT anda substitutiord, we write 76 to denotethe signedformula (form()@)polerity(n),

We alsoobsere thatit is possibleto reconstrucformulaefrom an SFT in sucha way that
thesemanticss presered. And becausall informationis corveyedfrom anodeto its children,
it is possibleto reconstruci formulafrom the leaf nodesof its SFT togetherwith the o and 3
-relationsbetweerthe subtreesvithout having to tracebackthroughall of theinternalnodes.

3Notethatthe notionsof « ands-relatedformulaearemoregenerathanthe notionsof conjunctionanddisjunc-
tion asthe o (resp.8)-relationscanreferto both conjunctionsanddisjunctionsdependingon whetherthey occurin
theantecedentr the succedendf asequent.



Now we comeup with the algorithmfor manipulatingSFTsin orderto obtaindesirablecon-
clusionsfrom an assertion(in relationto othergivenassumption®r opengoaltasks). Theidea
generaliseRRobinsonsresolutionprinciple[25] andin particularremindsto pathresolution[23]
andthe connectiongraphprinciple [18, 2, 8]. In muchthe sameway thatan arbitraryformula
canbereducedo thenormalform which containsa setof clausesi.e. disjunctionsof literals,we
obsene thata givensignedformulatreecanbereducedo a setof SFTswhosemembergdon't
have any a-relatedpair of sub-formulae.

As with resolutiontheideais to replacealiteral in aclausgcorrespondinglyaleafnodeof an
SFT)by theinformationentailedby it thatcomesfrom anotherclause(correspondinglyanother
SFT).However, unlike resolutiontheoremproving formalismwherethe focusis on a refutation
proceduren orderto establisithe unsatisfiabilityof a setof formulae,ourfocusof attentionis on
the derivation of new formulae(be it nev assumption®r new subgoalsfrom the existing ones.
Therefore we won't transformevery signedformula (or equvalently, SFT) to the normalform
which containsonly 5-relatedsubtreessin resolutiontheoremproving, but ratherwe delaythat
until aslateaspossible.Theideais: insteadof normalizingall formulaeto the normalform, we
justneedto take outfrom theformulaeto beresohedtherelevantpartswhenresolutionis carried
out. For instanceconsiderasetof formulaeS = {(AA B) VvV (C A D), —AV E}, we canjusttake
outtherelevantformulaA v (C A D) from (AA B) V (C A D) andresoleit using—A Vv E. This
resultin thefollowing new setof formulae: S’ = {(AA B) v (C AD),-AV E,(C AD)V E}.

Now we cango backto the moresophisticatedepresentationf SFTs.>Fromthe above ex-
amplewith resolution,it is importantto know how the so-calledrelevantpartscanbe computed.
While it is notsoclearhow this canbedonewith logical formulae,it is interestinghatSFTscon-
tain structuressupportingsuchoperations:Insteadof resolvingcomplementaryairsof literals
from clausesyve resole s-unifiablepairsof leaf nodes(or, atomicsignedformulae)from SFTs.
We thereforeterm our inferenceprinciple genemlisedresolution or GR

We obsenre thatin additionto theleaf nodesof SFTsonwhich we performGR, the structure
of SFTs,i.e. theinternalnodesandlinks betweennodes,also plays an importantpartin GR
inferences.

The algorithm:

Thefollowing algorithmtakesasinputtwo SFTs7; andr, with 7y beingupdatedy theinforma-
tion from 7, by performingresolutiononthetwo leafnodes), andn, from r; andr,, resp.,under
the substitutiord.

GR(1;: SFT, n:: leaf_node;: SFT, 7,: leaf_nodep: substitution)
begin
If 16 andn,0 arecomplementaryhen

1. Instantiataall variablesn 7, andr, with the substitutiorg;

2. Fori = 1,2, pruneall a-relatedsubtreesvrt. n; on;;

4Givena pair of s-unifiableleaf nodesy? and«y~—? ontwo SFTst, andr, respectiely: the resultsof resolving
wP onr byy~P from, andresolvingy—? on e by ¢? from 71, in generaleadto two syntacticallydifferent,albeit
logically equivalent,SFTs.



