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Abstract

In this paperwe addressassertionretrieval andapplicationin theoremproving systemsor
proof planningsystemsfor classicalfirst-orderlogic. Due to Huangthenotionof assertion
comprisesmathematicalknowledgesuchasdefinitions,theorems,andaxioms.We propose
a distributedmediatormodulebetweena mathematicalknowledgebase%'& anda theorem
proving system(*) which is independentof the particularproof representationformat of(*) andwhichappliesgeneralisedresolutionin orderto analyzethelogical consequencesof
arbitraryassertionsfor aproof context athand.

Ourapproachis applicablealsoto theassumptionswhicharedynamicallycreatedduring
a proof searchprocess.It thereforerealisesa crucial first steptowardsfull automationof
assertionlevel reasoning.We discussthebenefitsandconnectionof our approachto proof
planningandmotivatean applicationin a projectaiming at a tutorial dialoguesystemfor
mathematics.

1 Intr oduction

Mathematicalassistantsystemsprovideuserswith toolsthatsupportthemin constructingproofs.
Therebyit is an importantissuethat the constructedproof fragmentsarepresentedin a format
that is easyto understandfor humanusers. This is the centralproblemof proof presentation
andexplanation. On the otherhand,sophisticatedproofs for real mathematicalproblemshave
now beenconstructedin mathematicalassistantsystems(eitherautomaticallyor interactively)
at differentlevelsof granularity1. In someof the employed approaches,mostlow level logical
operationsareabstractedaway andmainly domainspecificmathematicalknowledgeis usedto
guide the constructionof the proofs. The areais known as proof planningand suchdomain

1Thereis a ongoingdebatewhetherlevel of abstraction, level of detail, or level of granularity is themostappro-
priatenotion to use. In this paperwe will usetheterm level of granularity, sincewe addressabstractionon logical
derivationsandproofoperatorsandnot, for instance,abstractionof theobjectrepresentationlanguage.

1
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specificmathematicalknowledgecomesin as the strategiesor proof methodswhich aremade
availableto theproof planner(cf. [9] and[17, 21,20] andthereferencestherein).

The assertionlevel introducedby Huang[16] is arguedto be just the right level to which
machinegeneratedproofsshouldbetransformedbeforebeingpresentedto (human)users.In this
paperwearguefurtherthattheassertionlevel canalsoserveasoneof thoselevelsof granularity
on which knowledge-basedproof planningshouldbe based. This viewpoint is also taken by
Autexier [3], which providesa proof representationframework subsumingthe assertionlevel.
However, proofautomationof theframework, i.e. theheuristicallyguidedchoiceof theassertions
to apply, is still a challengeandnot tackledin this paper.

Huang[16] achievesproofsat theassertionlevel by reconstructingmachinegeneratedproofs.
This processbasicallyinvolvesclusteringseveral proof stepsof the input proof into segments.
>Fromthe outside,eachsegmentcanbe viewedasone(assertionlevel) proof step. While this
partly solvestheproblemof proof presentationaseachassertionlevel proof stepcanbemapped
naturallyto singlestatementsof the naturallanguagepresentationof the proof, it hasnot been
investigatedyet how theproof planningprocessmaydirectly benefitfrom sucha representation
level. We areconvinced that by planningdirectly on the assertionlevel it will be possibleto
overcomeat leastsomeof the identified limitations and problemsof proof planning(see[5,
10])— in particular, those,thatarecausedby anunfortunateintertwiningof proof planningand
calculuslevel theoremproving. Theperspectivewethereforemotivatein thispaperis to consider
the assertionlevel as a well chosenborderlinebetweenproof planningand machineoriented
methods.Determiningthe logical consequencesof assertionsin a proof context is the taskof
machineorientedmethods(in our casegeneralisedresolution).Thetaskson top of this level —
for instance,adomain-dependentcollectionof theinitial assertionsto beconsidered,theheuristic
selectionof the most promisingamongthe computedlogical consequences,the introduction,
constrainingandhandlingof meta-variables, etc.— belongto thescopeof domainspecificproof
planning.

In summary, insteadof reconstructingnaturaldeduction(ND) proofsto obtainassertionlevel
proofsassuggestedby Huang,we proposeto directly planfor proofsat theassertionlevel. This
shouldimprove the quality of the resultingproof plansand also facilitate betteruser interac-
tion. In contrastto tactical theoremproving, we do not want eachassertionassociatedwith a
particulartactic but aim at onegeneralmodulewhich works for arbitraryassertionsandcom-
putestheir consequencesin arbitrary proof contexts. Theseconsequencesare then suggested
to the userand/orthe automatedprover. Note that this is different from proposingintermedi-
atesubgoalsand thenverifying themwith the help of tacticsasdoneby systemslike M IZAR

(http://www.mizar.org/).

Thedevelopmentof ourideasrevolvesaroundthemathematicalassistantsystemOMEGA [27]
andthecurrentinitiative in this projectto rebuild thesystemon top of theproof representation
framework in [3]. We furthermoreemploy OMEGA ’s agent-basedsearchmechanismOANTS [7]
for adistributedmodelingof our framework andwe motivateanapplicationof theapproachin a
projectaimingat a tutorial dialoguesystemfor mathematics.
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2 Proof planning at the assertionlevel

A brief review on the assertionlevel.

Thispartis reproducedfrom [16] for completeness.Considertheproblemof presentingmachine
generatedproofs.Assumethatthetargetformalismis naturaldeductionwhich is acommonprac-
tice for many existingproof transformationsystems.In contrastto proofsfoundin mathematical
textbooks,proofs constructedby thesesystemsare composedof derivationsfrom elementary
logic, wherethe focusof attentionis on syntacticmanipulationsratherthanon the underlying
semanticalideas. The problemseemsto comefrom the lack of intermediatestructuresin ND
proofs that allow atomic justificationsat a higher level of abstraction.Huangthenwent on to
introducethefollowing threelevelsof justifications:

+ Logic level justificationsaresimply verbalizationsof the ND inferencerules,suchasthe
ruleof ModusPonens.

+ Assertionlevel justificationsaccountfor derivationsin termsof theapplicationof anaxiom,
a definitionor a theorem(collectively calledanassertion).For instance,anextract from a
textbookproofmayread:

“since , is a memberof the set - , and - is a subsetof . , according to the
definitionof subset, , is amemberof . ”.

+ Proof level justificationsareat a yet higherlevel. For instance,a proof canbesuppressed
by resortingto its similarity to apreviousproof.

Assertion level and proof planning.

Scrutinizingtheabove examplefor theassertionlevel justifications,it seemsjust the right level
for proof plansto be carriedout. Ratherthanhaving to work aroundwith ND inferencerules,
theproof plannersimply goesstraightto theintendedconclusion,viz. , is a memberof . , from
thegivenpremises,viz. , is a memberof - and -0/1. , andtheassertion,viz. thedefinitionof
subset.This would in thefirst placesave theproof plannerfrom explodingits own searchspace.
Furthermore,it shouldfit betterto thestructuralmechanismsof otherhigh level proof methods
suchasanalogy, induction,diagonalization,etc.andin particularislandproof planning,cf. [19].
It shouldalsofit well to the framework of incrementalproof planningproposedby Gerberding
andPientka[15] in whichassertionapplicationcanbeconsideredasaspecialform of meta-rules.

Now let’s consideran assertion2 . As pointedout by Huang,theremay be several ways
in which this assertioncanbe useddependingon the proof situationto which this assertionis
introduced.For instance,let 2 betheassertionfrom our runningexample:

354 �"6 4 �87 4 ,:9<;>= 4 � / 4 �@? 3BA 7DCFE ,HGI,HJK9<;L= ANMO4 �QP ANMR4 �"STS
This assertionallows usto derive: (1) U MWV

from U MYX
and

X / V
, (2)

X[Z/ V
from U MYX

and U]\MRV , (3)
3BA 7DC^E ,HGI,HJK9<;L= ARM]X P A_MRV S from

X / V
, (4) etc.

A theoremprover/proofplannerthatoperatesonthecalculuslevel canonly achievesuchcon-
clusionsaftera numberof proof stepsto eliminatethequantifiersandotherconnectivessuchas
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implicationandconjunction.On theotherhand,mosthumanmathematicianswould besatisfied
having thoseconclusionsderivedin onestepfrom theassertion.

Huang[16] overcomesthis problemby introducingdifferentinferencerulesto allow all pos-
sibleapplicationsof suchanassertion.Theseinferencerulesarecalledassertionlevel inference
rules or macro-rulesby their natureof being“pseudoinferencerules” which actuallystandfor
sequencesof moreelementaryinferencerules,calledcompoundproofsegments. While themore
elementaryrules(of ND) arechunked into macro-rules(at the assertionlevel), this in turn po-
tentially introducesanexplodedsetof inferencerules.Therefore,it maynot work too well for a
proofsearchmechanismthatis requiredto beefficient. For instance,for theaboveassertionfrom
our runningexample,at leastseven(7) differentmacro-rulescanbegenerated(cf. [16].)

Formalization of the problem.

We take asthestartingpoint for our approachtheproof developmentenvironmentOMEGA [27]
whosecoreconsistsof a proof plannertogetherwith a hierarchicalplan datastructure( `badc ).
Theproof format in OMEGA is basedon thenaturaldeductioncalculus.A linearisedversionof
ND proofsasintroducedby Andrews [1] is employed. In this formalism[17], anND proof is a
sequenceof proof lines, eachof themis of theform:

Label e f derived-formula = Rule premise-linesS
whereRule is a rule of inferencein ND or a method,which justifiesthederived-formulausing
the knowledgefrom in the premise-lines. Rule andpremise-linestogetherarecalled the jus-
tification of a line. e is a finite setof formulaewhich arethe hypothesesthe derived formula
dependson.

A problemof proofplanningconsistsof atheoremandtheassumptionsto beusedto provethe
theorem.A proof planneroperateson a setof methodsto beusedto constructa proof plan. The
theoremandassumptionsareexpressedasdeductionlines in a `badc whereall theassumptions
aremarkedasclosedandthetheoremis markedasopen. Theproofplannerthenusesthemethods
to comeup with actionsto updatethe `badc . Theaim of theproof planningprocessis to reacha
closed̀^adc , thatis onewithoutopenlines.

As applicationof lemmataliesat heartof most(non-trivial) mathematicalproofs,it is impor-
tantthatthis issuebeaddressedin a realizationof any proof planner.

In OMEGA, a proof planningprocessstartswith a task,a datastructuredesignedto encap-
sulatea complete(sub-)problem. Formally, a task is a pair g 4ihkjmlonqp>r 6tsiu>v<wyx{z consistingof an
openline of the `^adc , siu>v<wyx , anda setof linesfrom the `badc ,

4ih|j}l>n�pLr
. siu>v<wyx is calledthe task

line whoseformula is called taskformula. Membersof
4ihkj l>nqp>r

arecalledthe supportlines or
supportsfor thetaskline siu>v<wyx .

Now considerthesituationin which theprover is confrontinga list of tasks,calledanagenda
in theOMEGA system,that it needsto solve in orderto prove theintendedtheorem.Amongthe
availablestrategies/methods,theprovercouldpossiblyponderwhetherthereis adefinition/axiom
or somepreviouslyprovedresultwhich it canusein thecurrentproofsituationto (i) eitherobtain
furtherclosedlinesservingasintermediatestepsfor solvingoneof thetasks;(ii) or reduceagoal
task(on someopenline) to somesubtaskswhichcanberesolvedby furtherproofsteps.

It now boilsdown to thequestionof how tasksandassertionsareto behandledwithouthaving
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is aSkolemterm.

Figure1: Analyzingsignedformulae

to generateall thepossiblemacro-rulesassuggestedby Huang.And we,of coursedon’t wantto
sacrificeany possibleoutcomefrom applicationsof assertions.

We follow a representationframework employedby Wallen [29] andAutexier [3] usingthe
conceptof polaritiesanduniform notation(cf. [12, 13, 29]) to representthe formulaetheproof
plannerhasto dealwith.

Signedformulae:

Eachformulais assignedapolaritywhichis eitherpositive( ´ ) or negative( µ ). A setof formulae¶
is assigneda polarity · if f eachmemberof

¶
is assigned· . The polarity ( µ 6 ´ ) of a signed

formulais just anotherrepresentationof of thesuccedent/antecedentmadeby Gentzen[14] wrt.
thesequentcalculus.In thesequentcalculus,all formulaewhich occurin theantecedentwould
beannotatedwith negative( µ ) polaritywhile formulaeoccurringin thesuccedentareof positive
( ´ ) polarity. In thelinearisedversionof theNaturalDeductioncalculusemployedby OMEGA, if
a deductionline e¸fº¹ is markedclosed(in a `badc ) then e is assigned́ and ¹]µ . If e»fº¹
is markedopenthen e is assignedµ and ¹N´ . Intuitively, a signedformula ¹½¼ is somethingthe
proverwishesto provewhile ¹½¾ is somethinggiven.

We introducefurthernotationsfor technicalconsiderations:

(i) ¿ÁÀ�ÂmGO=«¹ v S defÃ ¹ and·ÄÀ E U�ÂmÅy9ÇÆÁ=«¹ v S defÃ · ; and

(ii) theoperatorÈ 7ÊÉ µ 6 ´dËÍÌ É µ 6 ´ÎË suchthat ÈÏµ Ã ´ and ÈÐ´ Ã µ .

Signedformula tr ees:Using the rulesfrom Fig. 1, a signedformulacanberepresentedin the
form of a tree whosesub-treesrepresentits signedsub-formula,thesetreesare called signed
formulatrees, or SFTs. In sucha tree,eachnodehasa naturalinterpretationasasignedformula,
andweshallspeakof nodesandsignedformulaeasif they wereoneandthesame(e.g.,a “node”=y¹ÒÑIÓ S ¼ is onelabelledwith =y¹IÑÒÓ S ¼ andhaving arcsto nodes¹½¼ and Ó*¼ .)

Example:2

The following is thesignedformula treeof the formula 2 givenas
3ÁÔ � � Ô � = 4 � / 4 �F? 3 � = AÕM4 �ÖP A×MØ4 �<S�S . Therebywe assumethatassumptionsareinitially assignedwith thepolarity µ .

(In our tree Ù abbreviatestheformula
3 � = A�MR4 �QP ANM_4 �"S ).

2We chooseto suppressall referencesto sortsfor thesake of readability.
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= 3ÁÔ � � Ô � = 4 � / 4 �@? 3 � = ANMR4 �iP ANMR4 �"STS�S ¾ ��� � Ô � � Ô � �
= 4 � / 4 �@? Ù S ¾~

= 4 � / 4 � Ù S ¾�
= 4 � / 4 �<S ¼ =£Ù S ¾ �¦� � � �

= ANMR4 �iP ANMR4 �"S ¾�
= ANMR4 ��S ¼ = ANMR4 �tS ¾

=£Ù P 4 � / 4 �<S ¾�
=yÙ S ¼ ��� � � �

=«Ú�ÛÜÀÝ= 4 �t6 4 �<S MR4 �iP Ú�ÛÜÀÝ= 4 �"6 4 �tS MO4 �<S ¼~
=«Ú�ÛÜÀÝ= 4 �"6 4 �tS MR4 ��S ¾ =«Ú�ÛÜÀÝ= 4 �t6 4 �<S MR4 �"S ¼

= 4 � / 4 �"S ¾

Now wecangobackto ourproblem.Assumethata task g 4ihkjmlonqp>r 6tsiu>v<wyx{z togetherwith anasser-
tion 2 arecurrentlyunderconsideration.As thegoal is to comeup with a desirableconclusion
derivablefrom theassertion2 (relativeto g 4Qh|j}l>nqp>r 6tsiu>v<wyx{z ), thefollowing computationalprocess
revolvesaroundthesignedformulatreeof 2 , called Þàß . Usingunification-basedalgorithmswe
unify the signedatomsat the leavesof the signedformula treesfrom the task g 4ihkjmlonqp>r 6tsiu>v<wyx{z
with the(signed)atomsat theleaf nodesof ÞÝß .