3. Replaceheleafnodens in 72 by (L)© (resp.(T)®) if polarity(ne) = © (resp.®);

4. Replacgheformulaateachancestoof 7, in 7, with aquestiormark(?) while retainingthepolarity
andtherule originally appliedthere;

5. Reconstructheformulaeattheinternalnodesof 7, currentlymarked(?) usingtheformula(e)from
their child(ren)andthe polarity/ruleat thosenodes;

6. Replacgheformulaateachancestoof n; in 71 with aquestiormark(?) while retainingthepolarity
andtherule originally appliedthere;

7. If polarity(ms) = polarity(n:) then: Replacetheleafnodern; on 7, by 7
else: Replacetheleafnoder; on; by = form(ry)Polarity(m);

8. Reconstructheformulaeattheinternalnodesof r; currentlymarked (?) usingtheformula(e)from
their child(ren)andthe polarity/ruleat thosenodes;

9. Return thenew 7;

else
{ Do nothing}

end;

All the above operationshouldbe clearexceptthe reconstructiorof the SFTs. Consideran
internalnoder = (¢)? of anSFT. After asubtreeof 7 is modifiedduringthe executionof GR(),
the formulaat 7, viz. ¢, is replacedby a questionmark (?). Onceall childrenof 7 have been
reconstructedye canproceedo reconstructheformulaat r:

1. Specialtreatmenis duewhenatleastoneof 7’s childrenis (L) or (T)®:

(a) Caser = f: let v be the otherchild of 7. If polarity(r) =polarity(v) thenr andv are
collapsednto onenode;otherwise(?) is replaceddy — form(v).

(b) otherwisethequestionmark(?) is replaceddy (L)€ or (T)® dependingn polarity(r).
2. Caser = a:

e Casensy = nil: thequestiormark(?) is replacedy - form(ay).

e Caseay # nil: thequestionmark (?) is replacedby form(ai) A form(ag) if p = 6, and
by form(ay) V form(az), otherwise.

3. Caser = f: similarto the seconccaseabore andaccordingo thetablefor 5-rule.

4. Caser = (v, z): Attention mustbe taken to avoid clashof variables.If z is a boundvariablein
form(vyo(z)) thenit mustberenamedo avariablenamethatdoesnot clashwith ary othervariable
in form(yo(x)). Then,(?) is replacedby VY, form(yo(z)) if p = &, andby 3, form(yo(z)),
otherwise.

5. Caser = (4, z): thequestionrmark(?) is replaceddy form(dy(r, sko)).



Correctnes®f algorithm G R togetherwith otherrelatedresultsare establishedn the Ap-
pendix.

Now we arein the positionto apply GR on the assertion4 andall the relevant formulae
comingfrom anagendaD. We arefortunatenot having to performproof searchywe only have to
find outderivableinformation(which canbe new assumptiong,e. closedliines,or new subgoals,
I.e. openlines)from A usingtheinformationprovidedin D. Thatis, we have to resol\e theleaf
nodesof 74 by thes-unifiableleaf nodeson otherSFTs.To simplify the presentatioryve assume
thatour algorithmtakesasinputthe SFTof A, viz. T4, andasetof SFTsrepresentinghe current
reasoningcontext RC so that we don't have to worry aboutother detailssuchas closed/open
lines,assumptionggoals,etc. Thealgorithmalsoemploys the on-the-flyskolemizationwhenever
generalisedesolutionis performed.

AssertionApplication(74: SFT, RC: set_of _SFTs)
begin

1. All_results + 0;
2. Processed + {;

3. For eachleafnodes of T4 do:

While thereis aleaf nodet of anSFT 1 € RC U {74} suchthats and¢ ares-unifiableand
(s,t,0) ¢ Processed do:
(@) Ct, < Ta; { Createaworkingcopy of 74 }
(b) p < polarity(root(r));
(c) Repeat:
i. current_resolved < s;
ii. current_resolver < t;
iii. 0« mgu(form(s), form(t));
iv. Processed < ProcessedU {(s,t,0)};
V. Repeat:
A. 7 < GR(Cr,, current_esolvedr, current_esolver §);

B. If thereis as-unifiablepair of leaf nodess’ andt' from C'7, andr, respectiely,
then

— current_resolved < s';
— current_resolver < t
— o < mgu(form(s'), form(t"));
— 0 < Oo;
— Processed < Processed U {(s',t',0)};
else
— current_resolved < nil,
— current_resolver < nil,;

until current_resolved = nil,;

vi. If p =@ andpolarity(root(r)) = © then

Ct, < Negate(T);
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else
Cry < 73
until thereis not ary further s-unifiablepair of leaf nodesfrom C'r, andary SFTin
RCU{Ta};
(d) All_results < All_results U { form(root(Ct,))};

4. Return All_results;

end;

In the above algorithm,the function Negate(7) addsa parentto the root nodeof the SFT 7.
Theformulaandthe polarity attheroot nodeof the new treearethe negationsof theformulaand
thepolarity attherootnodeof 7. We haveto carryoutthatoperationbecausave do notwantthe
outcomeof applyinganassertiorto anopenline, i.e. agoal,to be a closedline. For instance,
applyingthe assertiond = B to a goal B® shouldresultin a new subgoalA® ratherthana
conclusion(—A)®.