Secondly, wewill needthefollowing notationto talk abouttheinterrelationsbetweenformu-
lae: Givenasignedformula ¹ v ,

+ if an á -rule is applicableto ¹ v thenits childrenaresaidto bedirectly á -related, e.g. the
two sub-formulae¹½¼ and Ó*¼ of =«¹IÑÒÓ S ¼ are á -related;

+ if a â -rule is applicableto ¹ v thenits childrenaresaidto bedirectly â -related, e.g.thetwo
sub-formulae¹k¼ and Ó*¼ of =y¹IãäÓ S ¼ are â -related;

A signedformula ¹ is á (resp. â ) -relatedto Ó if andonly if either ¹ or oneof its ancestors
is directly á (resp. â ) -relatedto Ó .3

s-unifiable and complementary:

Two nodes¹ v and Ó@å ares-unifiableif f · ZÃçæ and ¹ and Ó areunifiable. ¹ v and ¹kå arecomple-
mentaryif f · ZÃèæ .
NOTATION: We will liberally usethe notionsapplicableto logical formulaeandapply themto
signedformulaeby absorbingthemthroughthepolaritiesof signedformulae.E.g.,givenasigned
formula é anda substitutionê , wewrite éÊê to denotethesignedformula =«¿KÀmÂmGO=¨é S ê S v<uqë¦ìÇíqî�ï�ð �¦ñ<� .

We alsoobserve that it is possibleto reconstructformulaefrom an SFT in sucha way that
thesemanticsis preserved. And becauseall informationis conveyedfrom a nodeto its children,
it is possibleto reconstructa formula from the leaf nodesof its SFT togetherwith the á and â
-relationsbetweenthesubtreeswithouthaving to tracebackthroughall of theinternalnodes.

3Notethatthenotionsof ò and ó -relatedformulaearemoregeneralthanthenotionsof conjunctionanddisjunc-
tion asthe ò (resp. ó )-relationscanreferto bothconjunctionsanddisjunctionsdependingon whetherthey occurin
theantecedentor thesuccedentof a sequent.
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Now we comeup with thealgorithmfor manipulatingSFTsin orderto obtaindesirablecon-
clusionsfrom anassertion(in relationto othergivenassumptionsor opengoal tasks).The idea
generalisesRobinson’s resolutionprinciple[25] andin particularremindsto pathresolution[23]
andthe connectiongraphprinciple [18, 2, 8]. In muchthe sameway that an arbitraryformula
canbereducedto thenormalform whichcontainsasetof clauses,i.e. disjunctionsof literals,we
observe thata givensignedformula treecanbereducedto a setof SFTswhosemembersdon’t
haveany á -relatedpair of sub-formulae.

As with resolution,theideais to replacealiteral in aclause(correspondingly, aleafnodeof an
SFT)by theinformationentailedby it thatcomesfrom anotherclause(correspondingly, another
SFT).However, unlike resolutiontheoremproving formalismwherethe focusis on a refutation
procedurein orderto establishtheunsatisfiabilityof asetof formulae,our focusof attentionis on
thederivationof new formulae(be it new assumptionsor new subgoals)from theexisting ones.
Therefore,we won’t transformevery signedformula (or equivalently, SFT) to thenormalform
whichcontainsonly â -relatedsubtreesasin resolutiontheoremproving, but ratherwedelaythat
until aslateaspossible.Theideais: insteadof normalizingall formulaeto thenormalform, we
justneedto takeout from theformulaeto beresolvedtherelevantpartswhenresolutionis carried
out. For instance,considerasetof formulae

4 Ã É =£-�ãÎ. S Ñô=£õöãÎ÷ S<6<ø -NÑ C Ë , wecanjust take
out therelevantformula -RÑä=£õºãù÷ S from =£-_ãù. S Ñä=£õWãú÷ S andresolveit using ø -RÑ C . This
resultin thefollowing new setof formulae:

4½û Ã É =¨-üã�. S ÑØ=£õÕãä÷ S<6<ø -üÑ Cý6 =yõÕãÒ÷ S Ñ C Ë .
Now we cango backto themoresophisticatedrepresentationof SFTs.>Fromtheaboveex-

amplewith resolution,it is importantto know how theso-calledrelevantpartscanbecomputed.
While it is notsoclearhow thiscanbedonewith logical formulae,it is interestingthatSFTscon-
tain structuressupportingsuchoperations:Insteadof resolvingcomplementarypairsof literals
from clauses,we resolve s-unifiablepairsof leaf nodes(or, atomicsignedformulae)from SFTs.
We thereforetermour inferenceprinciplegeneralisedresolution, or GR.

Weobserve thatin additionto theleafnodesof SFTsonwhich weperformGR,thestructure
of SFTs,i.e. the internalnodesand links betweennodes,alsoplaysan importantpart in GR
inferences.4

The algorithm:

Thefollowing algorithmtakesasinput two SFTsé � and é � with é � beingupdatedby theinforma-
tion from é � by performingresolutiononthetwo leafnodesþ � and þ � from é � and é � , resp.,under
thesubstitutionê .
GR( ÿ � : SFT, � � : leaf_node;ÿ � : SFT, � � : leaf_node;� : substitution)

begin

If � � � and � � � arecomplementarythen

1. Instantiateall variablesin ÿ � and ÿ � with thesubstitution� ;
2. For �������
	 , pruneall � -relatedsubtreeswrt. � î on ÿ î ;
4Givena pair of s-unifiableleaf nodes��
 and ����
 on two SFTs ��� and �
� , respectively: theresultsof resolving��
 on ��� by ����
 from �
� andresolving����
 on �
� by ��
 from ��� , in generalleadto two syntacticallydifferent,albeit

logically equivalent,SFTs.
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3. Replacetheleafnode� � in ÿ � by ����� ¾ (resp. ����� ¼ ) if �! �"$#&%���')(*�$� � �+�-, (resp. . );

4. Replacetheformulaateachancestorof � � in ÿ � with aquestionmark(?) while retainingthepolarity
andtheruleoriginally appliedthere;

5. Reconstructtheformulaeat theinternalnodesof ÿ � currentlymarked(?) usingtheformula(e)from
their child(ren)andthepolarity/ruleat thosenodes;

6. Replacetheformulaateachancestorof � � in ÿ � with aquestionmark(?) while retainingthepolarity
andtheruleoriginally appliedthere;

7. If �! �"/#�%���')(0�>ÿ � �1�2�! �"/#�%���')(*�$� � � then: Replacetheleafnode� � on ÿ � by ÿ �
else:Replacetheleafnode� � on ÿ � by 3+4* 5%�67�>ÿ � � v<uqë�ìÇíqî�ï�ð �98 � � ;

8. Reconstructtheformulaeat theinternalnodesof ÿ � currentlymarked(?) usingtheformula(e)from
their child(ren)andthepolarity/ruleat thosenodes;

9. Return thenew ÿ � ;
else

{ Do nothing}

end;

All theabove operationsshouldbeclearexceptthereconstructionof theSFTs.Consideran
internalnodeé Ã =«¹ S v í of anSFT. After asubtreeof é is modifiedduringtheexecutionof :<;ú= S ,
the formula at é , viz. ¹ , is replacedby a questionmark (?). Onceall childrenof é have been
reconstructed,we canproceedto reconstructtheformulaat é :

1. Specialtreatmentis duewhenat leastoneof ÿ ’s childrenis ����� ¾ or ����� ¼ :

(a) Case%=�?> : let @ be the other child of ÿ . If polarity �>ÿ��A� polarity �$@*� then ÿ and @ are
collapsedinto onenode;otherwise,(?) is replacedby 3+4* 5%�67�$@*� .

(b) otherwise:thequestionmark(?) is replacedby ����� ¾ or ����� ¼ dependingon polarity( ÿ ).
2. Case%��B� :

C Case� � �ED0�F" : thequestionmark(?) is replacedby 3+4* 5%�67�G� � � .
C Case� �IH�JD0�F" : thequestionmark(?) is replacedby 4* 5%�67�G� � �LKM4* 5%�67�G� � � if �N�O, , and

by 4* 5%�67�G� � �0PQ4* 5%�67�G� � � , otherwise.

3. Case%��E> : similar to thesecondcaseabove andaccordingto thetablefor > -rule.

4. Case%M�R�TSL�VU0� : Attention mustbe taken to avoid clashof variables.If U is a boundvariablein
4* 5%�67�TSXW��$U*�V� thenit mustberenamedto avariablenamethatdoesnotclashwith any othervariable
in 4* 5%�67�TSXWY�$U*�V� . Then, (?) is replacedby Z � 4* 5%�67�TSXWY�$U*�V� if �[�\, , andby ] � 4* 5%567�TS^WY�$U*�V� ,
otherwise.

5. Case%����G_`�VU*� : thequestionmark(?) is replacedby 4* 5%�67�G_�WY�>ÿ^�
acb^ d�V� .
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Correctnessof algorithm :e; togetherwith other relatedresultsareestablishedin the Ap-
pendix.

Now we are in the position to apply :e; on the assertion2 andall the relevant formulae
comingfrom anagendaa . Wearefortunatenothaving to performproofsearch,weonly have to
find outderivableinformation(whichcanbenew assumptions,i.e. closedlines,or new subgoals,
i.e. openlines)from 2 usingtheinformationprovidedin a . That is, we have to resolve theleaf
nodesof ÞÝß by thes-unifiableleafnodesonotherSFTs.To simplify thepresentation,weassume
thatouralgorithmtakesasinput theSFTof 2 , viz. ÞÝß , andasetof SFTsrepresentingthecurrent
reasoningcontext fhg so that we don’t have to worry aboutother detailssuchasclosed/open
lines,assumptions,goals,etc.Thealgorithmalsoemploystheon-the-flyskolemizationwhenever
generalisedresolutionis performed.

AssertionApplication( i ß : SFT; jlk : set_of_SFTs)

begin

1. mn"/" _%do`a`p!"$'qasr\t ;
2. )u%Y 5vwocaca5oyxzr\t ;
3. For eachleafnodea of i ß do:

While thereis a leaf node ' of anSFT ÿ|{7jlk~}N�`i ß�� suchthat a and ' ares-unifiableand
�Ga��V'����&���{d)u%Y �vwo`a5aco`x do:

(a) �����hr�i ß ; { Createaworkingcopy of i ß }

(b) �~r��� 5"/#&%���'�(0�$%Y � c'w�>ÿ��V� ;
(c) Repeat:

i. v�p�%�%dowD0' _%do`ac 5"$�^oyx�r\a ;
ii. v�p�%�%dowD0' _%do`ac 5"$�^ow%�r�' ;
iii. ��r�6~�&p��G4* 5%�67�Ga5���
4* 5%�67�$'V�V� ;
iv. )u%Y �vwo`a5aco`xzr )�%� �vwo`a5a5oyxs}h�&�Gad�V'������ � ;
v. Repeat:

A. ÿer��u�l��� � � , current_resolved, ÿ , current_resolver, �&� ;
B. If thereis a s-unifiablepair of leaf nodesa û and ' û from ����� and ÿ , respectively,

then

– v�p�%�%dowD0' _%do`ac 5"$�^oyx�r\a û ;
– v�p�%�%dowD0' _%do`ac 5"$�^ow%�r�' û ;
– �Mr�6~�&p��G4* 5%�67�Ga û ���
4* 5%567�$' û �V� ;
– ��r���� ;

– )u%Y �vwo`a5aco`xzr )�%� �vwo`a5a5oyxs}h�&�Ga û �V' û ����� � ;
else

– v�p�%�%dowD0' _%do`ac 5"$�^oyx�r�D0�F" ;
– v�p�%�%dowD0' _%do`ac 5"$�^ow%�r�D0�F" ;

until v�p�%�%dowD0' _%do`ac 5"$�^oyx���D0�F" ;
vi. If �~�-. and�! �"$#&%���')(*�$%Y � 5'��>ÿ��V����, then

�����Nr��Ao��&#&'Vo��>ÿ����
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else
�����Nr ÿ*�

until thereis not any further s-unifiablepair of leaf nodesfrom ����� andany SFT in
jlke}M�`i ß�� ;

(d) mn"/" _%do`a`p!"$'Vanr\ms"/" _%Yocayp�"$'qa�}M�c4* 5%567�$%Y � 5'����������V� � ;
4. Return ms"/" _%docayp�"T'Va ;

end;

In theabove algorithm,thefunction ��,5�ÝU{9 ,D=¨é S addsa parentto theroot nodeof theSFT é .
Theformulaandthepolarityat therootnodeof thenew treearethenegationsof theformulaand
thepolarityat therootnodeof é . Wehaveto carryout thatoperationbecausewedonotwantthe
outcomeof applyingan assertionto an openline, i.e. a goal, to be a closedline. For instance,
applying the assertion- P . to a goal .Î¼ shouldresult in a new subgoal-Ï¼ ratherthana
conclusion= ø - S ¾ .

Example (Forward Reasoning):

Let thefollowing deductionlinesbemarkedclosedin theinput task:

(1) fä-1/ . ; and

(2) f�, M - .

By applyingthefirst tree -1/ .Î¾ to õ ��� which is thesameas Þàß for themoment,weobtain
thefollowing updatedSFTfor õ ��� (underthesubstitutionê Ã É 4 �� Ì - 6 4 �¡ Ì .ýË ).
= 3 � = A�M - P A�M . S�S ¾�
= ANM - P A�M . S ¾�

= ANM - S ¼ = A�M . S ¾

Figure2: TheSFTfor �¢Z � �$UM{£mB¤�Uh{ú&l�V� ¾
By applyingthesecondtree , M - ¾ to theresulting õ ��� , we obtainasupdatedSFTfor õ ���

(underthesubstitutionê � Ã É A  Ì ,�Ë ) thetree , M . ¾ which is translatedbackto theOMEGA-
proof formatasa (closed)deductionline =F¥ S fö, M . . This is alsois alsothedesirablelogical
consequenceof assertion2 for lines =
¦ S and =)§ S .
Example (Resolve internal nodes):

To seethenecessityof theinneriteration,we re-runour examplewith anothertaskconsistingof
thefollowing closeddeductionline: =�¨ S f 3 � = A×M - P A×M . S . This assumptionresultsin the
SFTdepictedin Figure2. Applying this treeto ÞÝß andassumingthatweunify first thetwo nodes=yÚ�ÛÜÀÜ= 4 �<6 4 �<S MØ4 �TS ¾ (on ÞÝß ) and = AOM - S ¼ on theaboveSFTwe obtaintheupdatedõ ��� below
(underthesubstitutionê Ã É A  Ì Ú�ÛÜÀÝ= 4 �<6 4 �"S"6 4 �� Ì -bË ).
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= ø Ú�ÛÜÀÝ= 4 �"6 4 �tS M . P -1/ 4 �<S ¾�
= ø Ú�ÛÜÀÝ= 4 �"6 4 �tS M . S ¼~
=yÚ�ÛÜÀÜ= 4 �<6 4 �"S M . S ¾

=£-ç/ 4 �<S ¾

Noticehow the á -relatedbrancheson theSFTandthenodeslabelledwith the á and © andª
-rulesareprunedawayby :e;ú= S .

Now wetry to unify a leafnodeonthistreeto someleafnodeon Þàß againwhichis achievable
throughtheunificationonthetwonodes=«Ú�ÛÜÀÝ= 4 �"6 4 �tS M . S ¾ ontheaboveSFTand =yÚ�ÛÜÀÜ= 4 �<6 4 �<S M4 �<S ¼ (on Þàß ).

The updatedõ ��� now becomesthe treedisplayedto the right (underthe substitutionê � ÃÉ 4 �s Ì .ùË )5.

= ø -1/ . P -ç/ . S ¾�
= ø -1/ . S ¼~
=¨-1/ . S ¾

=¨-ç/ . S ¾

This treetranslatesinto thedesirablelogical consequenceof assertion« for line ¬�­¯® andthe
closedline ¬)°^®²±7³µ´·¶ is obtained.