Example (Forward Reasoning):

Let thefollowing deductioninesbe markedclosedin theinput task:
(1)) AC B;and
2)Fe € A

By applyingthefirsttree A C B® to C'r,, whichis thesameas7 4 for themomentwe obtain
thefollowing updatedSFTfor C', (underthesubstitutiord = {S; — A, S, — B}).

(Vo(r € A=z € B))Y

!

(r€ A=z € B)j

N

(x€e A)®  (xz € B)°

Figure2: TheSFTfor (V,(z € A = z € B))®

By applyingthe secondreee € A° to theresultingC,, we obtainasupdatedSFT for C'r,
(underthe substitutiond; = {z — e}) thetreee € B® whichis translatecbackto the OMEGA-
proof formatasa (closed)deductionline (3) - e € B. Thisis alsois alsothe desirabldogical
consequencef assertionA for lines(1) and(2).

Example (Resol\e internal nodes):

To seethe necessityof theinneriteration,we re-runour examplewith anothertaskconsistingof
thefollowing closeddeductionline: (4) - V,(z € A = z € B). Thisassumptiorresultsin the
SFTdepictedn Figure2. Applying thistreeto 74 andassuminghatwe unify first thetwo nodes
(sko(S1,S2) € S1)° (onTy) and(z € A)® ontheabose SFTwe obtainthe updated”, belov
(underthesubstitutiord = {z — sko(S1, S2), S1 — A}).
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(ﬁSkO(S SQ) eB=A C Sg)g
(—sko(S1,5:2) € B)® (A C S59)°

(8]%'0(51, SQ) € B)@

Notice how the a-relatedbranchesn the SFT andthe nodeslabelledwith the o and~y and
d-rulesareprunedaway by GR().

Now wetry to unify aleafnodeonthistreeto someleafnodeon 74 againwhichis achiezable
throughtheunificationonthetwo nodeqsko(S1, S2) € B)® ontheabore SFTand(sko(S1, Ss) €
S2)® (0N Ty).

The updatedC7, now becomedhe tree displayedto the right (underthe substitutiont;, =
{SQ — B})S

This treetranslatesnto the desirabldogical consequencef assertionA for line (4) andthe
closedline (5) - A C B is obtained.

Example (SidewardsReasoning):

We now consideran examplein which a goalline (i.e. anopenline from the input task)anda
closedline is applied. Assumethat our currenttaskconsistsof anopenline (6) - ¢ € B anda
closedline (7) = A C B, which correspondo the two singletontrees(e € B)® and(A C B)®
respectiely.

Applying theformerto 74 by unifying it to theleafnode(z € S)®, we obtainthefollowing
SFT.

(Vs (S1 € B = —e € 51))F
(S1 € B = —e€ Sy
(51 C B‘ﬁ (ﬁ\gE Si)a

(e € 51)%

Thenwe canapply (A C B)® to this SFTby unifying it to thenode(S; C B)?, theresulting
treeis:

SNote that the root nodeof the computedSFTis: (A C B)® hasa differentpolarity from that of the nodeit
is goingto replaceyviz. (sko(S1,S2) € S»2)®, onthe SFT 74. Thereforewe replacethatnodewith (-A C B)®
instead.
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(me € A)S

l

(e A)®

Thiscorrespond$o anew openline (8) - € € A, whichis thedesirableconsequencef assertion
A for lines (6) and(7).

3 Concurrentsearch for applicable assertions

In this sectionwe proposea modulecalled A which modelsassertiorapplicationasdistributed
searchprocesse the OANTS approach7]. This agentbasedformalismis the driving force
behinda distributedproof searchapproachin OMEGA. It enableghedistribution of proofsearch
amonggroupsof reasoningagents.

First we briefly sketchthe generalapplicationscenariacthat motivatesour approach.We as-
sumea scenariowherea theoremprover TP is connectedo a mathematicaknowledgebase
K B. TP is currentlyfocusinga prooftask7 = (SPy,,..., Lopen) andcandidateassertiong B; }
aredeterminedn K B andhandedverto ourassertiormoduleM . Thetaskof M isto compute
wrt. prooftask7 all possibldogical consequencesf theavailableassertionds;.

We proposeto createfor eachassertion3; oneassociatednstanceAGp, of a genericasser
tion agent AG. The genericassertiomgentAG is basedon the algorithm AssertionApplication
providedin this paper Notethatthis algorithmonly depend®nthe SFT of thefocusedassertion
andafurthersetof SFTsfor the proof contet, andbotharespecifiedasparametersf Assertion-
Application EachassertioragentinstancedGy, computesindsuggestshelogicalconsequences
of B; in proof contet 7 to our module M which passeshemfurtherto 7P.