Example (SidewardsReasoning):

We now consideran examplein which a goal line (i.e. an openline from the input task)anda
closedline is applied.Assumethatour currenttaskconsistsof anopenline ¬�¸¹®�±Bº~»[¶ anda
closedline ¬�¼^®u±=³½´µ¶ , which correspondto thetwo singletontrees ¬�ºl»�¶Q®
¾ and ¬�³R´µ¶~®�¿
respectively.

Applying theformerto À!Á by unifying it to theleafnode ¬�ÂÃ» 4�Ä ® ¿ , weobtainthefollowing
SFT:

¬/Å�ÆYÇc¬ 41È ´·¶�É Ê�º�» 41È ®�® ¿Ë
¬ 41È ´O¶�É Ê�º�» 41È ® ¿Ì

¬ 41È ´·¶Q® ¾ ¬)Ê�º�» 41È ® ¿Í
¬Fº�» 41È ®�¾

Thenwecanapply ¬F³µ´·¶Q® ¿ to thisSFTby unifying it to thenode ¬ 41È ´O¶Q® ¾ , theresulting
treeis:

5Note that the root nodeof the computedSFT is: ÎTÏOÐ-ÑsÒFÓ hasa differentpolarity from that of the nodeit
is going to replace,viz. Î$Ô�ÕYÖYÎT×�ØyÙ)×¯Ú�ÒÜÛI×¹Ú�Ò�Ý , on theSFT ÞYß . Therefore,we replacethatnodewith ÎTà*ÏáÐâÑnÒ�Ý
instead.
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¬�Ê�º�»ã³z® ¿Í
¬�º�»ã³�®
¾

Thiscorrespondsto anew openline ¬Fä¹®�±Ãº�»ã³ , which is thedesirableconsequenceof assertion
« for lines ¬�¸¹® and ¬)¼X® .

3 Concurrent search for applicableassertions

In this sectionwe proposea modulecalled å which modelsassertionapplicationasdistributed
searchprocessesin the OANTS approach[7]. This agentbasedformalismis the driving force
behindadistributedproofsearchapproachin OMEGA. It enablesthedistributionof proofsearch
amonggroupsof reasoningagents.

First we briefly sketchthegeneralapplicationscenariothatmotivatesour approach.We as-
sumea scenariowherea theoremprover æ�ç is connectedto a mathematicalknowledgebaseè ¶ . æ�ç is currentlyfocusinga proof task À?é?ê 4 çìë�íGîqï/ð 6wñ�ò/óyô�õXö andcandidateassertions÷dø�ùqú
aredeterminedin

è ¶ andhandedover to ourassertionmodule å . Thetaskof å is to compute
wrt. proof task À all possiblelogical consequencesof theavailableassertionsø�ù .

We proposeto createfor eachassertionø�ù oneassociatedinstance³zû�ü�ý of a genericasser-
tion agent ³zû . Thegenericassertionagent³zû is basedon thealgorithmAssertionApplication
providedin thispaper. Notethatthis algorithmonly dependson theSFTof thefocusedassertion
anda furthersetof SFTsfor theproofcontext, andbotharespecifiedasparametersof Assertion-
Application. Eachassertionagentinstance³zû�ü�ý computesandsuggeststhelogicalconsequences
of ø�ù in proofcontext À to our module å which passesthemfurtherto æ�ç .

¬$Å�Æ Ç ¬ 41È ´ÿþ�¬��<®²É Ê�³ » 41È ®�®
¿Ë
¬ 41È ´ÿþ�¬�� ®²É Ê�³ » 41È ® ¿Ì

¬ 41È ´ÿþ�¬�� ®�®�¾ ¬)Ê�³µ» 41È ®
¿Í
¬�³µ» 41È ® ¾

Dependingon thesizeof theknowledgebase
è ¶ therecouldbetoo many applicableasser-

tionspassedto å andalsotoo many waysanassertioncanbeappliedto behandledin practice
(recall the remarkabove aboutthe numberof possibleND inferencerulesassociatedwith the
assertionof ourrunningexample).For instance,goingbackto ourrunningexampleagain,let our
currenttaskbe ê
÷��R±Ã³ ´ ¶�� �R±ã¶�´����cú 6 ³�»-þ�¬��<® ö . Theassertion« is applicablein
this situationandtheoutcomeof applyingour algorithmto this openline is theSFTdisplayedat
thetop right cornerof this paragraph.

As theroot nodeis non-emptyandtheinput treesincludeanopenline, wehave to reproduce
theroot nodeto have polarity 	 , which is ¬)Ê1Å�Æ Ç ¬ 41È ´ þ�¬��<®uÉ Ê�³ » 41È ®�® ¾ . This corresponds
to anew openline: � ±�
*Æ Ç ¬ 41È ´ÿþ�¬�� ®
�h³µ» 41È ® which is, eventhoughlogically correct,nota
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veryusefulsubgoalto bepursued.6

We sumup theabove argumentby claimingthat restrictedapplicationof assertionis neces-
sary. Onepossibleandsimplerestrictionis to imposeprerequisite(s),suchassimplesyntactical
criteriaor domainrestrictions,whenselectingthecandidateassertionsthatarepassedfrom

è ¶
to å . Thesekind of specificconstraintscanbe realizedprovided the constraintsareencoded
in theassertionspecification.For instance,regardingour runningexample,a simplebut useful
heuristicto prove themembershipof anobjectwrt. a set

4
usingthesubsetdefinitionis thatthe

task includesa closedline statingthat
4

is a supersetof someotherset. It is sucha heuristi-
cally constrainedversionof assertionapplicationthatwearecurrentlyemploying in theOMEGA

system.

Proofplanning,however, hasdevelopedmoresophisticatedwaysto guideandconstrainpos-
sible instantiationsandapplicationsof assertions.Theinvestigationon how someof thesetech-
niquescanoptimallybeemployedontopof ourassertionapplicationmoduleå in orderto better
constrainthesearchfor potentialassertioncandidatesis furtherwork.

Example.

We presenta proof constructedin the OMEGA systemusingassertionagents.The initial �����
formulatingtheproblemis asfollows:

1. 1; ± symmetric¬F³z® Hyp �
2. 2; ± symmetric¬�¶Q® Hyp �
THM 1,2; ± symmetric¬F³��7¶Q® ¬���®

In theabove ����� , thelinesmarkedwith � aretheclosedlinesandtheopenline is marked
with thequestionmark ¬��d® .

Thefollowingproof(producedinteractively in OMEGA) for theaboveproblemusesthedefini-
tion of thesymmetricrelation, viz. (Sym-Def): Å�� symmetric¬��l®�� ¬/Å
� � !XêFÂ 6#"�ö »$� É ê "B6 Â ö »
�l® , andthedefinitionof intersection(onsets), viz. ( � -Def): Å�Æ Ç � Æ&%�Å
��ÂÃ» 41È � 4�Ä � ÂÃ» 41È ��Â »4�Ä

. Thesuccessiveorderof theconstructedproof linesis: ê 1.; 2.; THM; 3.; 4.; 8.; 5.; 6.; 7.; ö
1. 1; ' symmetric(*),+ (Hyp) -
2. 2; ' symmetric(*./+ (Hyp) -
3. 1,2; ' 0 � � !�132
46587:9 )-¤ 135;462<7=9 ) ( >?> (Sym-Def) 1) -
4. 1,2; ' 0 � � !�132
46587:9 .·¤ 135;462<7=9 . ( >?> (Sym-Def) 2) -
5. 5; ' 1*@ È 4A@ Ä 7=9 )CB 1*@ È 4A@ Ä 7:9 . (Hyp) -
6. 1,2,5; ' 1*@ Ä 4A@ È 7=9 ) ( >?> ([3]) 5) -
7. 1,2,5; ' 1*@ Ä 4A@ È 7=9 . ( >?> ([4]) 5) -
8. 1,2; ' 0 � � !�132
46587:9 )EDF.·¤ 135;462<7G9 )HD�. ( >?> ( D -Def) 5,6,7) -

THM 1,2; ' symmetric(*)CDI.J+ ( >?> (Sym-Def) 8) -

[Hyp] indicatesthat thegivenproof line is a givenhypothesis.Thescopesof thehypotheses
arerenderedby the antecedentsof the proof lines, i.e. thoseon the left of ± ). Rulesdenoted
by K8K (assertion) indicate the applicationof assertion. In particular, on line (6), the
assertion is [3] which indicatesthatthesuccedentof thesequenton line (3) hasbeenadded

6In fact,Huang’s[16] framework failsto producetheaboveinferencestep.Thisposesaseriousquestionaboutthe
completenessof his approachdueto Huang’s proposalof replacingthenaturaldeductioninferencerulesaltogether
by thegeneratedmacroruleswheneveranassertionis applicable.



14

to thecurrentmathematicaldatabaseandnow servesasa normalassertion.Similar remarkcan
bemadefor line (7) (andtheassertionintroducedon line (4)).

While the above proof may be quite intuitive to a mathematician,the proof stepon line (8)
may be too hard to understandfor a studentwho is trying to learn mathematics(seethe Ap-
plication describedbelow). Observe that the assertionagenthascarriedout the applicationof
Sym-Def togetherwith L -Introductionand Å -introductionin that singleproof step. However,
the OMEGA systemis capableof expandingcomplex proof stepsto yield sub-proofsat lower
levelsof abstraction.Thisagainemphasisestheexpressivepowerof our machinery.

An application: The DIALOG project.

We arecurrentlyexperimentingtheassertionagentmodulesdescribedabove in thesettingof an
intelligenttutoringsystemfor mathematicsdevelopedwithin theDIALOG project[4]. Thesimple
proof stepsto be presentedto the studentsare automaticallygeneratedby the proof assistant
systemOMEGA. TheassertionagentsassiststheOMEGA systemto producetheseassertion-level
proof steps.We want to stressthat thestudentmodelmaybeupdatedduringa tutoringsession,
hencethesetof relevantassertionsmaydynamicallychangeduringaninteractivesession.

It is easyto motivate the designof our assertionapplicationmodulefor this scenario. Its
capabilitiesfor assertionapplicationfor adynamicallyvaryingsetof assertionsarecrucialfor the
project. It is alsoessentialthat reasoningis facilitatedat a humanorientedlevel of granularity,
sincewe do not want the userto puzzlearoundwith the peculiaritiesof, for instance,logical
derivationsin sequentor naturaldeductioncalculus.

4 RelatedWork

Autexier [3], which himself employs ideasfrom [29, 26], suggestsa proof representationand
manipulationframework basedon theuniformnotationidea,while wehereonly employ it at the
heartof anassertionmediatormodulewhichcanbecoupledwith arbitraryproofsystems.

Thegeneralisedresolutionalgorithmwe proposealsoremindsto ideasemployedin thecon-
nectiongraphmethod[18, 2, 8] andtheclausegraphmethodin [24]. However, sinceit is a cru-
cial concernfor usnot to breakdown thestructureof theassertionsweoperatewith treeor graph
structuresgeneratedfor arbitraryformulasinsteadof just clausesets.Works in the literatureof
automatedreasoningthataremorecloselyrelatedto ourgeneralisedresolutioninferencemethod
includeNon-clausal(NC)-Resolutionintroducedby Neil Murray [22] andNestedResolutionin-
troducedby Traugott[28]. Both frameworksalsoemploy thenotionof polarity to recognisethe
unifiableoccurrencesof atomicformulasin thetheoryto beresolved.Theresolvedpairof literals
arethensimplifiedaway from theformulaecontainingthem.Theresolvent is thedisjunctionof
thetwo simplifiedformulae.In theirapproaches,thestructuresof theformulaeareclearlybroken
aftera sequenceof resolutionsteps.

Benzmülleret al. [6] motivateandalsopresenta mediatorbetweenmathematicalknowledge
basesandtheoremprovers. A main differenceof theapproachhereis that assertionagentsare
uniformly modeled;their individualbehaviour is only determinedby theparticularassertionand
theproofcontext they areinstantiatedwith. Furtherrelatedwork is describedin [11].
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5 Conclusionand Futur eWork

We arguedthat the assertionlevel introducedby Huang[16] is oneof the moreinterestingab-
stractlevelswhereproof planningshouldbecarriedout. Therefore,it is necessarythattheproof
plannerat theassertionlevel beequippedwith anadequateinfrastructureto beableto take full
advantageof the inferencesofferedby the assertions.We went on to develop a framework for
extractingimportantinformationfrom assertionsin accordanceto thereasoningcontext (i.e. the
proof situation)in which the assertionis invoked. We describea distributedmodellingfor our
framework whichservesasanassistantfor proofsearchin OMEGA. Thismechanismalsoreflects
thecognitiveprocesshumanagentsemploy whenperformingtheoremproving: A skilledmathe-
maticianwould in generalacceptconclusionsemergedfrom algorithm ³/MNMPO QNRASUTNV�³�W?WYXZSU[\K]RAS�T�V�¬)®
asa trivial or obvious stepandnormally not requirea detailed(i.e. logic level) explanationof
suchsteps.The researchbearsimmediatefruit throughour applicationin the DIALOG project
aiming at building an intelligent mathematicaltutoring system. The realizationof naturallan-
guagedialogin sucha projectshouldtake full advantageof theassertionlevel proofsdeveloped
by our formalism.

Futurework includes:(i) We wantto investigatewhetherour approachscalesto higher-order
contexts. Additional problemshave to beaddressed,suchasundecidabilityof higher-orderuni-
fication,primitive substitution,etc. In higher-ordercontexts our distributedmodelingwill gain
impact,sincethis will provide a flexible basis,for instance,to model iterative deepeningover
constraintssuchasa maximalunificationdepth. (ii) Equationalreasoningis not yet addressed
in our framework andneedsto be investigated.In particularadaptingour framework to (exten-
sional)equationalreasoningwithin higher-orderlogic contexts is achallenge.(iii) Weproposeto
fully integrateautomatedproofplanningwith our approachto assertionlevel reasoning.
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Appendix

We introducesomenotationswhich will beusedin theestablishmentsof theresultspresentedin
thefollowing.

Model theory

We definethefirst-order language for thesyntaxof thecalculusof interestin thestandardway,
cf. e.g. [13]. Let ^ be a first-orderlanguage,a (set-theoretic)structurefor ^ is a pair ê�_ 6#`�ö
where _ is a non-emptyset,thedomainof thestructure,and ` an interpretationof ^ in _ . The
satisfactionrelation a é betweenthesetof structuresandthewffs from ^ is alsodefinedasusual.

For astructureå , wedefine:

å a écb ¿ if f å a é�b
and

å a écb ¾ if f å da é�b
Thefollowing is animmediatecorollaryof theabovedefinitions:

Corollary 1 Let å bea structure.

1. Exactlyoneof å a éeb�¿ or å a écbì¾ .

2. å a éef iff å a é�f È and å a é�f Ä .
3. å a é�g iff å a éhg È or å a éhg Ä .
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4. å a é ¬Zi 6 ÂL® iff for every [z»H_ , å a éhikjd¬�ÂL®&lm[&n�Âpo .
5. å a é�¬�q 6 ÂL® iff for some[ »r_ , å a ésq\j�¬�[c® . In particular, theconstantMNt;T chosenby the
¬�q 6 ÂL® -rule aboveis oneof thoseconstants[ .

Notations

Let anSFT u begivenand v anodeof u , if therule thatis appliedto v is an f (resp. g , i , q )-rule
then v is saidto beof type f (resp. g , i , q ).

Wewarnthereaderthatwewill systematicallyabuseour notation:

1. We will referto anSFTasits root nodeandvice versa.Hence,we will beableto e.g. talk
abouttheleafnodeof a signedformula.