(Vs, (81 € p(C) = ~A € 51))F

(S1 € p(0) L —A € SO?

(51 Cp(C)?  (-A€ S)q

(A € Sl)GB

Dependingon the sizeof the knowledgebaseK B therecould betoo mary applicableasser
tionspassedo M andalsotoo mary waysan assertiorcanbe appliedto be handledin practice
(recall the remarkabove aboutthe numberof possibleND inferencerules associatedvith the
assertiorof ourrunningexample).For instancegoingbackto ourrunningexampleagain let our
currenttaskbe ({A + A C B; AFBCC;}, A€ p(C)). TheassertionA is applicablen
this situationandthe outcomeof applyingour algorithmto this openline is the SFT displayedat
thetop right cornerof this paragraph.

As theroot nodeis non-emptyandtheinputtreesincludeanopenline, we have to reproduce
theroot nodeto have polarity &, whichis (=¥, (S1 C p(C) = —A € S;))®. Thiscorresponds
to anew openline: A F 3g,(S1 C p(C) A A € S1) whichis, eventhoughlogically correct,nota
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very usefulsubgoato be pursued

We sumup the above argumentby claiming that restrictedapplicationof assertioris neces-
sary Onepossibleandsimplerestrictionis to imposeprerequisite(s)suchassimplesyntactical
criteriaor domainrestrictionswhenselectingthe candidateassertionshatarepassedrom K B
to M. Thesekind of specificconstraintscan be realizedprovided the constraintsare encoded
in the assertiorspecification.For instance yegardingour runningexample,a simple but useful
heuristicto prove the membershipf anobjectwrt. asetS usingthe subsedefinitionis thatthe
taskincludesa closedline statingthat S is a supersebf someotherset. It is sucha heuristi-
cally constrainedrersionof assertiorapplicationthatwe arecurrentlyemploying in the OMEGA
system.

Proofplanning,however, hasdevelopedmoresophisticatedvaysto guideandconstrainpos-
sible instantiationsandapplicationsof assertionsThe investigationon how someof thesetech-
niquescanoptimally beemployedontop of ourassertiorapplicationmoduleM in orderto better
constrainthe searchor potentialassertiorcandidatess furtherwork.

Example.

We presenta proof constructedn the OMEGA systemusingassertioragents.Theinitial PDS
formulatingthe problemis asfollows:

1. 1; F symmetri¢A) Hyp v
2. 2; F symmetri¢B) Hyp v
THM 1,2; F symmetri¢A N B) (?)

In theabove PDS, thelinesmarkedwith v arethe closedlinesandthe openline is marked
with thequestionmark (7).

Thefollowing proof (producednteractively in OMEGA) for theabove problemuseghedefini-
tion of the symmetriaelation viz. (Sym-Def): Vrsymmetri¢R) < (V. (z,y) € R = (y,z) €
R), andthedefinitionof intersection(on sets) viz. (N-Def): Vg, 5,V,x € S1NSy & x € Si Az €
Ss. Thesuccessie orderof the constructegrooflinesis: ( 1.;2.; THM; 3.;4.;8.;5.;6.;7.;)

1. 1; F  symmetri¢A) (Hyp) v/

2. 2; F  symmetri¢B) (Hyp) v

3. 1,2; F o Vaylz,y) € A= (y,z) € A (aa(Sym-Def) 1) v

4, 1,2; F o Vaylz,y) € B= (y,z) €B (aa(Sym-Def) 2) v

5. 5; F <01,CQ> € AN <01,Cg) €B (Hyp) v/

6. 1,2,5; +  {cg,c1) €A (aa([3]) 5 v

7. 1,25, F (co,c1) €B (aa([4]) 5 Vv

8. 1,2; F o Veu(z,y) € ANB = (y,z) € ANB (aa(N-Def) 5,6,7)v
THM  1,2; F  symmetri€A N B) (aa(Sym-Def) 8) v

[Hyp] indicatesthatthe givenproofline is a given hypothesis.The scope®f the hypotheses
arerenderedby the antecedentsf the proof lines, i.e. thoseon the left of ). Rulesdenoted
by aa(asserti on) indicatethe applicationof asserti on. In particular on line (6), the
assertionis[ 3] whichindicateghatthesuccedentf thesequenbnline (3) hasbeenadded

8In fact,Huangs[16] framework failsto producetheaboveinferencestep. This posesaseriousguestioraboutthe
completenessf his approachdueto Huangs proposalof replacingthe naturaldeductioninferencerulesaltogether
by the generatednacroruleswhenever anassertioris applicable.
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to the currentmathematicatlatabasendnow senesasa normalassertion.Similar remarkcan
be madefor line (7) (andthe assertiorintroducedon line (4)).

While the above proof may be quite intuitive to a mathematicianthe proof stepon line (8)
may be too hardto understandor a studentwho is trying to learn mathematicg{seethe Ap-
plication describedbelow). Obsenre that the assertioragenthascarriedout the applicationof
Sym Def togetherwith D-IntroductionandV-introductionin thatsingle proof step. However,
the OMEGA systemis capableof expandingcomplex proof stepsto yield sub-proofsat lower
levelsof abstractionThis againemphasisethe expressve power of our machinery

An application: The DIALOG project.

We arecurrentlyexperimentingthe assertioragentmodulesdescribedabove in the settingof an
intelligenttutoringsystenfor mathematicslevelopedwithin the DIALOG project[4]. Thesimple
proof stepsto be presentedo the studentsare automaticallygeneratedy the proof assistant
systemOMEGA. Theassertioragentsassistthe OMEGA systemto producetheseassertion-leel
proof steps.We wantto stresghatthe studentmodelmay be updatedduring a tutoring session,
hencethe setof relevantassertionsnay dynamicallychangeduringaninteractve session.

It is easyto motivate the designof our assertionapplicationmodulefor this scenario. Its
capabilitiedor assertiorapplicationfor adynamicallyvaryingsetof assertiongarecrucialfor the
project. It is alsoessentiathat reasonings facilitatedat a humanorientedlevel of granularity
sincewe do not want the userto puzzlearoundwith the peculiaritiesof, for instance,logical
derivationsin sequenbr naturaldeductioncalculus.

4 RelatedWork

Autexier [3], which himselfemploys ideasfrom [29, 26], suggests proof representatiomand
manipulationframenork basedon the uniform notationidea,while we hereonly employ it atthe
heartof anassertiormediatormodulewhich canbe coupledwith arbitraryproof systems.

The generalisedesolutionalgorithmwe proposealsoremindsto ideasemployedin the con-
nectiongraphmethod[18, 2, 8] andthe clausegraphmethodin [24]. However, sinceit is a cru-
cial concerrfor usnotto breakdown the structureof theassertionsve operatewith treeor graph
structureggeneratedor arbitraryformulasinsteadof just clausesets. Works in the literatureof
automatedeasoninghataremorecloselyrelatedto our generalisedesolutioninferencemethod
includeNon-clausalNC)-Resolutiorintroducedby Neil Murray [22] andNestedResolutionin-
troducedby Traugott[28]. Both framewnorksalsoemploy the notionof polarity to recognisehe
unifiableoccurrencesf atomicformulasin thetheoryto beresohed. Theresohedpair of literals
arethensimplified away from the formulaecontainingthem. Theresohentis the disjunctionof
thetwo simplifiedformulae.In theirapproachegshestructuref theformulaeareclearlybroken
aftera sequencef resolutionsteps.

Benzmudlleretal. [6] motivateandalsopresenta mediatorbetweermathematicaknowledge
basesandtheoremprovers. A main differenceof the approachhereis that assertiommgentsare
uniformly modelediheirindividual behaiour is only determinedy the particularassertiorand
the proof context they areinstantiatedwvith. Furtherrelatedwork is describedn [11].
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5 Conclusionand Futur e Work

We amguedthatthe assertiorievel introducedby Huang[16] is one of the moreinterestingab-
stractlevelswhereproof planningshouldbe carriedout. Thereforejt is necessaryhatthe proof
plannerat the assertiorievel be equippedwith an adequatenfrastructureto be ableto take full

adwantageof the inferencesoffered by the assertions.We wenton to develop a framework for

extractingimportantinformationfrom assertionsn accordancéo thereasoningcontet (i.e. the
proof situation)in which the assertions invoked. We describea distributed modellingfor our
framavork which senesasanassistantor proofsearchin OMEGA. Thismechanisnalsoreflects
the cognitive proceshiumanagentemploy whenperformingtheoremproving: A skilled mathe-
maticianwould in generalacceptconclusioneemegedfrom algorithm Assertion Application ()

asa trivial or obvious stepandnormally not requirea detailed(i.e. logic level) explanationof
suchsteps. The researcthearsimmediatefruit throughour applicationin the DIALOG project
aiming at building an intelligent mathematicatutoring system. The realizationof naturallan-
guagedialogin sucha projectshouldtake full advantageof the assertiorlevel proofsdeveloped
by ourformalism.

Futurework includes:(i) We wantto investigatevhetherour approactscalego higherorder
contexts. Additional problemshave to be addressedsuchasundecidabilityof higherorderuni-
fication, primitive substitution,etc. In higherordercontexts our distributedmodelingwill gain
impact, sincethis will provide a flexible basis,for instanceto modeliterative deepeningver
constraintssuchasa maximalunificationdepth. (ii) Equationalreasonings not yet addressed
in our framenvork andneedsto beinvestigated.In particularadaptingour frameawork to (exten-
sional)equationaleasoningvithin higherorderlogic contectsis achallenge (iii) We proposeo
fully integrateautomatecgroof planningwith our approacho assertiorlevel reasoning.
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Appendix

We introducesomenotationswhich will be usedin the establishmentef the resultspresentedn
thefollowing.

Model theory

We definethe first-order language for the syntaxof the calculusof interestin the standardvay;,
cf. e.g. [13]. Let £ be a first-orderlanguagea (set-theoreticktructurefor £ is a pair (D, 1)
whereD is a non-emptyset,the domainof the structure,and: aninterpretationof £ in D. The
satishctionrelation = betweerthe setof structuresandthe wffs from £ is alsodefinedasusual.

For astructureM, we define:

ME=Piff M = o
and
M = o% iff M =

Thefollowing is animmediatecorollary of theabove definitions:
Corollary 1 Let M bea structure.

1. Exactlyoneof M = ¢® or M = ©%.
2. M = «aiff M = oy and M = as.
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4. M = (v, z) iff foreveryc € D, M = vo(z)[c/x].

5. M &= (6, z) iff for somec € D, M = dy(c). In particular, the constantsko chosenby the
(6, z)-rule aboveis oneof thoseconstants:.

Notations

LetanSFT 7 begivenandn anodeof 7, if therule thatis appliedto n is ana (resp.g, v, 6)-rule
thenn is saidto beof typea (resp.s, v, 9).

We warnthereaderthatwe will systematicallyabuseour notation:

1. Wewill referto an SFT asits root nodeandvice versa.Hence we will beableto e.g.talk
aboutthe leaf nodeof a signedformula.

2. We shallalsoadoptthefollowing practiceof usingthenamesof typesto denotetheformu-
laethey areappliedto (possiblywith thereferenceo theformulae). Thatis:

¢ If g isasignedformulaof typea thenwe alsoreferto ¢ asa(y) andits child(ren)as
a1(p) andas ().

e If ¢ is asignedformulaof type 5 thenwe alsoreferto ¢ asf3(y) andits childrenas
Bi(p) andfa(¢).

e If ¢ isasignedformulaof type (v, z) thenwe alsoreferto ¢ as+(y, ) andits child
asyo(p, x).

e If ¢ is asignedformulaof type (4, ) thenwe alsoreferto ¢ asd(y, «) andits child
asdy (¢, sko).

Soundnesof algorithm GR

Theorem 1 (Soundnessf GR)Lettwo SFTsr and 7, be given. For any structue M andany
substitutiond, if M is a modelof {70, 7,0} then M is a modelof GR(r, n1, 72,12, 0), for any
pair of leaf nodesy, of 1 andn, of 7.

The theoremis vacuouslytrue in casern; andr, are not -complementary Thuswe only
considerthe casewhenthey ared-complementaryWe will alsoassumehattheonly connectves
we haveto dealwith arenegation(—), conjunction(wedge) anddisjunction(vee) togethemwith the
first-orderquantifiers(V and3)to simplify the presentationWe first shav the following lemma:

Lemmal Let 7 be an arbitrary SFT and ¢ a singletonSFT (i.e. ¢ itself is the only node of
¢). For anystructule M and any substitutiond, if M is a modelof {760, <0}, M is a modelof
GR(T,n,s,s,80), for anyleafnoden of 7.

Proof: By inductiononthestructureof .

Basecase: 7 is asingletonSFT with theonly nodebeingr itself. 7 andg aref-complementary
In otherwords,the setof modelsof {76, <6} is empty Thereforethelemmais vacuouslytrue.

Inductivecase:
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1. Caser is of typea:

(a) Casexy(7) = nil, i.e. 7 hasonly onechild o (7): Obviously, form(r) = form(a(7)) =

—(form(ay(7))) andpolarity(c; (1)) = —polarity(a(r)).

For arny structureM:

M is amodelof {76, 6}

iff M isamodelof {a(71)6, <0}

iff M isamodelof {c;(7)8,<0} (from Corollary1).
Then, M is amodelof GR(a1(7), 7,5, ¢, 6) (inductive hypothesis).Therefore,M is
amodelof GR(7,n,¢,¢, ).

The justificationfor the laststepin the above proofis basedon the reconstructiorof
therootnodeGR(7,n,s,s, ) fromits only child
GR(a1(7),n,5,5,60) andfrom Corollary 1.

(b) Casexs(7) # nil:
For any structureM :

M is amodelof {76, 6}
iff M is amodelof {a(7)6, <0}

iff M is amodelof {a;(7)0,<0} and M is a modelof {ay(7)8,6} (from Corol-
lary 1).

e Caseyp is aleafnodeof a4 (7): M is amodelof GR(a1(7),n,¢,s,8) (inductive
hypothesispnd M is amodelof {ay(7)6, c0}.

e Casenis aleafnodeof ay(7): M isamodelof {a;(7)0, <0} andM is amodel
of GR(ax(T),7,5,5,0) (inductive hypothesis).

Therefore M isamodelof GR(r,n,,¢, ) (fromthereconstructionnf GR(«(7), 7,5, ¢, 6)
from GR(a1(7),7,5,5,0) andGR(as(7),7,5,5, §)).

2. Caser is of typeg:
For ary structureM:

M isamodelof {70, 0}
iff M isamodelof {5(7)0, <0}
iff M isamodelof {5;(7)0,<6} or M isamodelof {3:(7)8, <0} (from Corollary1).
e Casey is aleaf nodeof g;(7): then,M is amodelof GR(B:(7),n,¢,¢, 8) (inductive

hypothesis)Therefore M is amodelof GR(5(7),n,¢,¢, ), from thereconstruction
of B(1)0 from GR(5,(7),n,s,s,0) and Sy (7)6;

e Casen is a leaf nodeof By(7): similar to the precedingcase, M is a model of
GR(B(1),n,5,5,0).

3. Caser is of type (v, z):
For ary structure):

M isamodelof {76, <0}
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iff M isamodelof {~(r,x)6,<0}
iff M isamodelof {~y(7, z)0, <0} (from Corollary1).

e Casexfl = z or zf = y for somefree variabley: x (resp. y) is a free variable
in (7, z)0 and form(y(r,z)) = Vz(form(y(r,z))) (resp. form(y(r,z)) =
Vz(form(y (T, x))[y/z])). Thus, every model of GR(vo(T,z),n,5,5,60) is alsoa
modelof GR(v(r,z),n,s,s,0) (Whichis essentiallyGR(r,n,¢,s, §)). But from the
inductive hypothesisthestructureM is amodelof GR(v(7, x), n,5,5, 0).

e Caserf) = c for somec € D: straightforvardly, (7, z)0 = ~(r, )6 andfrom the
reconstructiorof GR(v(r, z),n,s,s,0) from GR(yo (T, z),n,s,5,0), M isamodelof
GR(y(7,z),n,5,s,0) (inductive hypothesis).

4. Caser is of type (9, z):

For arny structureM:

M isamodelof {76, <6}
iff M isamodelof {§(7,x)0,<6}
iff M isamodelof {dy(r, sko)f, 8} (from Corollary1).

Then,asd(r, x)8 = &y (7, sko)d andfrom thereconstructiorof GR(6(7,x), 7,5, s, #) from
GR(bo(T, sko),n,s,5,0), M isamodelof GR(4(r, z),n,s,s,0) (inductive hypothesis).

O

Proof: (of theoreml)

As with theabove lemma,we prove by inductionon the structureof ;. First,we obserethat
for anarbitrarySFT, andary substitutiord, if thestructureM is amodelof 720 thenM is also
amodelof the SFT obtainedby (i) instantiatingr, accordingto #, then(ii) removing aleafnode
of 75, andthen(iii) reconstructingts internalnodesin theway describedn algorithmGR. That
resultis essentiallywhathasbeenshavnin Lemmal.

Basecase: 7 is a singletonSFT with the only nodebeingr itself, i.e. 7, = 7,. Thetheorem
holds by the abose obsenation andfrom the factthat M is a modelof ? if andonly if M is
amodelof (—¢)~? for ary formula ¢ andary polarity p. Thusit doesnt matterwhethern; is
replaceddy 7,0 or (—form(r,0))Polertv(720) thetheoremshouldawayshold.

Inductivecase: The proof of theinductive caseproceedsn the similar way to thatfor Lemmal.
l.e. we considedifferentcase®nthetypeof therootnodeof ;. In particular thesameargument
worksfor all four differenttypesof theroot nodeof 7, exceptfor they andd-typeswherespecial
caremustbetakenfor possibleclashesf variablesduringthereconstructiorprocess. O

When(classicalyesolutionon apair of clausesb and¥ is performedno orderingbetweend
andV is necessaryThesituationis slightly differentfor generalizedesolution:G R(r, m1, T2, 12, 6)
andGR(7», ne, 71, 71, 8) generallyoutputtwo syntacticallydifferentSFTs.So, it isimportantthat
they bestill logically equivalent. This is a straightforwardcorollary of theabove theorem:
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Corollary 2 Lettwo SFTsr; andr, begiven.For anystructure M andany substitutiord, M is
amodelof GR(y, 1, 12, 1m0, 0) if andonlyif M is a modelof GR(rs, 12, 71, M1, 6), for anypair of
leaf nodesy; of ; andn, of 7.

Proof: First,we obserethat:If M isamodelof GR(r,n, T, 12, 6) then

e M is amodelof GR(ry, 1, comp(m,), comp(n,),); and

e M is amodelof GR(y, 12, comp(ne), comp(ns), 6).

where,givena signedformular, comp(7) returnsthe complementargignedformulaof r. The
above obsenationis immediatefrom Lemmal.

Now, to provethatif M isamodelof GR(7,n1, 72, 72, 6) thenM isamodelof GR(7s, 12, 71, 71, 6),
we canproceeddy inductionon the structureof 7, with the basecasefollows from theabove ob-
senation. Similarly, theinversedirectionis provedby inductionon the structureof ;. d

A furtherremarkon algorithmGR():

REMARK: Line (2) of algorithm GR() is inessentiako the generalizedesolutionframevork
presentedn this paper i.e. it canbe removed without affecting the correctnes®f algorithm
GR(). Thisis aform of the inferencerules\Weakeni ng well known in sequentalculi. This,
however, bringsout anotheradvantagefrom the chosernrepresentationThe redundang thatis
apparentn the generalizedesolutionframevork without Weakeni ng canbe easilyeliminated
by this line which effectively prunesall the subtreeghatare a-relatedto the resultedresolhent,
I.e. theredundanbnes.

Resolvinga pair of complementarynon-atomic formulae

Obsene that the framavork presentedso far in this papercould have beendescribedfor this

generalsettingwithout any modificationon the algorithmor the theorems.Thatwill comewith

a price however. A large numberof internal nodeswill potentially explode the searchspace.
Moreover, unificationon internalnodesis morecomplex thanunificationon the leaf nodesonly.

Neverthelesswe will shav thatthe frameavork we have proposeds sufficient to achiese such
generalstepsof resolution,eventhoughit could requiremorethanonestepof resolutionon the
leafnodes.

Theorem 2 Let SFTsm and, begiven. If 7, andn, are two nodesof ; and 1, respectively
and# is a substitutionsud thatn; andn, are #-complementarghentheresolutionof 7; and,
over 7; andn, can be achieved by repeatedlyapplying GR() on ; and 7, and their resulting
resolvents finite numberof times.

Proof: By inductionon the structureof 7;:
Basecase:Trivial asn, andn, aretheleafnodesof 7, andr,.
Inductivecase:



22

1. Casey, isof typea:

(a) Caseas(n1) = nil: n; is of theform (—¢)? for somepolarity p. As n; andn, are
§-complementaryn, mustbe of theform (—)~? sothatpf = 6. Hencew;(n) =
(¢)? anday(nz) = (1)?. Obviously, «;(n;) anda (1) arealsof-complementary
Fromtheinductive hypothesiswe canresohe themafter repeatedlyapplying GR()
onT; andr, andtheirresultingresolhentsk times. Thereforetheresolutionof 71 and
T, overn; andrn, canalsobe achievedafter k applicationsof GR() on, andr, and
theirresultingresohents.

(b) Casens(n:) # nil:

e Casepolarity(n) = ©: n, is of the form (o1 A ©2)®. Thenn, mustbe of
the form (¢, A 15)® sothatp,0 = 10 and .0 = 1,0. Therefore from the
inductive hypothesisg (n,) anda; (12) areresohedafterk applicationsof GR()
on 7, andr, andtheir resultingresohents;and as(n;) andas(n:) areresohed
after [ applicationsof GR() on 7, and 7, andtheir resultingresohents. As a
consequencey; andn, canberesohed after £ + [ applicationsof GR() onn
andr, andtheirresultingresohents.

e Casepolarity(m) = @ is alsosimilar.

2. Casey; is of type §: similarto thecaser, is of typea andas(n;) # nil.

3. Casey, is of type (v, z): n is of theform (Q,®(x))? whereQ € {V,3}. Thenn, must
be of the form (Q,¥(y)) ? sothat®(z)( o {z — y}) = ¥(y)d. Therefore,from the
inductive hypothesis;y,(n:, z) anddy(ns, sko) areresohed (underthe substitutiond’ =
0 o {x — sko}) after k applicationsof GR() onr; andr, andtheir resultingresohents.
As aconsequencey andn, canberesolhedafterk applicationsof GR() on; andr, and
their resultingresohents.

4. Casen, is of type (4, z): is symmetricto the precedingcase,i.e. 7, is replacedby 7, and
vice versain theabove argument.