2. Weshallalsoadoptthefollowing practiceof usingthenamesof typesto denotetheformu-
laethey areappliedto (possiblywith thereferenceto theformulae).Thatis:

w If b is asignedformulaof type f thenwealsoreferto b as f¡¬�b�® andits child(ren)as
f È ¬�b�® and f Ä ¬�b�® .

w If b is a signedformulaof type g thenwe alsorefer to b as gn¬�b�® andits childrenas
g È ¬�b�® and g Ä ¬�b�® .

w If b is a signedformulaof type ¬xi 6 ÂL® thenwe alsoreferto b as i�¬�b 6 ÂL® andits child
as ikjd¬�b 6 ÂL® .

w If b is a signedformulaof type ¬�q 6 ÂL® thenwe alsorefer to b as q!¬�b 6 ÂL® andits child
as q\j�¬�b 6 MNt;T&® .

Soundnessof algorithm GR

Theorem 1 (Soundnessof GR)Let two SFTsu È and u Ä begiven. For anystructure å andany
substitutiony , if å is a modelof ÷Pu È y 6 u Ä y�ú then å is a modelof û��£¬Zu È 6 v È 6 u Ä 6 v Ä 6 y^® , for any
pair of leaf nodesv È of u È and v Ä of u Ä .

The theoremis vacuouslytrue in casev È and v Ä are not y -complementary. Thus we only
considerthecasewhenthey are y -complementary. Wewill alsoassumethattheonly connectives
wehaveto dealwith arenegation( Ê ), conjunction( z{OP|~}�O ) anddisjunction( �kOPO ) togetherwith the
first-orderquantifiers(Å and 
 )to simplify thepresentation.We first show thefollowing lemma:

Lemma 1 Let u be an arbitrary SFT and � a singletonSFT (i.e. � itself is the only nodeof
� ). For any structure å and any substitutiony , if å is a modelof ÷Pupy 6 � y¯ú , å is a modelof
û��£¬xu 6 v 6 � 6 � 6 y^® , for anyleafnode v of u .

Proof: By inductionon thestructureof u .

Basecase: u is a singletonSFTwith theonly nodebeing u itself. u and � are y -complementary.
In otherwords,thesetof modelsof ÷Pu<y 6 ��y�ú is empty. Therefore,thelemmais vacuouslytrue.

Inductivecase:
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1. Caseu is of type f :

(a) Casef Ä ¬xu0®ÜéhV�SUX , i.e. u hasonlyonechild f È ¬Zu ® : Obviously, ��TNQ��=¬Zu ®²ée��T�Q��=¬�fs¬xu ®�®�é
Ê�¬���TNQ��=¬�f È ¬Zu ®�®�® andWYT�XxK]Q�S�R " ¬�f È ¬xu0®�®²és�GWYT�XxK]Q�S�R " ¬�f¡¬Zu ®�® .
For any structureå :

å is amodelof ÷Pupy 6 � y�ú
if f å is amodelof ÷�f¡¬xu0®�y 6 � y¯ú
if f å is amodelof ÷�f È ¬Zu ®�y 6 ��y�ú (from Corollary1).

Then, å is a modelof û��£¬�f È ¬xu0® 6 v 6 � 6 � 6 yX® (inductive hypothesis).Therefore,å is
amodelof û��£¬xu 6 v 6 � 6 � 6 y^® .
The justificationfor thelaststepin theabove proof is basedon thereconstructionof
therootnode û��£¬xu 6 v 6 � 6 � 6 y^® from its only child
û��£¬�f È ¬Zu ® 6 v 6 � 6 � 6 y^® andfrom Corollary1.

(b) Casef Ä ¬xu ®/dé�V�SUX :
For any structureå :

å is amodelof ÷Pupy 6 � y�ú
if f å is amodelof ÷�f¡¬xu0®�y 6 � y¯ú
if f å is a modelof ÷�f È ¬xu0®�y 6 � y�ú and å is a modelof ÷�f Ä ¬Zu ®�y 6 � y¯ú (from Corol-

lary 1).
w Casev is a leaf nodeof f È ¬Zu ® : å is a modelof û��£¬�f È ¬xu ® 6 v 6 � 6 � 6 y^® (inductive

hypothesis)and å is amodelof ÷�f Ä ¬xu0®�y 6 � y¯ú .
w Casev is a leaf nodeof f Ä ¬Zu ® : å is a modelof ÷�f È ¬xu ®�y 6 ��y�ú and å is a model

of û��£¬�f Ä ¬Zu ® 6 v 6 � 6 � 6 y^® (inductivehypothesis).

Therefore,å isamodelof û��£¬Zu 6 v 6 � 6 � 6 yX® (fromthereconstructionof û��£¬�f¡¬Zu ® 6 v 6 � 6 � 6 y^®
from û��£¬�f È ¬xu ® 6 v 6 � 6 � 6 y^® and û��£¬�f Ä ¬xu0® 6 v 6 � 6 � 6 yX® ).

2. Caseu is of type g :

For any structureå :

å is amodelof ÷Pu<y 6 ��y�ú
if f å is amodelof ÷Ngn¬xu0®�y 6 � y¯ú
if f å is amodelof ÷Ng È ¬Zu ®�y 6 � y¯ú or å is amodelof ÷Ng Ä ¬xu0®�y 6 � y¯ú (from Corollary1).

w Casev is a leaf nodeof g È ¬xu ® : then, å is a modelof û��£¬�g È ¬Zu ® 6 v 6 � 6 � 6 y^® (inductive
hypothesis).Therefore,å is amodelof û��£¬�gn¬xu0® 6 v 6 � 6 � 6 yX® , from thereconstruction
of gn¬xu0®�y from û��£¬xg È ¬xu0® 6 v 6 � 6 � 6 yX® and g Ä ¬Zu ®�y ;

w Case v is a leaf node of g Ä ¬Zu ® : similar to the precedingcase, å is a model of
û��£¬xgs¬Zu ® 6 v 6 � 6 � 6 y^® .

3. Caseu is of type ¬xi 6 ÂL® :
For any structureå :

å is amodelof ÷Pu<y 6 ��y�ú
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if f å is a modelof ÷Pi�¬Zu 6 ÂL®�y 6 ��y�ú
if f å is a modelof ÷Pikjd¬Zu 6 ÂL®�y 6 ��y�ú (from Corollary1).

w Case Â
y·é Â or Â
yOé " for somefree variable " : Â (resp. " ) is a free variable
in ikj�¬xu 6 ÂL®�y and ��T�Q��=¬xi�¬Zu 6 ÂL®�®[é Å�Âì¬���TNQ��=¬xikjd¬xu 6 ÂL®�®�® (resp. ��TNQ��=¬Zi�¬xu 6 ÂL®�®�é
Å�Âì¬���TNQ��=¬xikj�¬xu 6 ÂL®�®&l " n�Âpo/® ). Thus, every model of û��£¬xikjd¬Zu 6 ÂL® 6 v 6 � 6 � 6 y^® is also a
modelof û��£¬Zi�¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® (which is essentiallyû��£¬xu 6 v 6 � 6 � 6 y^® ). But from the
inductivehypothesis,thestructureå is amodelof û��£¬Zikjd¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® .

w CaseÂ
y|é�[ for some[M»�_ : straightforwardly, i�¬Zu 6 ÂL®�yNé�ikjd¬Zu 6 ÂL®�y andfrom the
reconstructionof û��£¬xi�¬xu 6 ÂL® 6 v 6 � 6 � 6 y^® from û��£¬Zikjd¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® , å is amodelof
û��£¬Zi�¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® (inductivehypothesis).

4. Caseu is of type ¬�q 6 ÂL® :
For any structureå :

å is a modelof ÷Pu<y 6 ��y�ú
if f å is a modelof ÷�q!¬xu 6 ÂL®�y 6 � y¯ú
if f å is a modelof ÷�q\j�¬xu 6 MNt;TX®�y 6 ��y�ú (from Corollary1).

Then,as q�¬Zu 6 ÂL®�y écq\j�¬xu 6 MNt;TX®�y andfrom thereconstructionof û��£¬�q!¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® from
û��£¬�q&jd¬Zu 6 MNt;T&® 6 v 6 � 6 � 6 yX® , å is amodelof û��£¬�q!¬xu 6 ÂL® 6 v 6 � 6 � 6 yX® (inductivehypothesis).

�

Proof: (of theorem1)

As with theabove lemma,weproveby inductiononthestructureof u È . First,weobservethat
for anarbitrarySFT u Ä andany substitutiony , if thestructureå is amodelof u Ä y then å is also
a modelof theSFTobtainedby (i) instantiatingu Ä accordingto y , then(ii) removing a leaf node
of u Ä , andthen(iii) reconstructingits internalnodesin theway describedin algorithm û�� . That
resultis essentiallywhathasbeenshown in Lemma1.

Basecase: u È is a singletonSFTwith theonly nodebeing u È itself, i.e. u È é�v È . The theorem
holdsby the above observation andfrom the fact that å is a modelof b ó if andonly if å is
a modelof ¬�Ê�b�®�� ó for any formula b andany polarity W . Thusit doesn’t matterwhether v È is
replacedby u Ä y or ¬�ÊG��T�Q��=¬xu Ä yX®�® óyòU�m�A� ù���!�����%6�A� , thetheoremshouldalwayshold.

Inductivecase:Theproof of theinductivecaseproceedsin thesimilar way to thatfor Lemma1.
I.e. weconsiderdifferentcasesonthetypeof therootnodeof u È . In particular, thesameargument
worksfor all four differenttypesof therootnodeof u È , exceptfor the i and q -typeswherespecial
caremustbetakenfor possibleclashesof variablesduringthereconstructionprocess.

�

When(classical)resolutiononapairof clauses� and � is performed,noorderingbetween�
and � isnecessary. Thesituationis slightlydifferentfor generalizedresolution:û��£¬Zu È 6 v È 6 u Ä 6 v Ä 6 y^®
and û��£¬xu Ä 6 v Ä 6 u È 6 v È 6 yX® generallyoutputtwo syntacticallydifferentSFTs.So,it is importantthat
they bestill logically equivalent.This is astraightforwardcorollaryof theabove theorem:



21

Corollary 2 Let two SFTsu È and u Ä begiven.For anystructure å andanysubstitutiony , å is
a modelof û��£¬xu È 6 v È 6 u Ä 6 v Ä 6 yX® if andonly if å is a modelof û��£¬Zu Ä 6 v Ä 6 u È 6 v È 6 y^® , for anypair of
leafnodesv È of u È and v Ä of u Ä .

Proof: First,weobserve that: If å is amodelof û��£¬Zu È 6 v È 6 u Ä 6 v Ä 6 y^® then

w å is amodelof û��£¬xu È 6 v È 6 [&TN�IW1¬�v È ® 6 [&TN�IW1¬�v È ® 6 y^® ; and

w å is amodelof û��£¬xu Ä 6 v Ä 6 [&TN�IW1¬�v Ä ® 6 [&TN�IW1¬�v Ä ® 6 y^® .
where,givena signedformula u , [&TN�IW1¬Zu ® returnsthecomplementarysignedformulaof u . The
aboveobservationis immediatefrom Lemma1.

Now, toprovethatif å isamodelof û��£¬xu È 6 v È 6 u Ä 6 v Ä 6 yX® then å isamodelof û��£¬xu Ä 6 v Ä 6 u È 6 v È 6 yX® ,
wecanproceedby inductionon thestructureof u Ä with thebasecasefollows from theaboveob-
servation.Similarly, theinversedirectionis provedby inductionon thestructureof u È . �

A furtherremarkonalgorithm û��£¬�® :
REMARK : Line (2) of algorithm û��£¬�® is inessentialto the generalizedresolutionframework
presentedin this paper, i.e. it can be removed without affecting the correctnessof algorithm
û��£¬)® . This is a form of the inferencerulesWeakening well known in sequentcalculi. This,
however, bringsout anotheradvantagefrom the chosenrepresentation:The redundancy that is
apparentin thegeneralizedresolutionframework withoutWeakening canbeeasilyeliminated
by this line which effectively prunesall thesubtreesthatare f -relatedto theresultedresolvent,
i.e. theredundantones.

Resolvinga pair of complementarynon-atomic formulae

Observe that the framework presentedso far in this papercould have beendescribedfor this
generalsettingwithout any modificationon thealgorithmor thetheorems.Thatwill comewith
a price however. A large numberof internal nodeswill potentiallyexplode the searchspace.
Moreover, unificationon internalnodesis morecomplex thanunificationon theleaf nodesonly.
Nevertheless,we will show that the framework we have proposedis sufficient to achieve such
generalstepsof resolution,eventhoughit couldrequiremorethanonestepof resolutionon the
leafnodes.

Theorem 2 Let SFTsu È and u Ä be given. If v È and v Ä are two nodesof u È and u Ä , respectively,
and y is a substitutionsuch that v È and v Ä are y -complementarythentheresolutionof u È and u Ä
over v È and v Ä can be achievedby repeatedlyapplying û��£¬)® on u È and u Ä and their resulting
resolventsa finitenumberof times.

Proof: By inductionon thestructureof v È :
Basecase:Trivial as v È and v Ä aretheleafnodesof u È and u Ä .
Inductivecase:
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1. Casev È is of type f :

(a) Casef Ä ¬xv È ®Qé�V�SUX : v È is of the form ¬�ÊGb�® ó for somepolarity W . As v È and v Ä are
y -complementary, v Ä mustbeof theform ¬)Ê: ¡® � ó sothat b¡y~ée �y . Hence,f È ¬xv È ®Üé
¬�b�® � ó and f È ¬�v Ä ®�é ¬x ¡® ó . Obviously, f È ¬�v È ® and f È ¬xv Ä ® arealso y -complementary.
Fromthe inductive hypothesis,we canresolve themafter repeatedlyapplying û��£¬)®
on u È and u Ä andtheir resultingresolvents t times.Therefore,theresolutionof u È and
u Ä over v È and v Ä canalsobeachievedafter t applicationsof û��£¬�® on u È and u Ä and
their resultingresolvents.

(b) Casef Ä ¬�v È ®Jdé¢V�S�X :
w CaseWYT�X�K]Q�S�R " ¬�v È ® é £ : v È is of the form ¬�b È ��b Ä ®�¿ . Then v Ä must be of

the form ¬�  È �¤  Ä ®
¾ so that b È y é¥  È y and b Ä y é�  Ä y . Therefore,from the
inductivehypothesis,f È ¬�v È ® and f È ¬�v Ä ® areresolvedafter t applicationsof û��£¬)®
on u È and u Ä andtheir resultingresolvents;and f Ä ¬�v È ® and f Ä ¬xv Ä ® areresolved
after X applicationsof û��£¬)® on u È and u Ä and their resultingresolvents. As a
consequence,v È and v Ä canbe resolved after t�¦�X applicationsof û��£¬)® on u È
and u Ä andtheir resultingresolvents.

w CaseWYT�XxK]Q�S�R " ¬�v È ®�ée	 is alsosimilar.

2. Casev È is of type g : similar to thecasev È is of type f and f Ä ¬�v È ®/dé�V�S�X .
3. Casev È is of type ¬xi 6 ÂL® : v È is of the form ¬�§ � ��¬�ÂL®�® ó where §�»ÿ÷5Å 6 
Lú . Then v Ä must

be of the form ¬�§¨! �£¬ " ®�®�� ó so that ��¬GÂL®5¬�yF©M÷YÂeª« " ú&®Aé¬�£¬ " ®�y . Therefore,from the
inductive hypothesis,ikjd¬xv È 6 ÂL® and q&j�¬xv Ä 6 M�t�TX® are resolved (underthe substitution yN­�é
yJ©~÷YÂ®ª« MNt;T¯ú ) after t applicationsof û��£¬�® on u È and u Ä andtheir resultingresolvents.
As aconsequence,v È and v Ä canberesolvedafter t applicationsof û��£¬)® on u È and u Ä and
their resultingresolvents.

4. Casev È is of type ¬�q 6 ÂL® : is symmetricto theprecedingcase,i.e. v È is replacedby v Ä and
viceversain theaboveargument.

�


